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PREFACE. 


jj^'HIS book, as its name implies, contains iiU the subjects • 
which arc required for the Matriculation Examinations in 
Alyebra. 'I’he more elementary portions have been treated in 
such a manner as to make the book suitable to a beginner. 
'H) familiarise the student with the subject of graphs, graphical 
illustrations and use of squared paper have been given from tiie 
In-ginning. • 

The examples in the first half of the book are mostly easy, 
the second ha,lf contains, in addition to easy examples, difficult 
examples also. » A great part of the examples has been taken 
from Papers of the Indian Universities. 

riu; subject of the graphs has been treated at great 
length. I’he graphs of^linear expressions and equations have 
hern treated after simple equations, and the graphs of quadratic 
e\j)ressidns and etjuations, after quadratic equations. 

JM<j pains have been spared to make t^ie book useful to 
a l)egin»cr as well as to a more advanced student. 


38^2 NlLM(»Ny MITTER’S STRhE'l, ^ 
The j/fh Decentbery lOO/. I 


(lAURI SANKAR DE. 
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MATRICULATION ALUNBRA 


CHAPTER I. 

PEFINITIONS AND SIGNS, SUBSTITUTIONS. 


1. DEFINITIONS AND SIGNS. 


Algebra is^tbc Science which reasons about quanti.ties^byV 
>f ret ter s^ theXlpfiabel, or figures and letters combined. 1 


1 . 

means of 

2 . The letters of the Alphabet, called symboll, stand f^r 
numbers or quantities, known or unknown, and are connected 
together by •signs to denote the operations to be performed with 
them. • 


3 Generally the first letters of the Alphabet &c., stand 

for known.* quantities, and the last letters, £r, &c, stand for 
nnkndwn quantities. ' 

4. A letter .may denote different numbers in different examples, 
but always stands for the same number in the same sum. 

Thus, if n stands for 2, a has this value all through the sum 
and 2 a will stand for 4, yi for 6 and so on. But a may stand for 
3, 5 or any other number in another example. * 

5 . * The sign 4 - (readplnsl signifies that the quantity before 

which it stands is to be added to the quantity which precedes it. 
The result is called the inin. * • 

Thus, n^b denotes that the number denoted by ^ is to be 
added to the number denoted by a. If a represent 5 and b represent 
3, then a4-^ represents 8. Likewise, a+b-\r€ means that the suill 
of a, b and r is to be taken : so that, if a represent 5, b represept 
3 and e represent 2, then a^^b^c represehts 10. 

6. The sign (read xqjilllll^ signifies that the quantity bcib^ 
which it stands is to be subtracted from the quantity preceding it. 
The result is called the diUbreilCO. 

Thnsi denotes that the number demoted by b is Id be 
subtracted from the number denoted by n. If a reprei^t 5 an^ 
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b represent 3, then a—b represents 2. Likewise, adenotes 
that ^ is to be subtracted from a, and then c to be subtracted fronr 
the result; so that, if a represent 5, b represent 3 and c represent 
1, then a^b — c represents i. 

. 7- The sign=(read equali orli aq^aalto) signifies that the 

^quantities between ]\rhich it stands are equal to one another. 

^ Thus, a-=ib denotes that the number denoted by a is equal to the ' 
■ number denoted by b ; therefore if a represent 5, b also represents 5. 
Also adenotes that the sum of the numbers represented by 
a and b is equal to the number repiesented by r, so that, if a 
represent 5 ana b represent 3, then c must represei^|||^ 

8- A quantity before which the sign + stands is ca^ed a 
positive quantity ; and a quantity before which the sign-stands 
is called a negative quantity. Thus, a-^rb^rc are all positive 
quantities, and - a - ^ - r are all negative quantities. 


9. If neither the sign + nor— stand before a quantity, the 
sign + is always understo^, and the quantity is positive ; but the 
sign —is never omitted. 


Thus, a means + a ^ 

10. The sign X (read into) signifies that the quantities between 
which it stands are to be muUtphed together ; but very often a 
full point or dot (.} is used instead of x, or, still more commonly, 
one quantity is placed close after the other without* any* sign 
between th^m. 

Thus, a X a. 3 , and ab all mean that a is to be multiplied by b. 
Ifa^s and ^>>3, then ab<»\^. Likewise, axbxc^ a,bx^ and abc 
all mean th^ a is to be multiplied by and this result again to be 
multiplied by<;; so that, if a=5, b^% andr=2, then abc^y>. 
Similarly, 3 x a and ^ttbxx may be written 3a and sbx. , 

Since it is immaterial in what order the numbers are enulti- 
plied together, ab may be written ba; abc may be writ^ eithei 
acbf baCj cba^ cab^ bca ; and so on. « 


11 . The result, obtained by multiplying two or more quantities 
altogether is called the product, and the numbers thus multiplied 
*l||fether are called factm of the product. 

Thus, in the expression abc, a, b, and c are each factor of abc. 

jl^ ^ 

r The product of more than two factors is called the con- 

t fa w B product. ^ 

Thus, abc is the continued product of a, b and 1:. 

I) 

The sign ■{- (read b]f) signifies that the quantity which 
^^’^^ivided by that which it; but,\nost 

iireqtieiitlyi express division, the quantity to be divided is placed 
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over the other with a line between them, in the form of a fraction. 
The result is called the quotient. 

Thus, AH*^ and ^ both mean that the number denoted by a is 

to be divided by the number denoted by A If a -(? and 2, then 

^T*^or7*»3. Also means that the sum of the numbers de- 
o c -‘a 

noted .by a and b is to be divided by the difference of the numbers 
denoted by c and d; that, if 'a<Bi8, ^a4, fa5,-and f^a2, then 

+ 3 8+4 12 

Sometimes the symbol / is used to denote the operation of 
division. Thus 8/5 *8-1-5—I. 

1 ft. Any collection of algebraical symbols (letters andffgures), 
together 'with' the sigiiiS,' i'S 'called an alffOb^cal enprestion, 
'6r bTrefiy ah ezpreinioff:.. 

Thus, 5a^-|-a^—is an expression. 

15 . The nnxuerioal value of an algebraical expression is the 
number fouAd^when a certain value is given to each letter, and the 
operations carried out as represented by the signs. It is worth here 
remembering that if one of the quantities forming a product be 0, 
the whole .'product is 0^ and that 0 divided by any quantity which 
is not*zero is 0. 

16 . The numeriml values of the following expressions will 
illustrate the use 0/ the principal sig-ns explained above. 

Ez. 1 . If aaS, ^*4, f*3, 2, then the numerical value cff 

( 1 ^ 4a-H3^-4X8 + 3>i:4-32 + i2«44. , 

(2) 6^-)-93-4f*6x8-(-9X4-4X3*48-l-36«-12 — 84- 12—72. 

(3) 7<*“3^+4^-7x8-3x4+4x3-2x2—56-12+12-4 

-68-16—52. • 

Bz. 8. If a— I, ^—2, f—3, 4, o, theil the value of 

(i) 6<ff-3^f+7a</-6xi X3-3X2X3 + 7XI J|4 

-18-18+2^—28. 

<2) 6adf+3^f^-6^-2a<^—6x1 X3X3+3X3X3X4-6X2 ‘ 

-2x1^4x0-36+72-12-0- io8-i2-96fc*'^ 

Bz. 3 . If a—24, 8, f—4, 6, then the value of 

4« 4x34 96 
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f2^ 3 x24+2x8 ^ 72 +i6 _ §?_ -- 

* Sf-3rf"* 5X4-3X6" 20-18“ 2 


, EzeTdse I. 

1. If a* 5, d-2, 4, <f—8, find the'numerical values of . 

(l) (2) 4atf. (3) (4) 7« + 3^- 

9^-2tf+rf. {6) 6a-2b-y. (7) 5^-7^- (8) iSa-2^-5rf. 

8. If a«=i, ^■■2, c*3, //■■4, find the values of :— 

(i) 3^c-2a</. (2) ab-^-bc^-Zcd. 

(3) i6ac—2^c-¥7ad. (4) 2bc-\rtad-‘2dc. ^ 

(5) 9af+5«^-2a<f-4^f. (6) iac^bc-cd’\‘^ad. 

(7) y2c-~2bc—cd-\‘^acd. (8) ibc^r2abd-bd-2ab€ 

3. If «—24, 3-8, tf-4, rf»6, ^-2, find the values of,:— 


(I) 


, . loa 

<*> IT- 

¥ 


, .ac - , i 83 ^ , . tde 

' 5 )- 


( 6 ) 


Io 3-2<? 


(7) 


15^-33 


(8)^-2^. 

4^ 2d 


(9) 


3a 123 
a 


2 d+ 3 c' 4 «^- 3 «’ 

4. If a—6, 3-5, tf—4, <f—3, ^=>2, y —i, and ^—o, find the 
numerical values of the following expressions :— 

(0 33-4a-6ff+7rf+iOtf“4g. ( 2 ) - 3 a + 23+3i:— 2 #+/ 

(3) a3+53c-4<fe+5y^. ( 4 ) 

(5) -3ab+2ac+ibc-\-abc. (6) abed-^ibcde+^cde/^^de/j^, 

5. If «—3, 3—4, 5, ;r—2, >'—8, find the values of 


^ 52 ; . 

' ' 3:r 2c 

/,) ?^+i 5 £ri: 
y ^ ^ 

^. 2«-43+6t 6(2-43 

■■ "22r-y+c 


' «+ f 22: 




i8<fjr 


4 


43 ^^ 


4*3+tf <1 —3+tf 


"r+ sr+ y 


(8f 


4 a+ 43 + 4 f 20 X'^^y 


‘ t- 


2 x±y 


'-4<i 


M e«£.„ 

when a—i, 3-3, f-5 and^^iBO. 
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17. The number, whether positive or negative, prefixed to 
any algebraical quantity showing how many timbs that quantity 
is to be added to itself, is called its numerical coefficient. . 

Thus, in 3a, 3 is the numerical coe^cient of a and 3a means 
a+a+a ; in —yaXj —7 is the coefficient oi ax. 

18. If no number is expressed, the coefficient is understood 

being i; thus a means ia\ ab means \ab^ * 

19. The term literal coefficient is sometimes applied Jto 
a coefficient which is represented by a letter *or letters instead of 

Thus, in ab, a is the literal coefficient of b ; and in ahc, a may be 
termed the coefficient of be, or b the coefficient of ac, or c the 
coefficient ai ab, 

20. When any quantity is multiplied by itself zny number of 
times, the product is called a power of the quantity, and is briefly 
expressed by writing down the quantity, with a small figure above it 
to the right denoting the number of times it is repeated. 

Thus, instead of ay(.a, we write a*, and a* is called the second 
power of a. Similarly, we write a* to denote axaxa, and a* is called 
the thirdpoy/er of a, and so on. 

21. The *small figure of the above Art. in any case is called 
the index or exponent of the corresponding power. 

t 

T|^us, 4 n rt* the index is 3 ; in a* the exponent is 4 ; in a* the 
exponent is n. 

23 . When a quantity has no exponent, i is always understood ; 
thus, a^a^, and denotes that a is taken once as a factor. 

. 23 . The student must carefully notice the distinction between 
a coeficient and an exponent. 

Th^s, 3a means three times a ; here 3 is a coefficient. But a* 
means a times a times a ; here 3 is an exponent. Thus, 3a—a+<t+a, 
but a^^axaxa, 

• • 

24. The second power of a, written a*, is often called the 
squro of a, or a squared : the third power of 'a, written a^, is often 
cmled the cnbo of a, or a cubed ; the fourth power of a, written aP, 
is called a to the fourth, and so«on. 

26 . Those parts of an expression,•which are connected by the 
signs+or-, are called its tarmi, and the expression itself is said 
to be simple or compouildi according as it contains one or 
more terms. 

Tbits, A*, lab and-^ 3 ^, are each quantities, and A *+204 
— 5^* is a confound quantity, whose terms are a’, + 20^ and - 53*. 
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26. A quantity of om term is called a xno&dliiiali of Pwo 
term^, a binomial, of three, a trinomial, &c., and, generally of 
more than two terms, a mnltinomial. 

Thus, a, aby a monomial \ a4*2^, a binomial \ 2a a 

trinomial^ and a+2^ —3^ 4*4<f, a multinomiaL 

27. Those parts of an expression which are connected by 
Multiplication are called its factors. 

• Thus, the factors of a* are a and a, those of S^b are 5, a a:^d b, 
those of - lb* are - 3, ^ and or, as we should rather say, - 3 
and b*. Of course we might include i as a factor in each case , 
thus, since a* os IX a*, the factors Of a* are 1 and a*y and so of 
the rest. 

Ex. 1. If a ■■3, ^--4, c=iy d» 6 y the numerical values of 

(1) 3^*-2a*-i,3X5*-2X34-75-S4-2i. 

(2) 4a* 4-3a*^* - 3<^ - 4 X 3* 4- 3 N 3* X 4* - 3 X 5* -108 4-432 - 375 

-540-375-»65. 


Ex 2. 


If a>B I, b^ 2 y £'-*3, then the values of 

2 + 3 * 2 4*27 29 

“ 3 »- 2 *" 9-8 “ I 


e 




. . a*4-3a^4‘a^4-2^**"2^g i*4*3X|X24-iX34*2xa*~2X2X3 

a 4 *a*“^* 4 * 2 ^f-^* "" i 4 -i*- 2 * 4 * 2 X 2 X 3 - 3 ** 

. ^ +64-34-8- 12 ^ i8~ 1 2^ 6^^ 

" I4*i-4 + *2-9"" 14-13 T* * 


Exercise II. 

c 

1 . If a«3, ^—4, f—5, ^016, findTthe numerical v^daes of 
<i) 5a*^*. (2) 3a*<f*. ^ (g) ab*c*. (4) 3a*^*4-4^*rf*. 

(5) 53*4-2^* 4-3rf*. (6) sa*^*tf* 4 - 4 <»*rf** ( 7 ) 93*4-2a*^-3rf*. 


2. If I, 3-3, c->5, ^*0, find the values of 
(i) a*4*23*4-3^*4-4rf*. &) 3a*34-23V-2a*r4-33V. 

(3) a*4-3a*^4'3a^^*4-tf*. * (4) a^-4a*34*6a*3*-4a32+3^. 


HS) 


a* —t* 4 - 23 tf 
3 »- 3 a ■ 

qS 4.314.^2 

o^+ga 


( 6 ; 


a« 4 * 3 « 4 -g* 

34-rf4*2 


(7) 


flS-gf + tfS 

5^4-3 *-a** 
a* 34 - 2 a*tf 4 -a^<f 


/ . 3«* + 5^*+2tf* a*34-2a*tf4- 

• («<»•— 4 ?+ 3 I 
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3 . Find the value of — 3 a*^c+ —, 

when a—I, ^->3, faB5. 


4 . 


Find the value of 


a* + 6 ‘ a*+c* 

^+c «+<f' 


when a"» i, 2, tf—3, </=»6. • 


5 . If I, yxx2,.jrM3, 7->6, find the yalues of 


U) 

( 3 ) 


(2\ ^ ~ +6r^jr* 4 xg^+g* 

x+jf ff-p* jf*’-4y^z+6y*s*-~4yg*+g^‘ 

i^*+2xy+y* _ j^* + 2yg+g* z*+ 2 pg 4 -p* 
x+y y+g g+p 


U) gg I ^4 ,_lA_ 

;«■* +«* /* - g* -y* ^ +^* - S’* ■ 


28 . Bracket^ ( '>{}*[], are employed to shew that all 
ihe quantities within them are to be treated as though forming but 
one quantfty^ 

Thus, a+idi-c) means that the sum of b and r is to be added to 
A, and a~^{d+c) means that the sum of b and ^ is to be taken from a. 
Agaui, I is not the same as d—b—c ; for, in this last both h 

and c are to be subtracted, whereas in the former it is the quantity, 
b-'C^ which IS to be subtracted Also a (^+4 means that the sum of 
A and f is to be multiplied by a. Likewise means that 

the sum of a and b is to be multiplied by the difference of x and y. 

Hence, if a* 4, ^■■3, i, we have 

*( 0 ,a-^-tf* 4 - 3 - 1 «“ 0 » and a-(^-tf)—4-(3- i)— 4 - 2 - 2 . 

(2) 4a-33<f 2^>Bi6>9+2«-9^and 

4«-(3^+2^,« i 6-(^^+2)— i 6- ii —5. 

(3) 2«+3-tf-8+3-i-iio, 2(A+^)-tf-2.7-i»i4-i-ii3, 

and 2ta+3-tf)-2(4+3-i)-2(7-i)*B2x6-i2. 

29 . Sometimes, insteacf of brackets, a line is used, called a 
Tinonltu n, a nd drawn above the quantities that are connected ; 

thus a is the same as a 

• 

89 . The line, which separates the numerator and denominator 
of a fraction, is also a specibs of vtnculum^ corresponding, in fact, in 
Division to the bracket in MultipUsatwn^ 
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Thus, implies that the wAok quantity a4'^+f is to be 

4 

divided by 4, and might have been written \{a+b-\rc). 

Ez. 1. If a-i8, ^>*4, f »>S? ^"”6, (?a2, then the values of 

(1) (a+^)*-(f+l/)*=(8+4)*-(5+6)*=i2.i2-ii.ii*"i44- 121*23. 

(2) (rf+tf)a-(6 + 2^)*-8.8.8 = 5i2. 

f3) (« - )* * (8 - 4 )*v6 - 2)*—4* X 4* *» 16 X 64= 1024. 

Ezercise III. 

1. Ifa*6, ^*4, ^ —I, ^*3, «*2, find the values of 

(i) a+{b-c). (2) a-{b-^c). (3) 2a-b-c*-d. 

(4) 2a-b-(d-c). (5) 2a-(b-C‘~d). (6) 9a-(3^+2f). 

(7) 2(a+b+d)~e. (8) 2(a^b)+d~c. (9) (b+e)~‘(a-d). 

2 . If a»8f b=4j d^6, ^*2, find the values of 

(i) (b+d)(a-c). (2) 4fl(^*+^*). (3) 3a*(tf+rf) + 2tf(^*-^*) 

(4) (a+i)*(c+rf)». (5) («+<: +rf,>. (6) (a+^)*-(^+rfJ». 

( 7 ) 3 #*(a+rf) +2fl(a*-</*). (8) 4(a*-#>)(a-(0+3(4*■♦<<•)(«-<). 

3 . If a —10, ^*4, r*3, find the numerical values of 

(1) 2^+a-3r. (2) 4a+b-Ja+7 (3) a+2^--<r^-tf-2^+f 

4 Find the value of 3^(a*^+cd!*)— 

C when rt—8, ^*4, ^=»5, <f*6, —2. 

5. If <i*o, ^-> 2 , ^* 4 , ^«6, find the values of 

(1) 3«+(2^ -1:)*+{tf* “ (2tf+3^)}+{3tf - (2a+3^)1*. 

(2) 3^+(2<r - rf)* + {3^ - (2(: - - {3^ “ (2^- <0*}- 

( 3 ) {«+ 

31. The iqnare root of a quantity is that quantity whose 
square power is equal to the given quantity. 

Thus, the square rootoi 9153, ^ince3*-9; \ht square root of 
a*isa, of 25 IS 5. e 

$0 also the cube, fourth, &c. root of a quantity is that quantity 
whose cubOf fourth^ &c. power is equal to the given one. 

Thus, the cube root of 123 5 ? since 5^*12$ ; the cube root of 

is 0 ; of (<i — b'p is (a — b). 
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33. The ^mbol used to denote a root is \/fa corruption of r, 
the first letter of the word radix\ which, with the proper index on 
the left side of it,, is set before the quantity whose rbbt is expressed. 

Thus, ya*-a, V3'2S«5i &C. 

The index, however, is generally omitted in denoting the square 
root ;thus Ja is written instead of va. 

Ex. 1. Find the value of {^adc)f when /!i=a2,*i#=3, c-8. 

s/ - ^(3 X 2 X 3.x 8)1 ^/(9 X i6)i^ 3x4-12., • 

« * 

Ex. 2. Find the value of c - 3^)+^ ^/(^* + ^c) - ,J{ac +1), 

when a«-6, 5, ^>cs8. 

The^:xp.-8^/(5*-3.8)^-5^/(5*+3.8)-^/(6.8 + i) ' 

-8 v/( 25-24) + 5V(25+*4 )-n/( 48+0 
-8x >/i+5 V49-. V’49=*8 xi + 5x7-7«8+3‘5—7*»36.- 
Ex. 3. Find the value of 4 >/(a+^ + 2f+rf)+2 J{d~- 6 ) 

+ 3s/(4^+3<f-i)i when rt=o, ^=2, ^—4, <f»6. 

The Exp.»4s/(o+2+8+6)+2>/’(6-2)+3^/(8 + I8-I) 
•-^>^(i 6)+2 <^4+3/(25)-4X4+2X 2 + 3x5 
*16+4 + 15-35. 

• 

* ^ BzetdielT. 

I 1. If a—4, ^*5, 9, rf—2, find the values of 

•(0 X (2> 4^/(«*^*). (3) 1(4) V(9tf»). 

^(5) ^V(«rff2tf-i). V6) ^(3a^+2^£f-2rt + i). 4 ( 7 ) >/[a{c-b)}..^ 

^ If a—25, 3 —9, r—4, I, find the valuescof I 

( 1) »Jatk -2 / *+3Vtf+4 Jd^ (2) JUa) + s/'gd) + |6tf) - 'j(2Sd). 
Vs) 3^«+2,y(43)-4N/(9^) + V(i6rf;. 

'(4) V(5«)+2 4(3^)'* V‘(2r)+4 ir</. •! (5) ^,'a*-2 '^^^^+34/'^♦-4y</: 
'(6) V’(iJ<r)+3v'(«f^)-4v^(^*rf)+V(ir*rf3). 

3. If «—o, ^-2, 4, ^—6, find the values of 

(0 2^/{3<f-^)+3^(3//+^f-I)+4 J(3a+^+2#+rf?.‘ 

(2) 3 ir(2^*-«)+2 r(^*+tf»+7)- lr{2(Atf)»-(^+4*}. 

*^4. Find the value of y +2 iJaV 

when fl^2, 3*4, 3, </« 5. ’ i , 



( 


MATRICt7L<^TION ALCEBRA. 


VIO 


5 . If A■>2, ^ «o, 3, </« 4, find the numerical values of 

N/{(8a+^)(^+*c)}+ ^/{(5tf-2<fJ(2^+7‘^)}• 


( 2 ) 5 


4 {^ 






I 

83 . It is very necessary that the student should learn at once 
to distinguish between terms and factors. 

*' Thus, 34+^ Jit is 2i compound quantity of three terms^ 3a, h, and 
is one of two terms only, 3(a+^) and-t, of which 
the former, ,3(4 + ^;, consists of two 3 and 4+^, the factor, 

a-^hy being itself a compound quantity of two terms ; and so also 
3{4+^-t) is a simple quantity or single term, of two fetors, 3 
and (4+^-^), of which the latter is itself a quantity of 

three terms. 

Hence, terms are the quantities which make up an expression 
by way of Addition or Subtractiony whereas factors, by way of 
Multiplication. 

34 .. Each of the letters which occur in a product is called a 
dimentdon of the product and the number of letters is called the 
d^ee of the product. , * 

Thus, aH'^c oraxaxax^x^xtris said to be of six dimensionsy 
or of the sixth degree. 

A numerical coefficient is not reckoned ; thus, a^^c and 3<3^^2 
are both of six dimensions. 

c 

35 . An expression is said to be homogonootlS when all its 
terms are of the same dimensions. 

Thus, 3 a 2 + 4 fl *(5 —is homogeneousy for each term is of three 
dimensions, but-30^+44^*+ is not ^ . 

36 . Algebraical quantities are said to be like oi* unlike, 

according as they contain the same or combinations of 

letters. ^ jnil’ 

Thijs,^ a and 3<<, - ^a*b ancf 3«*^^ and —are pairs of 
like quantities j a* and a*, yib and - 7«, ^ab^ and \dPby of unlike . 
quantities. 

37. The sign~is used to denote that the less of two quantities 
is to be taken from the •greater, when it is not known which is 
.the. greater. 

Thus, a^^b denotes the difference between a and b. 

£l ' 

38 . The sign stands for than or theralora, and for 

4tiioe or haoanse. • 
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H. STTBSTITUTIONS. 

Ez. 1 . If a—4, ^-" 3 , I, find the values of 

(Dia-icK 

a^a^d)+ic^d~c) 

(1) The £xp.»f4‘3 2*—} X 16x3x8—3x4X3 x8«-288. 

(2) The Exp. -^‘3 + 1) 

41(4-0+32(3-2; 

M 24(7 ~2)+6(5 - 1) ^ 24X 5+6 X4 ^ 120+24 ^ 144^g 
“ 4X3+6X1 "* 12+6 “ 18 * 18 "* ■ 

f 

Et. 2 . If a—4, ^ — 3,^—2, £/=*!, 6nd the values of 

. . a* + ^*4-^‘* j a* ——4(a* + 3*) 
a»~ 2^^ ^ 


( 2 ) 


a^*+arf* tf* —/^+l 




(0 The ^p.- ^± 4 ± 2 l+ . 4‘-4 3(4-3) _ 4 ( 4 «± 3 l) 


Z 4-3 


4*.2* 


^16+5^ 16-12^ 4(16+9 )^29 16-12 4.25 

• “ 16 24 '' 64 * ifi"** 24 ** 64 

16 *24 64 16^ 6 16 4 6 12’ 

(2) The Exp.- 4 - 3 l± 4 d!. 49 + 4 J. 4 - 1+1 

' 4 - 3 -* (4+3X2 -0 *2 7.1 

• = 36+l__ 4^ 40_ 4^ io_ 4^ 58^^16 

• 12 "" 7" 12 7 3 7 21 21 ’ 

Ez. 3. If a— 5, ^—2) 3, find the value of 

-/{ J(2a» - 3^*- 3 ) + V(3r»i- 2d* + 2C) + 5)}. 

The;Exp.- J { ^/(2.5* - 3.2*-2)+ s/(3.3*-2.2*+2.3)+ ,^(5.2 3-5)} 

- -/{V'(5o-i2-2)+ ^/(27-8+6)+ ^/(30-5)} 

- Ji n/( 5 o-14) + .s /(33 - 8 ) + 4 ^( 2 S)} 

. “ n/( 25)+ >/(25)}- ^/{ 6 + 5 +S>- '/(i 6)-4 

Ez. 4. If "■ ft i) find the numerical value of 
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The E*P--T»T{(n:|7-e-e*;- \e(4)'+^ 


r 

kii 


-i + (ix2+2X4) + (Jx|)-i+{i+8)+J 


Ez. 6. Shew that + —— 4 ^*^*’ 

* — {rf* —(^*+^^)}*, when ^=> 2 , <^= 3 , rf— 4 . 

The leftside =(2 + 3 + 4)(2 + 3-'4)(2+4-3if3+4-2)=9.i.3.5 = i 35 .. 
The right side—4.2*.3*-{4^-(2* + 3*)}*=4.4.9--{i6-(4+9)J* 

-144-{16-13}*-144-3*-144-9-135. ^ 


Exercise Y. 


1. If a■■3, find the numerical values of 

Sa; ; 3«* ; (3a,* ; 3 +a ; 3 “« ; 3/«- 


2. When ;r=*2, jk=®» 3, find the values of 

3X + 2yi 3.ar - 2y ; (3:r + 2j/)* ; sx* + 2y* ; (jx)* + ( 2 ^)*. 

3. When a—9, ^='3, find the values of * 

a*-3a^* ; a*(a-3^)(<* + 3^) ; a*(a— 


p 

4 . If ;r»4,_y»=6, .3’=8,/=3, ^^=7, w*" i, find the values of* 

(I) A t(2) , 2/> + 3 «fe 3 ^-^ 

' jK sr p‘ ' ^ y 3y-2a' 3/ + a/ ;r z 

\3) 2 x -3 y '+4‘-^ -~‘’*'‘ ^-. '( 4 ) 

2 px ^ ' X y xy ' 

y ^y+pz+zi/q ^ p<j^-xyz’\‘Z pq 

pz^xy-\‘'wq 2q-2px ~ xyw\ 


— X^6. If a=»o, 3 «bi, .ar—3, — find the value of 

a* + 3a*^+ 2 b‘*c + qax^ + cxy + ^byz. 

*'■ If a«B 4 , ^=>2, ^*0, .rB>5,^3;3, find the value of 

2 cx-‘bxz + 2 axy-\r‘^y 8 ~-^ 9 C. 

7 . If a— 5, 2, = I, fin 4 the values of 

H (x)' +^)* X ( 2 a ^ 2 )« -I- (g - 3 )* X (^ -> I)» 

, -h • f»* 3 '* , f?* - 3 >* . *(«+i)* «* 3 ’ 

' “^r—^ of aHi-e)' 
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( 3 ) “iti!::!!.* (M+#+ri* /«+t\* j«+ 3 t+i 

' 3 ' 2 «#+ 5 Jr?+ -(>-«)•-+ ’'•Snrftir 

< 4 ) «*+«V + 2+?±??*±*i_ £ 

2 ^* 4^ ’ 

8 . Find the vatdes of :— 

rI^ 7 c loA , 

^ 8 a- 7 #+7?r^'“•>«'>‘»- 4 . ^- 3 , ^- 5 - 

““Tk , When a=» 4 , ^- 5 , ^- 6 . 

>^(3) 0»V^*X«-3)*-d(tf-^)a + (a-t)4 when «- 4 , 

V( 4 ) 2 r(j/+^)+U*+>*+^ 8 ) + (;r+j.+^)*. if x^t,jy^ 2 , ^-3. 
f^) 2«fr+2rf+2«) 


^ ,-v a*-a-2 
(o; g s/C<*+ 2)4'4, when «- 7 . 

\ f /(£+^+^X«- 3 +*<:)) 

V 1 ■^4T-c -1 * «=4, 5, f-6. 

\ /Q^ a*-b* 

^ ( 9 ) a-{^(a + i) + 2 }-*‘'-^i^\ when a-8. 

' «-2, 3«4, ^-3, d^o. 

^(n) _ /f 3<»-4^+6</ 8^-7a+4^1 ’ 

V l6a+2^-iirf^ 8 a- 32 ^+!©</]• ®"4i ^«5i tf«9' ^=2 

\ ^r2^ / P*+< 2*+<f* rft* -«• -* ^•)) 

' ' V l^»-aa-rf»- 7^+a*-^» j’’ «-4, ^-S. ^^9, <^- 2 . 

9. If a«* I, 3*»2, ^*3, find the values of 
' (0 % (2) %](3) ^+s ^ ja+b, g* . 

' (6) % rti '<f-f 


if <«-o,«-i.(.i,rf_i, e_|. 


'( 6 ) 




' (7) 


3<»*'+«*+4*‘ ' (*) W^ie+dn - 


^ (I) {<*-( 4 -*+«)){(rf+«)-(*+«)} aBa^rf*-( 3 »+«*)+ 8 » 4 . 2 (i£-a^ 
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+(d+e+d^a)* and 4{a*+A*+c*+d*). 

^ (3) c)c+{2(d-c) + d\6 - {2{d^e+b)-a}a and 

* ( 4 ) {{a+d)^{c-6)}{{a+c+^-‘b)}{c~id~a-d)}{{b+c-^d~‘a)} and 
4{ad+kc)* - {(a*+d*) - (^*+<:* )}*■ 

'•J 11. find the value of 2^*^* + 2tf*a*+ 2a*d* - 
when a=2, ^—3, (f*5. 

V' 12 . Find the value of $abCt 

when <i»“'05, 035, c= 015. ' 

13 . Find the value of, when a = ’05, ^='03, ^***02 

_ I _+_!_+_ I _ 

14 . What are the numbers 3 and 4 called respectively in 4^^ ^ 

15 . Find the value of — 2 /^-^, when xe» 5. 

A- + I 2r-3 .y-2 ^ 

CHAPTER II. 

SYMBOLICAL EXPRESSIONS AND NEGATIVE QUANTITIES 

I. SYMBOLICAL EXPRESSIONS. 

39 . The student who has already become familiar in Arithmetic 
must carefully notice the following eimmples of the exptCsLion in 
Algebraic symbols. * ^ 

Since 4 Rupees «(16 x^) annas, 

.'. a Rupees"fc(i6x a) annas •■16a annas. 

Similarly, a Rupees »192a pies 

Again, 240 annas »(240 16)*Rupees 

.'. a annas a 16) Rupees—a/id Rupees^ 

X Rupees annas «■( 162: •!■>) annas. 

, • 

^>2 be taken from 5 the result is $ -2, that is 3. 

S^^f y be taken from x the result is x~~y. 

tJjtS number which Is 3 greater than 5 is 5+3. * 
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So the number which is 3 greater than x is4r+3. 

5 oranges at 2 pice each, cost (5x2) pice. 

X oranges at y pice each cost (xxy) pice=*;r>' pice. 

A man walking 6 miles an hour, walks (4x6) miles in 4 hours. 

Thus, he walks {x x 6) or 6 x miles, in x hours. 

Again, he walks^26 miles in V hours. 

/, he walks x miles in^ hours.: 

o 

Izerdse VI. 

1 . By how much is x greater than y ? 

2 . What is the number which is 5 less than x ? 

3. A has X Rupees, B has ^ annas, and C has s pice ; how many 
pice have they between them ? 

4. If be a whole number, what are the numbers, next above 
and next below it ? 

5 . Ram Iftid x oranges, out of which he gave Jadu y ; how 
many oranges hai Ram now ? 

6. Bepin has a marbles more than Sham, who has ^ marbles ; 
how man^ marbles has Bepin ? 

7 . Express a Rupees (i) in annas, (ii) in pies, (iii) in pice, 

(iv) in quarter-rupees, (v) in two-anna pieces. 

8. Express ^ yards (i) in feet, (ii) in inches. 

9. Express d inches (i) in feet, (ii) in yards. 

« « • 

10 J£ach of a boys has x marbles ; how many marbles Have 

they altogether ? • 

11 . By how much is x greater than ,13 ? 

12 . By how much is 13 greater. tHan x ? 

13 . If I give 2 rupees to each boy, how many rupees do I give 
to X boys ? How many pice do 1 give them ? 

14. If a book costs a shillings, how many can I buy for five 

shillings ? How many for five pounds ? • 

16 . What is the total number of pies in a rupees and b annas ? 

16 . What is the cost Sf x maunds of sugar at y rupees .|ier 
mauhd ? How many maunds for a rupees ? 

17 . If X rupees be equally divided amongst y boys, how i^eh^ 

does each boy get ? ' 
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18 . If I walk a miles an hour, how far do I walk : 

(i) in 3 hours ? (ii) in half-an-hour ? (iii) in x hours ? 

19 . Express a square feet in square inches. 

20 . Two .boys write an essay ; one writes x lines and a words 
in a line ; the other writes lines and ^ words in a line; find the 
total number of v/ords written between them. 

• 

I 21 . Express^in symbols the following : — 

(1) The sum of x and y divided by z. 

(2) Five times the square of s', multiplied by x minus y. 

(3) Six times the cube of «, diminished by the foiq^th power of 

x, and the whole multiplied by the square of f ^ 

(4) The square of a added to the cube of b divided by the 
excess of the sum of a and B over d. 

(5) The square of the sum of a and b multiplied by the differ- 
ence of c and d. 

22 . What is the coefficient of a* in 4a*^ ? of in ? of r* 

in I abx^ ? o( y in ax*y ? of x* in a*x* ? 

23 . What does the expression a(^+^r) denote ? 0 * 

24. What does 3a stand for ?*And what does mean ? 

25 Of how many dimensions does the expression (i) ya^b^c 
consist ? (ii) yi^b'^c^ consist f (iii) a^xy* consist ? 


II. NEGATIVE aUANTITIES. 

40 . Any quantity to which a + sign is prefixed is called a 
positivo quantity, and any quantity to which a — sign is prefixed is 
called a negfttivo q^iantity. 

41 . The expression 3-5 has nq arithmetical meaningV. f*., we 
cannot subtract 5 from 3. In Algebra, however, such afr expression 
has a meaning quite intelligible. • 

_ G 

This idea may be made clearer by considering the following few 
examples. 

(i) If a man whose income is ^r.ioo, spends /^s.yo, he saves 
.Rs-so. But, on the other hand, if his "income be Rs^yo and spends 
Rs.ioOf he incurs a debi of Ri.30. 

Thus, Rs 100-Rs. 70« +^^.30, 
and ^jr. 70 - 100 - ^j.3'b. 

(ii) If a man gains Rs.so and then )oses Rs.30, his total ffain is 
But, on the other hand, if he gains Rs.30 and th6n loses 

Rs.36f the result of his trading is a loss of Rs.20. 
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Thus, /f^.5o — + Rs.zOf 

and — -‘Rs.20. 

Moreover, if he loses Rs.^o and then gains Rs.^Oy the result 
of his trading is still a /oss of ^j.20. 

Thus, — Rs. 50 + Rs.y> ** — Rs.20. 

(iii) If a man sells first 5 horses and then agam 3 horses, he lias 

8 horses /ess than he had at first. . 

Thus, — 5 horses — 3 hbrses= — 8 horses. 

(iv) If a man starting from a given place walks 100 yds. along a 
road, and then walks 30 yds. backwards, he will be 70 yds. from •his 
starting place. But if he first walks 30 yds. and then 100 yds. back¬ 
wards, he will still be 70 yds. from his starting place, but on the 
opposite side of it. 

Thus, 100 yds. — 30 yds.= +70 yds., 
and 30 yds. — 100 yds.= — 70 yds. 

Hence, we see that + 70 and — 70 are the exact opposite of one 
another. In considering a man’s money+/? j. 30 means an increase, 
whilst-.A*j.JO means an equal decrease', -1-70 yds. and —70 yds. 
means 70 yefe. jin opposite directions, and so on. 

(v) Again, in periods of time, if a date after A. D. be denoted 
by a number with a sign prefixed, a date before B. C. will be 
denoted by‘a number with a — sign prefixed. 

Hence, using symj^ols, we have 

8a—5a«»+ 3a; 5a-8a=-3a; 

— 8a-5a—— 13a; — 8a+5a»»—3a. 

42 . Graphical lllnatratioiiB. Take a straight line XOX" of 
unlimited length, and consider all distances measured to the right, 
as positive, whilst all distances measured in the opposite direction, 
from right to left, as negative. 



Take OA^ — A,A, «AfA, sA,A4 =•. x along OX, 

and Oa, ..r along OX^ 

Taking O as ]|he starting point in each case, 

OA4 denotes+ 5;r, whilst Oa* denotesand so on. 


M.A .—2 
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Also A^A, denotes + 3^:, whilst AJA4 denotes-3;r. 

Again, since O A, denotes (S spaces the right), 
and Aj,Aj denotes -2r (2 spaces to the left) ; 

/, 2-v=OA3 = 3;r, (3 spaces to the right). 

Again, sincp 0^3 denotes - 3.r (3 spaces to the left), 

and tfjA^ denotes + 7.^ (7 spaces to the right) ; 

~ 3-r •\-jx= OA-^ = 4.r, {4 spaces to the right ). 

Again, since Oa^ denotes — 6 x {6 fipa.ces to the left), 

• and cigrt.^ denotes + 4^: (4 spaces to the right) ; 

- bx ^ — Oa^^ —2x (2 spaces to the left). • 

Again, since Oaa denotes —3X (3 spaces to the l^t), 
and denotes — 5 a (5 spaces to the left ); 

/. - 3A — 5a: =* Orts = — 8 x (8 spaces to the left). 


Exercise VII. 

1 . II Rs.^ loss is the unit, what is a gain of Rs.bol 

2 . If R’s.3 gain is the unit, what is the loss of Rs.bo, and a gain 

of Rs.bo ? and a gain of /^j.40 ? * • 

3. If a debt of Rs.^o be represented by 10, what will an income 
of Rs.boo represent ? 

4 . * A boy lost 40 marbles and afterwards won 25 ; how many 
did he (i) win,.(ii) lose altogether? 

Cc ... 

5 . A man walks East for 20 miles, then 35 miles due West and 
then East for 30 miles. How far (i)«East, (ii) West ^ he *from the 
starting place ? 

• 

6. A man said that he missed the 5 o’clock train by —15 
minutes. When did the train start ? 

7 . If a maund weight is too heavy by -5 seers, what is its 
actual weight ? 

8 . If a man is -10 years younger than another whose age is 
40 years, how old is he ? ^How old, if —10 years older? 

9 . If a foot measure is <*3 inches too long, what is its length ? 

10. A man has 15 cows in a field ; he drQye away-25 cows ; 
how many has he now in the field ? 



CHANGE OF THE ORDER OF TERMS. 


Graphiccd Examples. 


Prove the following graphically, using squared paper : 


1. 5-3 = 2. 

4 . -7 + 3=- 4 - 

7 . - 3 x + S:t^=* 2 x. 

10. — 7 « + 3a «■ — 4a. 


2. 8-3 = 5 . 

5 . 3 — ^ — 5 • 

8 . — 3;r-5^:=!-8;r. 
11. 5a-7a=-2a. 


3 , 6-<4 = 2. 

8. —^“3= —5* 

9. - 5;r+2;r= — 3;r. 
12. — 3a+5a=»2a. 


CHANGE OF THE ORDER OF TERUS.^ 

43 . When several Arithmetical quantities are connected to¬ 
gether by the signs + and-, the vahie of the result is the same in 
whatever order the terms are taken. (See Arith. Art. 57;. This 
rule also holds good for Algebraical quantities. 

Thus, a+^s=^+a ; a — b^ —b^ra ; 

a^\•b-~c^a-c^h=‘b^-a^c—b-c^\‘a= -tl-a+^= - f+d-l-a. 

44 . Oraplfical Illustrations. Using the diagram of Art. 
42, and adopting the same convention as regards signs, &c. 



6;r-7^ + 4jr brings us first from O to A„ (6 ^aces to the right), 
then from A, to (7 spaces to,the left), then from a, to A, (4 spaces 
to the right) ; 

bo- —7;r + 4a:=aOA, »=3sr (3»spaces to the right). , 

Similarly, 6 ^ + 4.*? - 7^ brings us first from O to A„ (6 spaces) 
then from A„ to A^^ (4 spaces , then from A,„ to A, (7 spaces to the 
left), t. e.f to the same point as bafore ; 

/.'6;r+4a:- 7^=0A, =a3:r (3 spaces to the right). 

Hence, 6.r-7jr+4a-si6jr+4;r-7r. 

Again, -;r-3:i:+6jir brings us first from O to a, (i space to the 
left), then from a, to a* (3 spaces to the left), then from to A, 
(6 spaces to the ri 

^ —3^+6;ra»OA, *2jr (2 spaces to the right). 
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Similarly, 6x-$x~x brings us first from O to A, (6 spaces), then 
from Aj to A5 (3 spaces to the left), then from A, to A, (i space to 
the left) ; 

/, 62:—3.1:— .ir*»OAa«-2j: (2 spaces to the right). 

Hence, — r - 3 ;r+=> 6.r — 3;r — ;r. 

45. Any algebraical expression consisting of like terms may be 
simplified by collecting terms. 

Ex. Find the simplest form of 

6 a + ^d-a + ^c-d-2a + sc-sa-6c + 4d. 

TheJExp.“6a —a- 2 a- 5a + 3 ^-d+4^ + 3<:+ 5r-6c ^ 

(collecting like terms) 

•"6a — Sa + 7d — d + Bc — 6c«^ — 2a+6d + 2c. 

Exercise VIII. 

Find the simple forms of the following expressions : - 
1. 12-8 + 7-5 + 3. 2. -8 + 4-9+6-10 + 2. 

3. 3<a-6a+4a-5« - 3«. 4 . 6 x + 2x-gx — 7x + $x. 

5. 7a-2^-3r-4fl + 5^+4^ + 24 —3^-5c'. 

6. 5a* + 3ad- 2 ^*-aiJ + 9^*-*2a^-7d* + 4a/5-(J*. 

7. 3a* — 2a* + 5a + a^ + a + 9a* - 4a* — 6a+2rt* - 7a. 

8- 3ar*^ - 4^* - 4^>'* - 6ir®+22r>'* - 3^*^ - 50* - $x^ + 6 + 2xy* + 7jr*. 


Graphical Examples. 


Prove the following graphically, using squared paper : — 


1. 

5 + .3-4-4. 2. 

3+6-7 = 2. 


3 . -I-2-J4--7. 

4 . 

-5+3-4--6. 6. 

-6-7 + j-’ 

-10. 

6 . - 7 -i^ 3 + 4 “ 0 . 

7 . 

- 2 + 3 - 4 + 5 - 6+4 

-0. • 

• 

8 

i -2 + 3-4 + 5 - 6=-3 

9 . 

3x + 4;r-9;ir— -22:. 


10. 

- 3 *-- 42 ’ + 7 ;r»*o. 

11. 

-7x-+5;ir+.r= -ar. 


12. 

-a-3a-5aa« -9a. 

13 . 

3a+4a —6a«a 

• 

14 . 

-7a + 4a-3a«i -6a. 

15 . 

- q*’+ Sat + 6r - 72: 


16 

-8a + 6 !»- 3 a+ 5 a»o. 


IV. SUBSTITUQ^IONS. 

46 .^ Hitherto we have considered the numerical value of every 
expression to be a^ positive quantity, but the itjjmerical value of an 
algebraical expression may be a negaiwe quantity. 
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Ez> 1 . If a — 2, f find the numerical value of 

2 a^b +3^- a*be - 4 ^+ abc. 

The Exp.*2.2.2.3 + 3 - 3-34 - 2.2.3.4 - 4.3.4.4 + 2.3.4 
«=»24+ 108-48— 192+ 24s> 156-24033 -84. 

y^z 

Ex. 2 . Find the value of yc* — 5;ry +-^—, when i,y—2, sr — 3. 

2 2 1 

The Exp.*»3.i.i — 5 1.2+^^-ps=3-10 + 6 — 9—io*= - 1. 

Ex. 3 . Find the values of 2jr*-52r-io, when x has the values 
o, I, 2, 3, 4, 5, 6. Tabulate the work. 

When 



° 

I 

2 

3 

4 

5 

6 

22r*-> 

0 

2 

8 

18 

32 

50 

' 72 

1 

- 5 ;r- 

0 

-5 

-10 

-*5 

-20 

-25 

“30 

-19=3 

- 10 

-10 

-10 

-10 

-10 

- 10 

. -10 

- 5jr- 10 — 

-10 

-13 

-12 

-7 

2 

'5 

32 


/, •* 10, - 13, —12,-7, 2, 15, 32 are the required values. 


Exercise IZ. 

1 . Find the value of ^b- ia — 6 c-¥ 7 x+ 2y, and of ^ab — Sbc+txjft 
when <*=6, ^=5, rr—4, 4:*=3,y—2. 

2. find the value of ~^ab —abc+4bc-^ac, and of4a*^ —9^*c 

4 r 2 ^abc when a— 6, ^=4. • 

3. Find the value of (^i*i-3a*^ —3a^*+^*)(d*-3^*) —(r:* + 2£) 
x{abc—a*b*)j when I, ^=»4, r:*»6.* 

4 . If <ib2, ^333, ^b> 4 , find the values of 

(1) {7a — (a + 3 +tf)} — {6^+ a^2a - ^ + 2c)}, 

(2) <i-(d+r)-{3-(r:-rt)}-{3<*-(2^f 

(3) | 4 ^ + 2C-(f“<i)(«+tf)| x(2tf-3^). 

5 . Find the value of 6 ax + 2by^cz’^{2ax—^by4r4cx) — cx-axt 
when a—o, b^^ 1, C"^, x^Z^y^^y jam4. 
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6 . When a=»4, ^=3, c=2, rf=o, find the values of 

(J) 3'^* “ 4^^- 5af/+ yx^bciL (2 ) 2^*^ + 9a - + a/. 

7. If I, ^=2, rfsao, find the value of 

\ac-bd) J{a*bc’\r b*cd•¥ c^ad- 2). 

8. Find the values of .f* —5;r + 6, when at has the values o, 1, 
2» 3» 4, 5* Tabulate the work. 

' 9. Find the values of 6:1:* - i ijr - 10, when :r has the values o, 

I, 1*5, 2, 3, 5 5, 8. Tabulate the work. 

10 . Prove that .r* —7.r-;- 12=0, when jr=3 or 4. 

11 . Prove that 3.t^ ~26x^^^ yir-do^io, when if, 3 or 4. 

12 . Given ^*=4, /= 10 and ^ = 32, find the value of 

(I) 5 = (2) (3) 


CHAPTER III. 

THE FUNDAMENTAL OPERATION.S. 

I. ADDITION 

« 

t 

47 . Addition is the process of collecting several quantities 
into a single term. This single term is called their Bnm. 

48 . The Addition of like quantities with like signs will 
be obtained by adding the numerical coefficients, prefixing the 
common sign and annexing the common letter or letters. 

Ex. 1 . Add together 4a, 5a. 

Here, we have to add 4 like things to 5 like things 8f the same 
kind, and the total is 9 of such things ; 

4a +5a»=9'' * 

Similarly, 4a*^-t 5a*^ + 2a*^+a*^= i2a*A 

Ex. 2 . Add together -2r, — 5^* — jr, —yc. 

Here, we have to take away successively 2, 5, 1,3 like things of 
the same kind, and the result is the same as taking away (2 + 5 +1 + 3) 
or 11 such things on the whole. • 

Therefore the sum of -22’, — 52:, —2, —32= — i ix. 

Similarly, ( - 62*^^) + ( - 32*^')+(- x^y) 4^ - gx^y )« ~ 192 V 
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19. The Addition of like quantities with unlike signs 

will be found by adding separately the positive and negative coeffi¬ 
cients ; taking the difference of these two sums, prefixing the sign 
of the greater and annexing the common letter or letters. 

Ex. 1. Add together 6a and — 2 a. 

Here, we have to take away 2 like things from 6 like things of 
the same kind. Now as the difference of 6 and ,2 is 4, and the 
greater is positive, 

6a —2a 4a. • • 

Ex. 2. Find the sum of - 12^^, 4 ^<:, - 8^^, sde:, ^bc. 

The sum of the coefficients of the positive terms =>4-1-5+ 3= 12 

...?.negative. •i2 + 8-«20. 

The difference of these two sums is (20- 12) or 8, and the sign 
<»f the greater is negative ; 

the required sum= -8^ 

Exercise Z. 

Add together :— 

1 . 5(1, 7ti, \a^6a.^ a, 2 a. 2 . 4.r, qr, 5;^, 6.r, Xy 2X. 

3. Sab, 6aby ab, Zab, s^b. 4. 3 (»*^, 4 a*A €^b. 

5. -2X, -5.r, -9A-, -x. 6. -3a, -7a, -qa, -4a. 

7. 4aby - 5rt^, - 3 (i3, 6aby ab. 8. 4Xy — sx, - 8;r, 6z, 3;r, 

9* 5*» “ “ 7 ^- 1®* ~~ 

11. —^abCy -2abc,s^bCy ioabc. 12. a*^*, — 5a*^*, —6a*^*, 4a*(&*. 

13. — 4 a*^*, - 5 a*^, ioa*3^, 6 a*^. 14. iia^*, - 2 rt^*,- 5 a^*, loai*. 

15. ^abedy -4abcdy Sabedy — \oabcdy 6abcd. 

Fi#d the value of 

16 . 5 a*^*— 2 a*^* + 4 a*^*- 8 a*^*17. — 2 a+ioa+« — 4 <*- 5 « 

18. 2 ar- 5 ar — 7 ax +iOAj:+ 4 <l**. • 19. 3a*-4-4a*-8a;*-J-5a*-7rt* 

20. Tye — 2 y 2 — - 6yz -I* +<)yz — 6yz. 


50 . The Addition of unlike quantities can be found by 
writing the quantities one after the oth%r and prefixing the proper 
.sign to each. 

Ex. Add together 5a*^, 3^*, - 2a^*, — 3#, 2ar, 

The sum - ^t^b - 2 ab* 4 - 2g - 3^ + 3^* . 
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Ezeroise ZI. 

Find the sum of the following quantities :— 

1 - - 3 ^, Sf, 6f/, - 7 .r. 2 . sxj/, 

3 . — 3a3, 5a*^, 4^*, — 4. 2a, — 3a*, 2a*, — 5^^. 

5 . - 7a*3* ~ 7/^*. — 5fl*, 2ga*b. 


51. The Addition of quantities partljr like and partlj 
nnlike may be found by writing the like quantities so that they may 
fall conveniently in the same column, and adding each column 
separately by the preceding Rules and writing down the others with 
their proper signs. 


Ex. 1. Find 

5rt-4c+3^. 

2 «- 3 ^+ c 

rt + 2^ —3^ 

— 3 a+ 

_ 5 « + 3 ^ z.¥ 

5a+ 3^'- 4c 


the sum oi 2a — -^b v 2^-3tf+a, -3a+2t+/iand 

Here, re-arranging the expressions so that 
like terms may fall in the same vertical columns, 
and then adding up each column separately, we 
have the sum — 5a + 3^-4^. 


Ez. 2 - Add together 3rt* + 2rf^*, — -8a*-l-4rf^*, 

— 6nb* and 7a* + yib*. • * 


3rt* + 2ab* 
4a*— 3a^* 
— 8a* + 4<*^* 
5a* - tab* 
7 a* + 3a^* 


Here, the algebraical sum of the terms in 
first column is iia*, and that of the terms in 
second column is zero. ’ • 

Hence the sum—iia* 


the 

the 


I ta^ 


Ez. 3: Find the sum of 2 a+c+d, ^b+a-^e, c-(/j -yn-e-f 
and —2C’\r2d-2e. 

2a -^r c+ d • 

a~-b + e Here, the terms are pranged in 

c— d alphabetichl order and then each column 

— 3/? — e—f is added separately. 

— 2f4-2<f-2^ THie s*um — — b'\-2d—2e—f. 

- b + 2/f—2^ - / 


Ez. 4. Add together a* — 2^* + 3a3*, 5 a *5 - ab^ - 3a*, 8a* + 
<)ii*b — 2a* -k ab* and — 3^* — 12a*^ — 6a*. 

a* + ^ab* — 2^* • 

-3a*+ 5 a*^- a^* Here,'the terms are arranged accord- 

8 a* + 5^* ing to the dfscending powers of a and 

— 2a*+9a*^+ a^* powers of 

-«6a*- I2a*^ _-3^* The sum — - 2a*4-2a*54-3a^* . 

-2a*+ 2a*^+3a^* • 
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52. The Rule laid down in Art. 51 is only an illustration of the* 
principle given in Art. 45. 

Ez. Add together jr—2ji^+3^, ^ — 4z — 2z, 3;r — 5^ - jy, + 2_y. 
The sum=;r - + 33^- 4ar - 2ar + 3af - 5ar - +^jr + 2j/ 

^x-2x + 3x+x-2y+3y~~Sj'+2jf+3e-4^‘-‘S^ 
(re-arranging terms) • 

= 34: — 2_y - 65- (collecting like terms). 

Exercise XII. 

Add together :— 

1 . 34r-f^, 24r-h2>', +r + 3;', r+^, 44r-f6y. 

2. - 4a + - 2rt3^, - $a + 2by — 6a-^3b^-ya4‘6,—a4-2^. 

3. n-bf b — c^ r-^a. 4. a+bb+c^ay c+a—b. 

5. 2a + 3^ — 4^, —3fl+4^-c, 4a-f-7^-i-7r, a —^ —4ir, — 5a-h24 —6r. 

6. 7a-3^-l-4C-2rf-l-7, -8a4-4^-6tf-l'2/f-ii, 13a-f 3^- 5^ + 4/f-4. 

2«i —^+r-l-11 and «s-f 2//- 3. 

7. nx—4by yzy i ^ax - -I- 7 ^ 5 :, ~ ^ax + ^by - 14 rjB’, 2 «jr — by-^- cs^ 

and — I ?/i4r -HI ^hy - 4cz. 

8 . 2a*-f-a^-4-3^*, 3 «* — 4 rt^ + 2 ^*, 3 a*-I-3a^ — d*, I2fl*—I4«^ —7^* 

.and ’3a®- I2a3+ 17^*. 

9. 24 :- 3 ^-{- 4 ^- 4 , 4 :+ 2 >'- 32 r, - 34 r-|- 2 j/- 53 r-l- 7 , 44 :- v-I- 2 ^- 3 , 

gr- 10V+ ii^—12 and ^r-fy+sr. 

10. Zab-4‘3cd-‘3c*y 7ab — 2cd+6c^y ga^ —4^//—lor®, 7a^-2crf+6^*, 

6ab + 7£d—7c^ and 7rt^ — 3r^f + 4<r*. * 

11. * 20i4r*-|-204:*^-34:^*+r4y*, - 174:*+144:*^'-I24ry*-3j^, I44:^-I* 

^ 7 x*y -f 154:y* - jy*, - 134:* - 134:*^ - 144:>'* - 5^* 
and I2x*y+3y*. 

12. x4-xy- 3x*y*y3x 34 :^^ - 44 :*^*, 64 : + 7xy + iox*j>»,34:-h 24rj^ 4r €x*y*y 

7x-6xy4-6x'*y*, 3 .r-6.r/-34r'y*, - 44 :- 34 ^ — 4:*_y®, S4r+7.ry 
-1-4fV'* and - 24 : — 104 :^ - g4:*^*. 

13 . 8<i4: - 7by + 3y*, a4r* -f 2by - 7y*y <)tix +4y* - 2, 7 + ^by - 2y* 4- 4a4-, 

6a4:*-j^* and 23y+3y*- 5. 

14. 24r*-34ry-4y*, 34:4: + 2y*-j*,4:*-2>^+S^*, 3xy-txz-yc*^ yes 

— 2s^ 4r Sya and 4y' — jys -h 2:r*. 

15 . 4 :* - 3ax* + 3a*x - a*, 4 .T* - 5a4:* + 6a*x — i Sa*, 34 :^ 4* 4a4r* -I- la^x 

+6a*, - i74r*+iga4 r*-i 5a*4f + 8a*. - I3a4r*-27a*4r+i8«»^ 

and 94 :*-aBa*4r+4a4:*-1^*. 
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16. 4a*^* — 4- 6abcd^ — -{-tiabcd^ ()C*d* — 5a*^* — - 

+ 5, — 6 +ax* - 6a*^* + 2 abcd and - 6<r*rtf* - 2ax* + i Ta^b^ +1 

17. -‘2ab*-^ac* Ara*b-¥2a*c^2abc^ —a*b-\-b^-2bc*-¥2ab*-^2abc+ 

b*c^ — 2a*c— ^*<:+ + 2ixbc^rac* + 2bc* and - - c^. 

- 18 . I ix^ + 14x^jf — Txy* 3 y*.? 4 - r* - 2 x*y - + 3 *r^* - 7 y*, 2>'3- 

11 - 3 tyz + 4 ys^ + 4;r*, 1 2X^ - 4yz* + 4xyz +4.ry* + 3/^ and 

^ 12^:* — 122:*^ — xys + 2y^ - sy*z. 

53 . When compound expressions, wiih brackets, are to be added, 
it is more convenient to retain the brackets. 

Ex. Find the sum of 6(a+^) and 3(a + ^;. • 

Here, taking a+^ as a single quantity x, we have 

6;r + 3rs.9;r, 

/, 6(a + b) + 3 ^a+b}=* q(a-tb). 

54 . When the numerical coefficients are fractions, they must be 
treated by the Rules of Fractions in Arithmetic. 

Ex. Add together ^a* + iab — ^b*, ^b* — |a* + ^ab^ jftib — {b* + \ft*. 

+ i'tb — ib* Here, * “ F ^~ an “/?j + s?v " Jo “ io 

— +g^* i + s + .j—B + iI+^ = S = i. 

+ jab — \b * _ ” i + i“ i= “ I'^z +1*5 ~ VV— i*a + /y'® ~ “ 

+a^- 'f,b* Hence sum = k\a* -{-nb-lb*. 

m 

Exercise XIII. 

Add together :— 

1. 4(a-^), 2(a-^), — 7(a —^). 

2. — 2(a-d)jr*, 3(a-^)2:*, 4(a —^).r*. 

3 . 4^x* -^y*) + 2ab(x* -^*) - 3, -2(;r» +^*) - ':,ob[x* ->'*) + 4 . 3 (^* +;'*) 

- 2a^v'2r* -y*) - 5, + yab{x* -y *) + 4, 

“ ^[x* +y*) - 2ab(x *-»•)- 5 and 2(x* +y*) ~ 5ab(x* -y*) + 5. 

4 . 6 a —2'.2:—>')a* + 3a^, 7a+3(2:—^)rt* + 4a*, — 6 a — 6 (.r—^)a* — 6 /i^ 

7a+ I3(2r-_;')a*- loa*, — ioa+ 4 {x-y)a* + ioa^ 
and 7a — 12(2: - y)a* -^a *. 

5 . ^x*-kx* + tx‘. 0 . • 32 r>' + ^ 2 rv- 3 ^y- 4 ^/- 

7 . 6 a*^ 4 -ia* 3 * — ^7a*b — la^b*+ ia*b^,2a*b+ifa^b* ~'^a 4 b*y 
— ga*b + — ^,x^b* and — + ■iVo‘4*^* 
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8 . ia + + la* 6 ^ + 1 , 7 - i«+- 9 - * 3 a - + 2a +1 

and ia-^ + 3. 

9. r'ij^ + }x* + t ^x\ + ^x^ + %x* + lx, - \,x* + i‘b^^ + - \x^ 

and ~-ix-^x* + ^x*-^x^. 

10. 9a*3*+§>* — ^*) + ija - a^, ^a*^* + |(a* — 3 *) + .}a —a^, — 4a*^*- 

^^a*— ^*) + |a+2a^ and — 5a*^* — {"^(a* — ^*]r—JJa+a^. 

II. SUBTBACTION. 

55. Subtraction being the reverse of Addition, it is evident 
that to subtract algebraical quantises, change the signs of the 
quantities to be subtracted and then proceed as in Addition. 

Thus, if we subtract b from a, the result will be a-b \ but, if we 
take b — c from «, the result will he greater than by c than the former, 
since the quantity now to be subtracted is iess by c than in the 
former case ; hence the result will be a-b-^-c, which is therefore 
the value of a-{b-c'^, so that the quantities b, — c when subtracted, 
become —b,-\-c, respectively. 

58. We*Nvll further confirm the principle of the hist Article 
as follows : — 

(i) Since rt = a-d + ^, if we subtract from a, the result is a — 

• the’same as if we add to it. 

(ii) .Since a«=a + ^ —^ if we subtract from a, the result is a+^, 

the same as if we add + ^ to it. 

Thus, if a person possesses a Rupees and owes b Rupees, his 
money in hand may be expressed by +a Rupees and his debt by 
- ^ Rupees, so that he may be said to possess+rt and - A Rupees, 
or in one sum, a-b Rupees. Now if we subtract or annul his debt, 
that is,"take away his ne^’ative property, —b Rupees, he will possess 
the whole positive property, +a Rupees, the same as if 'u^give him 

Rupee.s, to pay his debt with* , 

Hence, the following results are obvious 

6a—2ass4a ; —6a —2a«- —8a ; 6*— (—2a)=»8a ; 

—6a —(—2a)——4a ; 2*a —6a=»—4a. 

£z. 1 . Subtract afrom a —* 

The result—aTi^-(a + ^)*=d — 3 -a ——2^. 

Bz. 2 , What must be added to 2a+^ to make 2a ? 

The iBSult — 2a — (2a+^)“2a — 2a-^«B - A 
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1 . 

4 . 

7 . 

10 . 

13 . 

16 . 

19 . 


21 . 

3 a 

25 . 


Exercise XIV. 

Subtract : — 


4a from 9a. 

2. 

- 4a^ from — 8a^. 3 . 

— 3adfrom loa^. 

— from 3;r^'. 

5. 

- %b from 1 2b. 

6. 

6 a *5 from — a*b. 

— 4a from 0. 

8. 

2 a + 5^ from 0. 

9 . 

-f‘7«2f* from iia^r*. 

a from —a. . 

U. 

X from 0. 

12 . 

2a —^ from 3a —2^’ 

— 2a from — 3#. 

U. 

abc from 2 bcd. 

15 . 

- 3a* from — 3^*. 

b-^c from a. 

17. 

-a from 3a,r. 

18 . 

- 2a from — ^ax. 

a + b from .*■ —y. 



20. 

ys-b-^c from 3a + b‘ 

What must be added to 



2jr + 3/ to make 

2 X ? 

22. rt* 


'C* to make 3^*+^'* ? 


.r*^ to make -ax? 24 . a + 2^ + to make a ? 
x* — 7x+6 to make 7 x — 6 ? 


57 . In dealing with compound expressions containing unlike 
terms we may conveniently apply the following RiJ^e. , 

Bnle. IVnie like quantities under like quaklities^ ckanf^e the 

sii(n of all the quantities to be suhtt acted and'"then Proceed as in 

Addition. ^ 

• »> • 

Ex. 1 . Subtract 3r + 4j^-5ar from 52: + 7^ — 8£ 


- yv - 4y + 5g 
2r4- Sy- 3g 
(by addition). • 


The like terms arc written in the same 
vertical column ,the ‘signs of all the terms 
in the lower line being changed) and each 
column is treated separately. 


Note. It is not necessary that the .signs should be actuaUv dianged :■ 
;han('c may be made mentallv, ^ 


the change may be made mentally, 

Ex. 2. 


Ex. 2 . From 5:r* — 3:ry + 4^* talce — 4^:* — 32r^+7jr*. 

5 r*-3rj/+4y* Here, 52r*-(-4r*)«52r*+4;r*s- 
- 4 .r*- yrv+ 7 V* sxy -o. 

4 y* “ (+ 7 y*) - 4 y* - 7 y* - - a?'* 


Ax*-Sxy + 7y^ 
9x* - 3y* 


9X*. 


Ex. 3 . Subtract - 7a* + 3^* - 2^* from -3a*+4a^-5^*. 

-3a*+4a^-5^* Here, -3a^+7a*«4a* ; 4 a 5 -o 

r 7a* 4-1^*-2 tf* - 5^* - 3^*- - 8^» ; o + 2^* - 2f» 

4a*-f 4a^-8^*- h 2 ^ 
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Exercise XV- 

From 

I. take 2. 7a*-Sa-i take 5/1^-6<i+3. 

3. 2r* — ycy +y* take ax* + Axjf -2y*. • 

4. ^ax — jby + cz take ax 4 - 2by — cz. 

5. 7 x* - 2 r + 4 take 2 X* - i. 6- 2a* — “^ab + b* take 4a* - 4ad + 3^. 

7 . 4a* ^ 5^* +1 \c* take 3a* - 2b* - S^r* +1. • 

8- 4 X* - 2x*y + 4 ry* + 3^^^ take 3.r* + 4x*y — yxy* + 5^*. 

9 . -5'i* + 7a*^-3'i^*+6^* take 7a*-4rt*^- 3«^* + 3^*. 

10- 5«i\—7a*^+6aA* —^^-4 5 take 3'i* + 4a*^ + 3 —8a^* + 3^*. 

II. 8a*-2a+6^*-5/ii> + 5t*-3di:-f2 lake a*+a+2b* + 2ab + ^c*’h 

3 bc4r2 ; 5rt*^ —3A* + 2;r/ take -3fl*3 —53*+jry. 

18 . 2jr* — 4x*y - 3>* + 6 - 2:r* - 2xy* -14y* take 3r*+2a:*_y—> * - 3:*^* 
+ X* — loy^ ; 3jr* - 2jrj.* + 41^* take ^x* + 7 ry. 

1 3. 52:*+— 4 y* - 1- 7 yz - Sy^ take 2x* - 3y*+4^'^ - 5^*+6ycr 

■" 7 ^y ; 7 x* + 5 rar - 2£^* take 3^* -- y.rj + 5:r*. 

14 . 4<t*—3a'* — 2<j^—7<i + 7 lake a'*'-2a*-2a^- 4 7a-7. 

15 . 5a + 3tf- 4/5-7//—^ take 4a + 7^-5 /i?+6^-5^. 

16 . 6 ; 4 * - + i 2pq take 6/* + 8a* — 1 ofq and ^p* — 3/^ + 2q*. 

17 . p*q^ + 2jr*V* - ^x/' take x^ + 4p*q^ - 3i'*y* — 4.iy'* and $x*y^ - .v*. 

18 . ^x* 4 * 2xy -y* take — jr* — ycy + 3y* and 3.^* 4* 4;r^ - 5^*. 

19. I- 2 -r 4 * 3 r* take 7 a'*- 4 Jir* 4 * 3 Af + i and- 4 r* + 3 .r- 2 jir*. 

20. a* —2a*^ + 3'»*/>* —4.7^*-45^ take 2a^* —3^**^* ■+•4'**^—and 

3 a^ - 2 a*^ 4’6a*3* - 2ab^ + 3 ^^. • 

21. What must be added to p*-q* + 2pq - to make p* - 4pq + 2q^ ? 

22 . What expression must be taken from 2a*—6a*^+4a*A*-2 to 

leave a* - 7 a*b - 4a*^* ? ^ 

23 . From 4'i + 5^-5c uike the sum of a-bi-ir, 2 a' 42 d- 3 f,-a-/ 5 -fc\ 

and- 3 (t+ 4 ^ 4 ‘ 4 ^- • 

21 . Subtract J;^*-2r+6 from unity,, and 2.r-3ji:*-5 from zero, 
and add the results. 

25. If F'm^a+ 4 b^ 6 Ct A*-- 3 a- 9 d + 7 ^, K«»2oa+7i—5^, i?-i3a 
- 554*9^? calculate the value of F-(X4^ F> 4 * 2 ’. (m.m. 1883) 
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5 a In the subtraction of compound expressions, with brackets, 
retain the brackets, and of quantities wit i fractional coefficients, deal 
with the fractional coefficients as in Arithmetic. 

Ex. From (a - + 3(c -j'* take 2(a — ~ 4(f - rfjy* and 

from - iay+ take ^xy + 

(i) {n - d)x* + 3 ^^ ~ (”) 

2{a - t)x* - 4{c - + 

- (a - d)x* + 7 {c - d)y * -jxy- 


Exercise XVI. 

]. From 4a^r -_y) + s{x* —y^) take 5f.r* -^*) + 2 a{x -y)s 

2. Take a*{a-d)~{x+y)d*+S{^-^'X^-y) from a*(a-fi) 

+ 3(a~ d){x -y) + (x +y)^*. 

3. Subtract 4(a + 6)* - 2.r(a*+^*) + x*(a+d) from 2(a+^)* 

- ;r(a* + ^*) + 3;r*(rt+ 6). 

4. Subtract ^adc - from ^a6c + 

6. From \a^ 4 r\a^b 4 r\ayb'‘' take ia* + la^b + 4a^b*.* 

6. Subtract 7a^b*(.a-b)+6x^y*(a* + b^)-2ab(n^--b^) from 

I -b)- I02r*^*(a* +^*) + 7 ab{a^ - b^). 

7. Take ]iX*y* + ^x^yz + lxy*z + ^from ^x*y^ + i^isX^ys + ^xy^s + 3. 

8 . From la*b* — labc+ix*y^2^ + 3(<* “ b^ take la*^* + ®a^r 

9. Subtract 3a—f^+l^ from 2a + — (C. E. 1875). 

* III. BBACEETS. ^ 

59. We have already seen (Art. 28) that when two or more 
quantities are to be treated as ^ sisgle quantity, they are frequently 
enclosed in brackets. 

60. RemOYal of brackets. Since a + (b+c) means that the 
sum of b and c is to be added to a, w| have, by the rule of addition, 

Similarly, a+(^—0 means that to a we are to add diminished 
by f. ‘ • 

Thus, a+(^—^■)“’a+^ — ^r. 

In like manner, a+^-tf+(rf-44/)-'«+5-<r + rf-e+/. 

Hence, the following Rule. 
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Bnl6. When an expression within brackets is preceded by the 
sign ( +), simply remove the brackets. 

61 . Since a^{b + c) means that the sum of b and c is to be 
taken from a, the result will be the same whether b and c are taken 
away separately or in one sum. Thus, by the rule of subtraction, 
we have 

a — ib-^c)^a-‘b — c. * 

'k 

Again, a — {b — t ) means that we are to take away the excess of • 
^ over from a. If from « we take away we get a — b\ but by so 
doing we shall have taken away c too much, and must therefore 
add c io a —b (Art. 55). 

Thus, a — (3 — r)^ 

In like manner, a — b—{c+d^e)‘=a^b~-c—d-\-e. 


Hence the following Rule : ■ 

Kulo. When an expression within brackets is pf eceded by the 
.dgn (—), the brackets may be removed^ prosnded the signs of all the 
ijuantities within the brackets be changed. 


Ex. 1. Prove, by removing the brackets, that 

(a + 3)-(>j-23)-(2rt-3^r) + 3tf-(3a+3^-4^)- -7«+»c<r. 

'I'he given expression =>» <1 + d — 3fi + 2^ — 2rt + 36'+ y: — 3^1 - 3^ + 4^: 

=« - 8rt + 33 - 33 + IOC - 7<i + lOf. 

63 . A straight line, called a vinculam dravvn over several 
<{uantities is equiva enc tb a bracket. (Art. 29). 

Thus, a -^b + 2c \s the same as a^{^b + 2c). 


61 . In the case of a fraction with a numerator of more than 
one term, the line separating its numerator ai\jd denominator is 
also a species of vinculum—, drawn underneath and may be removed 
by the preceding Rules. 


Thus, 5+^^ 


Also 5 - 


3’^.-4 

7 


'5+i(3^-4^“5«h 

S-y( 3 ^- 4 )» 5 - 


7 7’ 


Ex. 3. 


Simplify the expression 


The given expression^ — |- 

• -3ir-4+2x-i-^Jir+3»5x-2;r-s+3-3ie-?. 


14^ 21 
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Exercise XVII. 


Remove the brackets from the following, Jind then reduce the 
resulting expressions lo their simplest forms .— 

1 . 23 +( 3 a- 4 ^). 2 . 3 r-( 2 x'- 4 y). # 3 . 

7-3^-(2a-7)- 6 - (3« + 4^)-(5«-7^)J1S6. 3a-(rt+2^-3^) 

7 x-h(2y-’Sj^3z~3y+s. 8. J.r - + 3^ - 3^ - r. 

9. —(2 - 2 a)+( 3 - 24 :) -(1 ^). 

10 (a* -3«*r+3aj*) —(«*c — 2a2 + 2di<r*)+(<i* — 

11 . ^2Jr* - 2y* - S’*) — (3y* 4 - 2jr* - ^*) - (35’* - 2^* -sr*). 

3 , 2 . ( 3 r* +<iV* + a*A’) — (y— ^* + ^*/)+(»* + cs *+£*-) -f a2 

+ v«jr*+^y*+tS'*)-(a*i:-/ 5 *j/ + ^*ir). * 

33. (I ox* - 2 y* + I Stys) — (Sj/c - 7 _y* + x*) - {by* + ^yz - 9^*). 

14 . ( 3 rt-^ + 7 ^)-( 2 rt + 3 ^)-( 53 - 4 <^) + (-a + 30 - 
15 ( 7 a*- 8 a*i> + 3 i^) —(i 7 a^ — 2 /i*^+i 5 ^^)-(- 15 a* - 13 ^^ + 5 a*^). 

Prove the following by lemoving brackets :— 


16. 

17. 

18 


5£zii4. "J _ ®L~ 33^. 
5 2 II 

6 —ox 7-21X 25r-20 

- -p a 

3 7 5 

6 x 4 8, 27X-54 i2 4 - 42 r 
~2 ^ ♦ ” h~ 


5X-7. 

5'-r-3- 

■ -X —4. 


19. (4a-2^4'50“2<*-3^ + 7c+9t + 3^-2a«»4^ + 7^ 

20. •9a-^+-2rt4*3^-6a4 5^—tf-3^=o 


64. When tliere are brackets within brackets, first remove the 
innermost br.icket, then the next, and so on. ♦ * 


Ex 1. Remove the brackets (rom 

{3a-^-(3f-</}-{2a-(^+2tf)+<0» 

The given expression »{3^ — ^ — 3f+rf} - i3a — 3-2^+/fj 

»« 3a—^ — 2a+^+2f—a — 

65. When there is a OOCfflcient before a bracket all the quan¬ 
tities within the bracket mhst be multiplied by that coefficient. 

Ex. 2. Simplify 4( i -p 2a) - 2[3 / + if2a - '4a -1')]. 

The given.expression »4+8«-2[3a+ 2{2a~4a+1)] 

^ =»4+8a-2[3a4-4fl-8a+2] 

k v4*i*8<>'~6o'**8a4* i6a^4''* loa. 
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1 . 

3. 

5. 

6. 

7. 

8 . 
9. 


11 . 

12 . 

13. 

14. 


15. 


16. 


17. 

18. 


19. 

20 . 
21 . 


23. 


Exercise XVIII. 


Express, removing brackets, in their simplest forms 

2a-{d-{a~2d)} * 2. a--{2^ - (2^ + -«} 

7a-{^+(2a+#-(a-^)}. 4. yc-{y-(ax-y)-{x-^y)). 

a* - (<>» - c*) - {b* - (tf* - a»)}+{r» - {b* - a*)}. 

{2a* — ( 3 a^ - b*)} +^*)} + {23* - (a* -*<* 3 )}. 

{24: - (3;/- ir)l - {;/+ (2.ar - ^)} + { 3;sr - (:ir - 2^)} - {2 r - Cy - ^ )}. 
2rt-{3a+4(^ —a) — 2 ^}. 10. 2a —3(^—c)“"2{a —2(^ —t)} 

22^ - i{y -z) + {x^ 2{y - - 2{jr - 3(2: •y)}. 

a-‘\sb-{a-{3c-3b) + 2c^(a~‘2b-c)}l 
7a'-2[^a-2b + {{a + b)-{a-b)\]. 

{2rt- 3 ^ + tf-2^i}-{ 2a-3^)+(C-2<f)} + { 2 a-( 3 ^ + 4 ,)- 2 /f} 
-{(2«-3^ + ^)- 2 //). 

4(3^ - a) - 3 L 7 « - 3 {C 2 a - b) -^(3 - a)}]. 

{w 2y,} - [3/// + 2« - {x -y+{fff + 2n) - {2y^xj}] 

• (M. M. 1S90.) 


jr-[a-{2a-(3a-4a-jr)}J. (m. m. 1889.) 

{3a-- 2 c)}-{ 2 b-~(c — a)}+ {2b -[ 4 ^*-« — « — 2/>J}. 

3a - 2[3a - 2 {3a - 2(3a - 2rt+^)+^}+Jj. 

5jr - 3[2Jf + 9 ^^ - 2{3;i: - 2{x - 5^: - 2;/) ► 3>'}]. 

3^ - C7>' - { 2 Jr - ( 65 : - 4^-3y ->') + 4x-ix-SJ'+ 3')}]. 

5 tr + 1 31: - {7^ - 2^ + 3 ^^ - 21 ;'! -6^^] -[6^ + {7^- ( 3 ^+42:)+5^^} 


+ ^x\ and then find the value of the ttsulting expression, 
when Ar=»i,_y>* 2 . 


66 formation of Brackets. It is often necessary not onlv 
to break up, or resolve, quantities contained in brackets, but also 
to form such quantities, that is, to take up in a bracket any given 
terms of an expression. Now, in doing this, it should be noticed 
that, whatever term we choose to set as Jirst term within the bracket^ 
the sign of that term will have to be* placed before the brackil, 
and this sign will of course affect all the terms we may' place 
within the bracket. • 

Thus, collected in a bracket with +a as^rv/term, 

will be ; but, withas/frj/term,+ with 

2 ,s first term, -V-<i+^). 

M. A .—3 
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So also we might use an inner bracket, and write the quantity 
thus:—' 

or+(«-(^+^)h or-{(^-q)rftf>, or - - (a - f)), &c. 

Hence, the following Rules 

Bnle (i). Quantities can be enclosed within a bracket^ preceded 
by the sign '(+ ), without changing their signs. 

, Rule (li). Quantities ean be enclosed •Mthin a bracket^ preieded 
by the si\*n i^ — )y proindcd the signs of all the quantities within the 
bracket be changed. 

Ez. <i-23+4£r-2rf-^-5—a-[2^-4r+2rf+^+5] 

■»a - [2^ - l4f-2</-^ ~ 5>] 

- a - [ 2 ^ - Uc - { 2 d+e-\- 5 )}J. 

67. When any terms of a quantity contain some common 

factor, a bracket is often employed to collect the other factors, 
considered as us literal coefficients, into one quantity, which is set 
before or after the common feu tor. ^ 

Thus, we have seen already that 3 A: + 5 ;r—^;ir»= 22 r, that is 
«(3 + 5-6).r, 

In like manner, + —:rss!(a + ^-i);e. . ^ 

2rt - 4(^+6ay «= 2a( i — 2r + 3y). 

(a + 2b)x^ - {2b - c)x^ - {2c - a)x* {(a + 23^ - (2^ - - (2C - a)Jr* 

* ■» ( 2 a - c)x*. 

68 . Conversely^ when a bracket comes in this way before or 
after a single term ^s factor, it may be resolved after multiplying 
each term of the quantity within it by the common factor. ^ 

Thus, a{b - :r) — (a— y)b (ab — ax) - (ab — by) 

‘==’ab-^ax*^ab+by‘^by-“ax"» ->(ax-~by). 


Ezerciie ZIZ. 

Place the following in a bracket preceded (i) by a positive sign, 
by a negative sign * 

4 . -3a+5^-4<;. 9. a-a+^-c. 3. aa+33-4^-5. . 


Express by brackets, keeping the terms in the order given, and 
l^mg them (i) in sets of two, (ii) in sets of three :— 

'^if^Slmt2v+ix+a+3b‘~-2c. 6. 2«-^i+4^-2<f-<’+5. 
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6. <**+2a*-"3<i* + 5a*-*3ii-1. 7. 4a* + 5^*-3c*“2;ir*-3j^*+2j?*. 

8. -5a+2tf-3</-2ar-y+3r. 9 . -32r*-2;^*“50*-tf+2^-3^. 

10 > 16 . Express Examples 4-9 by brackets, in sets of three, with the 
second and third of each set enclosed in an inner bracket 

In the following expressimis bracket like powers of x :— 

16 . or*— bx^ — — bx^ +«r* — dx^r cx^ — dx* - ex. 

17. 4X + 5^2:* + 3^jr-2jir*+<Mf*-aar. * 

18 . -32f* + 5<Mr*-3<r2r+8at* + 62r-3;r*.. 

19 . 3 X^ —2^*2:* - 4a^2r* + 3a2r*+ 3r 5 - ^abx^. 

20. 4«jr+6r*+ a * x ^ - 3^2?* - 22? - 532 r*. 

Add together :— 

21 . ax-bj^t x+jfj and (a- 1)2:-(^+ i)y. 

28 . (ii + ^)2r*- i{a-b)xy’¥{.b’~c)y^^ (b^c)x^ + 2 {a+b)ry+{a-b'>y*y 

and (<*- -(a-c)y* + («+ b)*^. 

2i. (a-2/)2?*-22f* + (2^-3»'t2r, {a+ 2 p)x^ + [g-b)x*—Xf '-‘{fi-a)x^ 

“ (4+ y- (c- I )Xy and -2:* + 3 bx* - (c- 2r)x. 

24 . {a+b)x-¥^b-{-c)y And (,# — b,x-~{b-c)yt and subtract the Utter 
from the former. 

25 Ffom/f2r*-d2:*+2r take -~px^-~gx^ + rx. 


IV. HULTIPLIGATION. 

69 . tfultiplication consists in finding the sum of a number 
1 epeated any number of times. 

Thus, axb means a repeated b times ' 

* —a+a+a+ ..continued to b terms. 

70 . Toprorethat axb^bxa^ when a and ^ are posime 

anlegers. * 

« 

As a numerical example, let a and b stand for 4 and 5 respectively. 
Then 4 x 5—4 repeated 5 times 

‘■(iH-i + i + i)+(i + i+i + i)+..repeated s time 

- i+i+i+i 
+1I-f I 

+ t + I 

‘f i + i + i + i 
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■i(i +i+i + i + i) + (i+i + i + i + i) +.repeated 4 times 

(adding vertical columns) 

+ .repeated 4 times 

= 5x4. 

0 

Hence, algebraically, a xb^b xa. 

71 . The definition of Multiplication given in Art. 69 does not 
hold good when the quantities to be rr. ultiplied together are not 
positive whole numbers. It has to be modified. (See Arith. Art. 269.) 

Thus, to multiply 5 by we do to 5 that operation w'hich when 
done to unity gives 4, that is, we divide 5 into 7 equal parts ami 
take 3 such parts. • 

So algebraically, to multiply « by ^ in this sense, is to do to a 
that operation which has been done to unity to get b. 

72 . In this extended sense of multiplication the statement ab 
^ba can be extended so as to include every case in which a and b 
stand for any quantities. 

Hence, abc^axbxc^{axb\xc=bxaxc^bac^ 

x(axc)«^xcxa=^c<», and so op. ^ * 

Thus, as we have already seen (Art. 10) that factors can be 
multiplied in any order without affecting the value of (he lesuli, but 
it IS usual to write the letteis in alphabetical order. ' • 

73. Enle of Indices. Since 1 definition) 

^ anda^’^axaxaxaxiry \ ^ 

\ xa^’^axaxaxaxaxaxaxay factors) 

— a* (by definition)«»a*‘*'^. 

Similarly, a* x X a* X «♦=a®, and so on. 

* Hence the following rule :— 

Bnle. The product of poiuens of the same quantity /r obtained 
by adding the indices of the powers. 

74 . If m be a positive integer, a and b having* any values what¬ 
ever, then • 

(a + b)m * (a+^) -H (ad- b)-¥{a+b)’¥ ....repeated m times 

*»«+«+«+.repeated times \ 

+ ^+ 3 +^+.rcp&ted m times / 

■a a taken m times 4* b taken m times 
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H ence, when m is a positive integer, we have 

, {a-¥b)m^am+bm .(i) 

The above law being true for any positive value of w, it must 
ill so be true for any negative value For, suppose ;«*» -:r, where x 
is any positive quantity. 

Then {a + b),{-x)^-{{a-\-b)x\—-{ax-\-bx)^ by*(i) 

^•^ax-bx ==^a.{~ xi) \‘b.{-x) \ • 

Hence, for all values of a, b and w/, we have 


{a + b)m ^am+bm .( 2 ) 

, In like manner, 

(a - b)m•^{a-b) + {a- b) + {a-b) + .repeated /// times 


= rt repeated m timesrepeated m times 
= am - bm. 

75 . Bale of Signs. Let it be required to multiply «— ^ by 

■€ — ti. 

Here, {o^-b){C’-d)=‘{a’-b)x^ (writing x for c-d) 

• ^ax’-bx^ Art. 74. 

a^c ^ d b^js ^ d) 

• • <=^iac~ad) — {bi, — bd) 

=sac—ad-bc+bd. 

j If on the right-hand side of this result, each term be considered 
separately, we find that 

(+a)x( + o- +ac, (+a)x(-</;= -adf 

i-‘b)x i+c) — -bCi {-b}x{-d}^ +^d. ’ 

Tlie above results enable us to state the following Rule :— 

4 

Bale. Li^e signs multiplied together give pius{Ar). 

Unlike signs multiplied%getker give minus (-). 

Or shortly. Like signs produce + and unlike -. 

78 . The convention of si^jns for direction (Art. 42) enables us 
to illustrate more clearly the Rule of Sigps. 

(i) To piultiply+3 by 4*4 ; this is arithmetically intelligible. 

( + 3)x(+4)-»+3 repeated 4 times, ^ 

-(+3)+( + 3)+(+3)+( + 3)- + i2. 

So in algebrat (+«) X (+ 5 )w+ 05 . 






38 MATRICULATION ALGEBRA. 

(ii) To multiply-3 by 4*4 ; this is arithmetically intelligible. 

(“ 3 ) X (+ 4) — - 3 repeated 4 times, 

-(-3)+(-3)+(-3)+(-3)“-i2- 

So, in algebra, (-a) x( + 3 )=» 

fiii) To multiply+ 3 by —4 ; this is meaningless in arithmetic. 

Its algebraic interpretation is the following : — 

(+ 3 ) X f — 4 ) = + 3 repeated 4 times, but in the opposite direction 

» 

= +12, in the opposite direction^ 

= -12. 

So, in algebra, ( +a) x (— 3) =■ — 


(iv) To multiply —3 by - 4 ; this is arithmetically meaningless. 

Its algebraic interpretation is the following :— 
(-3)x(-4)=-3, repeated 4 times, but in the opposite direction ^ 
= - 12, in the opposite direction^ 

- +12. 

.So, in algebra, (— a) x ( - ^) = + 


77. To illustrate the Rule of Signs, wc shall add hefe a few 
examples in Substitution, where some or the symbols denote negati\e 
quantities. It may easily be shewn by rcpbated application of the 
Rule of Signs that any odd power of a ilegative quantity is negative^ 
and any n*en power of a negative quantity is positive. 


Ez. 1 . If a a 
Here, - ta*b<P 


j, A=s3, - 2, find the value of-6a*^^*. 


« -6x(- i;*X3x(-2;* 
•» -6x 1 X3X -8 
-M4. * . 


We write do^ 'at once, 
(-1+1 and 
(- 2 ,»-- 8 . 


Ez. 3 . If aoo, -1, c»2, find the value of 

_ * * 

The given expression -(i )*+(- 3)* + (2)* • i + 9+4 

Ez. 8. Find the value of - #)*+(£■. 

when x-4,sr“3.* ^ 

The given expression01(16+1)(3/* +1(-2)*+(- !)♦ 

<->17x94*1 X-8+1->15^-84* I-146. 
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ExereiBO XX. 

If fls* - 2 , - 3 , I, find the value of 

1. yic. 3. -ibc. 3. 4 «*^. 4. 

5. aH^. 6 . 7. 8 . - 3 a^*c^. 

9. a* + 3*+^*. 10 . ab^rbc^-ca. ll. 

13. rt*+^*+c*-^£‘—ta—a^. 13. a*^*—2<i5r*+3^*4r. 

If <*** 3 , b*a - 2 , c—o, </- 2 , find the value of * 

14. ^(<*+f)+^(rt + ^) + a(tf~/>). 15. b^ + cfi. 16. 35*-rf“. 

17. Find the value of (a — ^)*+(^ — ^) * + (« - —r) + 5 ^*, 

^hen a = I, ^ - 2 , 

18. *Find the value of ( 5<»-33 (<» —^) —^{ 3 «-< 4 <*—^)-^*(a+C;}> 

when a«o, — i, ca«|. 

19. Find the value of 

(i) +<:*«</- 2 ), when a«=-i, 2 , i:-B 3 , </=o. 

(i) yibc*-‘ ibcd tf{a^bc - 3 ), when a =*o, ^s= i, — 2 , rf— 3 . 

( 3 ) when^^ » r 5 , ^ - - 4 . 

(4) a*.r*^*, when jras-2,>'*3, a=-*25. 

( 5 ) 3 '«* + 2 ;r)*-- 2 (a+ 2 jr)(a — 2 jr) + (a — 2 r)*, when :r»l, — 2 . ^ 

20. Find the value of , whenjrasi 2 ,^» - i. 

.4jr*-3jrV-W +3^'^ 


78 . To multiply two simple algebraical quantities. 

Bide. Multiply together respectively the thtmerical coefficient 
and leuers and give to each letter in the product an index equal 
to the sum of the indices that letter has in the separate factors; 
and then, if both the factors havathe^ame sign, prefix to this product 
the sign +, if different sign, the sign —. 

Ex. 1, yeedCtbm^ 3 X 2 Xax^xg" 6 ibc 
. Ex. -S«*^^X 4 ^»—-yx4Xa*x^3*»*-2oa*^». * 

•~7a*bcx —+7 X3Ka**»x^*‘*‘*x<r***— 2l«>>4M. 

7 B When several quantities are multiplied together, their 
product is called the oontmued product. 

80 . To find the continued product of several simple quantities, 
instead of multipl^ng th^ together successively by the al^ve,Bule, 
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it will be shorter to multiply them at once together, and then prefix 
to this product the sign + or -, according as the number of negative 
factors is even or odd. 


Ez. Find the continued product of 2a*^, — - ^alA, 

The work, however, may be done 
shortly, thus 

2a^b X - laH* x - ca^ 


+ 2 X 3 X 5^*+^+^ X ^ m 


2a*^x —33®^*=* — ; 

— X — 4. 

Thus the complete product 
is 

■> 

Multiply :— 

1. ya by 4 d. 

4. by 2 dd. 

7 . by — 

9 . 9^*3^ by — 2 ^*tf*. 

11. by bxy. 

13 . — abc by — ac. 

Multiply together 
16 . 3 a* 3 , - 2ab^^ - 2a*. 

18 . - 2 a*dt - 3a*^, - 6 a. 

20 . - 4xj/j - gx^y*. 

Write down the values of 

22 . (- 4 ^r)* 23 . (-9«*)* 

26 . (-9«^)^. 27 . i 2 x^yh*f. 

30. (-2a*3)i. SI. .(-3ad*)+ 
34. (-ad)*x(-a3)*x(-ad)^. 


12. x^yhy-xy*. 

acx by - 2 axy. 15 . inx^ by — nx^. 

C 
c 

17 . 4 a*,- 3 ^,- 3 tf^-a^f. 

19 . 3a^c, 

21. 2a^^*, — 3a*^, yab^. 

24 . (i 2 xV)*- 25 . (6a*^*)*. 

28 . i,^abc,^. 29 . (- 3 a 5 <r)*- 

32. (-.a*)^ 33. (-a)”. 

35. 4{^c)* X 3(atf)* X $116^.“ 


Exercise ZXI. 

c 

2 . - 2a by 3^. 3 . — 3a by — 

5 . 3a*4r* by 4a*. 6. yib* by - a* 4 . 

8 . — 3a*^*^* by 5a^^. 

10 . ^ \yc^y^z^ hy-‘2X*y*z*. 

14 . 


-r 

i 


81. We have (a — b4rc)m — (jr -l- f)w, (writing 4 : for a — 

•■ 4 rw + f/«, 

t. V ■' 

■•(a —5)»f+m, 

‘ ^a*n’~bnt 4 rc/n. 


Hence, to multiply a compound expression by a single quantity 
we have the following Rule 



ole. Multiply each tetm of the multiplicand ^separately by the 
\^^ity beginning at the left. 
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B Z. Multiply 3x* - zxy +4y* by ^a*x and - zc?b* + - 7 ^ 

by- 4 «^- 

The process is generally conducted thus ;— 

(i) 3 ^*- 2 ;iry+ 4 y* (ii) - + 5 ai* - 7 ^ 

2a*jr ^ — 4a^ _ \ _ 

Exercise XZII. 

Multiply I 

1. a*+?a^by4. 2. x + ^yzhyax. 3 . 4Jr + 3yby6. 

4 . a^*+3y*ar by — 2^. 5 . a*b^ — hy ab. 6. 3aj:+2^ by-3«. 

7 . * — 4 ^V ■■ 8' ” 3<a*^* — 4fV* by — $a*iiP. 

9 . — ^ab* + 2a*b + ya* by — ^a*b. 10. — 4 + (tab + /^a*b* by—a*. 

11 . x^-xy-^-y^hyx. 12 - a*-ax-^x^hy — ax. 

13 . -r* — a.r + ^ by — abx. 14 . x^ - Z^*y + 32’J'* —y^ by —xy. 

15 . a* + 4a*^ — 3a^* — by -3a^. 16 - —3^tf+2^rf by 5a*^*t*. 

Kind tht continued product of 

17 . - 3a^, 4'JC, - 2^*, 2rt*^. 18 . —jr^, -2A*, — 2;»:^,_y*,-4;«:*y- 

19 . -3y*, 2;i:*, 4sr*, -5, -2X*y*z*. 

20. x*y*^ -^xygyit^b^^ —yx^y*^ —za^x*^ -3«*. 

Simplify the following :— 

21. bbc*{2b* — ^bc —4tf*) — 8f:*(2^* — "^bc - 4 ^*K 

22. 2r>/(3Jrj/+4y*)-3y*(3;i:;/+4j/*). 

53 . j:*(2;if *-«;!:+a*) —ax{2x*-ax-^af)-~a*{2x1-ax-^a*). 

24 . a^(a* + 2 a“^* + 4^‘*) — 2b*[a^ + 2a*b* + 4b*). 

55 . 4a( — a* + 2a*^ — b^) + 8 ^( — a* + 2 a*b — b^). 

_ * ♦ __ 


82 . Since (a + ^)/a«"a;/<4*^Wi Art. 74 
We have(a+^)(^+rfj—a(<f+df)+^(c+rf;, (writing c+ii (or m) 

^ac+ad-k-bc^-bd* 

Similarly, it may be sjiewn that 

{a 4 ’b){c'^d)»"ac-^ad+bc’-bd $ 
ia^b){c+d)^ae+ad—bc^bd ; 
ia*~-b){c ’-d)"»aC'^ad’“bc+bd» 
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83 . Again, since (a-Art. 81 - 
We have (a—— 

(writing x—y for m) 

=■ (ojr - ay) - {]^x - by) + {cx - cy) 
-ax — ay^bx+by+cx-cy. 

0 

Hence, to multiply one compound expression by another, we 
have the following Rule. 


ShIb. Multiply each 'term of .the multiplicand by each term of 
the multiplier and add the sei>erat products together for the complete 
pfoduct. 


Ex. 1 . Multiply 24 r -5 by 32:+ 2. 

(2j:-5)(3r + 2)-i(2ar- 5)3;r+(22:- 5)2 
=6.r*— 152r+4;c~ 10 
=»6x^ — 112: — 10. Ans. 

The operation is generally arranged thus :— 

22r- 5 / 

3^ + 2 

Like terms are tx* — 152: — product by ^x 

placed in the s'aine _ + 4 ^ - 10 product by 2. 

column. 6x* — i ijr — 10 — whole product (by addition,. 

9 

Ex. 2 . Multiply 3a* — 2a*^-a^* by 5^*. 

• 3 a* — 2aPb - ab* 

7 ab — 5^* 

2 la^b — 14a*^* — 7a*b^ 

— ~~ S^i^ **** ioa*b^ + so(^ 

Ex. 3 . Multiply 2x* —52r+6 by 3X*-42f-3. 

22r*-52f+6 

3^*-4^-3 

6 x^ - I5;r*+ i8;r» • ^product by 32?* 

-82r* +2oir*-242r • product by - 42: 

~ 6 x* + tSx^iS Mproductby-3 
6 t»~ 234 r*t 322 r*" 9^-18 - whole product. 
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A re-arrangemenj|Kgie terms wUt be found convenient 
when the expressions are MPlirranged according to the powers 
(ascending or descending) of some coq^ttnon letter. 

Ez. 4. Find the p^duct gf a*- 3 «dA. 4 ^» and 54*4-a<i*-a^. 

a*- 3 a^- 44 » 

2a*—g^+54* 

la* - 6«^ ^ - 8a* 

— ai^ + 3 a*^*+ 4 a^> 

_+ 5a*^* - 15a^* - 20^* 

20*^70*^_ ’•IT — 20^* 


1 . 

4 . 

7 . 

10 . 

12 . 

14 . 

16 . 

17 . 

18 . 

19 . 

20 . 
21 . 

23 . 

24 . 
26 
26 . 
27 . 
29 w 

30 . ' 

31. 

32 . 
33 


• Exercise XXIII. 

Multiply 

jr-6byjf+i3. 2 . .r+5 by j: + 3. 3 . ;r+s by ;r-3. 

Ar-5byjr + 3. b. 2 a-bhy a-\-2b 6. 5a+26 by 4a + 3^/ 

2a+6bya + 3^, 8. 2a-*-^bytf-3rf 9. 3^+2^ by22^+3^. 

3a^+4d* by 2a6-33* 11. jr»-by x-¥y. 

x*-¥yc^ 2 hy 13 jr®-4jr+3 by ;r-2. 

ir* + 2 ^*j/ 4 - 4 ^.y*+ 8 j'* by 2r-2;'. 15 . 2j:*+4r*+8r + i6 by 3jr-6. 

6a:* — 4ai;* - 3a*Af +'2a* by 3^:+ 2a. 

sit* - 2Ar*_y - 3 a:*>'* + 2a:;^* + ly* by 2x~-sy. * 

27Af* + (yc^y + y:y* + y^ by yc -y. 

_ 2 a^b +4a*6* -7 8a^* +by a + 2 b. 

+a*;r*+by |iiV“ 31 . a+2^ — 3^ by a — 26 + 3f. 

rt*+ 2 a -1 by a*-a+■ I and by a* —3a— I. ^ 

A:*+2aA:+3«* by jr*-2ajr-fa*. 

X* — ax^ + a^x ^a* by x*+ax+a*. 

2 X* ^ yx* • ye* + ye - i by A:*-^3r-3. 

4 |- 2 a*^ + 3 a* 6 *- 2 a 2 *+ 4 * by a* + 2 ii 4 +^*. 
jr*-aAr+2a* by A:* + 3aA:^4a*. 28 . 32:*-sx-5 by 22 :*-at*+ 3- 

9 a*- 3 a 4 >|’ 4 *- 6 a —26+4 by 3rt+{ + 2. 
a*+4*+^+a^-atf+4^ by a-^b^c. 
a*+ 44 *+ 9 c*+ 2 a^ 4 - 3 atf- 66 tf by a-2d-3c. 

5X*-iox* + I2X-8 by 5X*+ ioa:+ 8. 
a* — 2 a* 4 + 2 a^^ — 4 * by 3«* —la^+i*. 
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34 . 9a* + 4^*+£* — 2^^:-3a£‘-'6fl^ by 3 tf+ 2 ^ + ^'. 

35 . $a* + Sa* 3 * — - 4 a *3 + 7 ^ by 2 a — 3^. 

36 . 2a*-6 —4'*+a* by 2<* —3+a*. 

37 . a* 4 *ii« —4a* —24 by a* + 5+4tf. 

38 . a* + 2a* + 2a +1 by a^ — 1+ 2a — 2a*. 

39 . A-5-2.r* + 3r-4 by 4Ji:*+3;ir* + 2.r+I. 

-A. I-2;i: + 3.r*-4r* by l+2jr + 3r* + 4;tr^. 

41 . ad+ac+dd+cdhy ab — ac—bd+cd. 

42 . a* —2a^ + 3 *+^:* by a* + 2a^+d*-f*. 

43 . i-^x+x*by i+x+x^+x^. (c. P.. 1859.) 

Find the coefficient of and of 2* in the following products 

44 . (x^+ 6 x^ + Sx—S){x^~- 2 x-\- 4 ). 

' 45 . (3jr» - 72:* - 8^ - 9);5jr3 +11jr* - 7 f+8). 

46 . (8 ix^ + 27.r*j' + 92:*^/* -f 3ry* 4 *>^)( sx -j'). 


85 . The following Examples with their Solutions,' illustrating 
the use of brackets in Multiplication, should be carefully noticed. 


£z. 1 . .Multiply ;r 4 -a by ;r +5 and .af*-(a+^)2r+a5 bv 


(i) x + a 

X + b ^ 

+ bx_+ab 

AnSt x^’h(a’t’b}x -hab 


(ii) ;r*-(a+^) 2 r 4 'a^ 
x + c 

X^-K<i 4rb,x* ~4rabx 

+ cx* - (at+ bc)x+abe 

(a^i- b - c) 2 r* + {ab-^ctc-bc x4-abc 


Ez. 8. Multiply x^ - ax* •{■bx--c by x* + mx 4 *«. 

x^ —ax* ^-bx ^ 

X* + mx+ n _ 

x> -ax^^bx^ --ex* • 

’ , ’\‘mx^—amx^-\‘bmx'*-cmx 

4-nx* - anx*Arhnxcn 

Ans x* — ia — M)x*+lb—am+n)x*-(c—bm4ran)x*—icta—bn)x—cn 
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Ezercise XXIIT. 

Multiply 

1 . ;e—abyjr —2 , x—ahy x-^rb. 3-x + abyx~-b. 

4 . x^-^ax+b by x-Cf a.ndby X*+ ar — c. 

b. u + mx — nx* by a — 2mx + nx*^ and by a* + 2nx — 

6 > -v* + (« + b)x by ;i:+^, and by .r* — (a + b]X ■¥istb. 

7 . +1 by (;// + «);r — i. 

8 . ;r*+(a-;^);r+a*-a^+^ by ;r-a. 

9 . 1 — ajir+^2r* —by I+2:-jr*. 10. <Mr*—+ by + J 

11 . Find the coefficient of a:* in the product* of 

^x^-^ax^-^bx^ — cx-^dby x*-^Px-¥q. (c. E. 1885). 

12 . Find the coefficient of x^ in the following product :— 

(<Mr* + bx^ +«r+ d)[ax* — bx-k- c). 

Find the continued 'product of 

13 . ax-by^ ax^r cy^ and ax — dy. 

14 . 24 r —w, 2jr+/z, r + 21/2 and x~2n. 

15 . r*+ axx^ ^-bx-a* and x-{a + b). 

86 . When the coefficients are fractional, they should be dealt 

with by the Rules of P'ractions in Arithmetic. 

4 

Ex. 1 . X - ia^bx^ - 1 X - jgSb^x. 

Ex. 2 . 24a(la* + |^*-f^c) = 24ax^a*+24rtx5^* —24ax|^c 

^ S3 8a* + I Sib* — f^abc. 

Ex. 3 . (hx - -5)X - lxy*x'^ - lxy*s xx 

* -P X s 

* ~ +lxy*g+4yy*g*. 

Xx. 1 . Multiply by ia+ii. 

fa-t-1^ _ 

*a»^T'.o**- W' 

+ Aa*i+ 





46 


MATRICULATION ALGEBRA. 


N 


1 . 

8 . 

5 . 

7. 

9. 

10 


11 

1& 


U. 

16. 

la 

19. 

90. 


Exercise ZZV. ' 

Multiply 

— by — 8. by fx^z. 

by 4. - by 

by 6. - 4;r*y by - fy*. 

yc*y* +2ar>f - ^z* by - %xy. 8 . ia*+ ^b* - jt* by 1 2x. 

^a^x* - + ^^a*b*x*y* - by — $by. 

ia* ■“ ia*b+ia*b* +1 by and by -20*. 


Find the value of 

Ja*^* X — iab* x - §a^b. la ^^a*b* x — \aH y 2a*. 

^^x* X - S;r*»' X - \xy* x x - \x*y^. 

Multiply 

a* - ^a^b + ib^ by 2a* - 3^*. , 15 . ^x* + \xy - f;'*by 

fa^-la*^+4^^ by |a-2d. 17 . fa* —«+f by 3a* + 2a + 4 

+1“ a-*^' by + fy* + ix*. 

3 x*^ 2 x^ + ix*’~^hy ix*+iA^-ix^-i. ^ 

I - 4 a + 4 «* + 4 «* by I + 4 a - Ja* + 4 a*. 


87. Coutinned product. A judicious choice of arrangement 
of the quantities to be multiplied together always lessens the tioiible 
of multiplication. 

Ex. Find the continued product of a - a* + 5 *, a+^ and a*+/ j*. 

Here, instead of multiplying the quantities in the order as they 
stand, we first multiply a--b by a + b, and then the praduct by 
a*+ 3 * and then by a* + ^. Thus, • 


(i) a-b 

a*-~ab 
■^ab — b* 

a* ^b* 


\ 


(ii) a*-^* 

a* - a*b* 
’¥a*b*~‘b* 
a* 

Ex^ie XZYI 


(iii) a*--t* 

a*^^ _ 

a® •‘a*il* 

4 - 0 *^ 

<»*_ -'^® Ans, 


U Multiply together : — , 

V tf*-2r*, and a*~x». 2 . 22r»+a2r+a*, aar-ii, and x+a, 

^ and 2r->3. i. x-^a, x^bf Ad x+c. 
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•5. a*-a + i, a*+a+i, «♦->«* + !, and a*-a^ + i. 

6. and a+ 2 ^. 

7. a*+a^+^*, a*-a^+^* anda*-a*^*+^. 

8. a + iy <t4*2, a +3 and a + 4 . 

Find the continued product of , 

9. .r+«, ;r —a, jr + 2 a» and jr — 2 a. - 

10. mx + 2 nyt mx - zny^ mx — ^ny and mx + yty- 

11 . .r*-2j^*, 2:*-2;ry+2j'*, ;r* + 2/*, and Ar*+2;irj^+2/*. (li. M. 1885J. 


88. Detached Coeffioients. In such cases the coefficients only 
are -written down, and the powers of the symbols are understood 
lust as in Arithmetic the powers of 10 aie understood in expressing 
a number by digits in the ordinary system of Notation. If any 
power be missing, o must be inserted as in Arithmetic. ' 

Ez. I- Multiply x^ — 2.r*+4;r + 5 by :r - 3. 

jc* —2jir*+ 4^ + 5 

X -3 

1-2 +4 +5 
-3+6 -12 -1 5 

+ lOJT* - 7-r - 15 

inserting the requisite powers of x in’the last line 

Ez. 3 . Multiply - 5 r* + 6 by 2 r* - 31: + 4. 

3;i:++ar*- 5;i:*+oa:+6 ■* 

w*j-3^ + 4 __ • 

6 +0 -10 +0 +12 

-9-0 +15 - o -18 

+ 12 + 0 -20 + 0 +24 
6V^-g:r>+ 2jr»+iS2:^- 8y*-i8T + 24 

89 l Analogy between the^ritivnetical and A/gebraical methods 
of Multiplication, 

Multiply 425 by 23. 42$ 

21 

850 

im 

9775 
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The above is an abbreviated form of the following — 

4 io*+2 10+5 

2 lO +3 _ 

8 io*+ 4 io-* + lo lo 

+12 io*+ 6 IO+ f 5 

8 io*+16 io* +16 10+15 

= 8 io*+(i to*+6 io*)+(i io* + 6 io) + fi 10 + 5) 

“9 10^ + 7 10* f 7 10+5 = 9775 

If we now multiply 4r* +22:+ 5 by 2r + 3, the analogy betweei* 
the two methods is at once evident Thus, 

4jr*+2;r + 5 

2 x 4^3_ _ 

Sx^ + 4jt* +• lov 

+ I2t*+ 6 ;c+i5 
8jr^ +161:* + i6;r+ 15 


Exercise XXVII 


Multiply^ (by the method oi dttac/itd coejffuttnti) —< 

1. 3ir*-2r+7 b\ 2r-7 2 3 i;* + 4a+ 5 bv 4e - 

3 3 ;i;*- 3 V -6 by jr*-v+2 4 r*-2r-5 by r* + '»r+3 

5 9^*—6«^ + 4^* by 3^1 + 2^ 6 2r* + 2r^ + 4y* by x~-2y 

7. 42r*- 52r*+3Ar— 1 by ;r* + 2t -4,and by 4v*-3r + 2 

8« 52:+-a:*4*4X*-22r+3 by t*“2Jf+3 

T. IKFOBTJ^T RESULTS IN KULTIFLICATIOS 


90 . The student should notice certain results in Multiplication, 
so as to be able to apply them cwhdh similai cases occur, and write 
down at once the corresponding products 


01 


The Square of a Binomial 

(i) a 
a +d 


a*+ ad 
+ ab+6 * 
a*+2«^+^* 


( 2 ) a -d 

a 

<1*— ad 
— ad+ii* 

a* - lad+d* 


Thus, (i) (a+hy*->a*+;9<sh+5*. ( 2 ) (a-h)V-a*-;9tf&+6* 
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From the above products we learn that :~ 

(1) The square of the sum of any two quantities is equal to the 
\um of their squares plus twiie ituirproduct. 

(2) The square of the diffeience of any two quantities is equal 
to the sum of their squares minus twice their product. 

Ex. 1 . (;r+2/*«;r*+2..r.2 + 3*=a.r* + 4;r+4. 

Ex. 2. C3<* + 2^)* = (3a)*+2 3 «. 2 ^+( 23 )*= 9 fl*M-i 2 a^+ 4 d*. 

Ex 3 . {2x-y)*^{2x)*^2.2x.y+y*«»4x*’~4xy+y*. 

Ex. 4 . {2ax « ^hy)* ■»(2rt;c)* - 2.2ax.^ly’\r{ziy)* 

4d*x* - 1 2 abxy + e^h^y^. 

92 . The foi mulae (a + ^)* » a* + zab + b* and (a - b)* =a* - 2ab + b* 
may advantageously be applied m aiithmetical work. 

312*^(300+ 12)* •190000+7 200+144 <• 97 344. 

198* — (200 - 2)* =• 40000 - 800+4=19204. 

ioi*3* = (roo+1 3)* =10000+ 260+1-69•>10261*69. 


Exercise XXVIII. 


Write ^ow n the squares of ; 

2. 3r-^. 


1. x+2y. 

5 

9 ^tb+7. 

43 . 2<**+3. 
17 . bx*-cxy. 


6. a^-b*. 
10. ab — yd. 
14 . 3 + 2ir. 
18 . f<2^ + 5<r. 


3 5 rt + 3 ^. 

7. 4«^+3- 

11. 2l*+I. 

15. 2X-iy. 
19 i+ 2 a^f. 


4. 3 «- 55. 

8. 2;ir*-t-3. 

12. 3^''44'- 
18. a* — 3 <m:. 

' 20. 4 a 5 * — ^b*c. 


Without going through the operation of multiplication, find the 
square of:— 

21. 99. 22 . 85. 23. 78. 24 . 1051 25 1004. 

26 . 999. 27 . 1005. 28 . 5oo'3. 29 . 7996. 30 . 99*97. 


• 

93.' The Square of a Multinomial. Art. 91 enables us, by 
using brackets, to find the square of an expression consisting of any 
number of terms. 

£x. 1. (<i+6+c)*—{« + (3+<r)}*, (taking as one term) 

=a» + 3«(3+0-f(^+^)* \ j 

■i«4* + 2a3*4*i<iff+3*+24tf+c* / 

=a* 4-5*+0*+2ttd 4* aiip 4* 360 

• rt*+6*+c*+2a(5+c) + adc. * 


M A .*'4 
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Ez< 3 . (a-^—(taking b-^c as one term) 

—a*-2a^—2<ir + 3 *+ 2 ^f+«* / 

*=•«•+^*+— 2«^—2af+2^tf 
»• fl*+^*+f * - 2a(^+1)+2^<r. 


From the above results we learn that •— 

c 

The square of a multinomial consisting of any number of terms^ 
u equal to the sum of the squares of each term of the multinomial 
plus twice the product of each term and the sum of all the terms that 
follow ity remembering the Rule of Signs. 

Ez* 1. (2;ir* + 3:r‘+t)*=»(2jt*)®+(3:r)* +1* + 2.2^*.3^+ 

2.22:*.! +2.3;r.l *»4;«r^ + 9r* +1 + i2Jir^ + 42r* + 62r * 

= 4jr^+ I2;r* + i3;r* + 6tr+i. 


Ez. 3. ( 3 ;r*- 2 ;r+ 4 )*=-( 3 ;ir*)*+( 2 r)*+ 4*-2 3 i:*( 22 :- 4)-2 2 ;r 4 . 

- 9 ;r'*+ 4 jc* 4 -16- I2jr^ + 24;r* - i6;r 

—9^*— 122:'* +28a*- i6r+ i6. 


Ezercise XXIX 

Write down the squares of •— 

1. a-b+c. 8. A* + 3A+i. 

4. 4A*-2jr-5. 5. a^+b^-c^, 

7- 2A*-3A-4. 8. 2 + 3v-4r*. 

10. 11. i-3r+3A*-A*. 


3 2A* + 3A-4. 
6. a^+ab-2b* 
9 . a+b-c-d. 
13. 


04. The Prodnot of the Sum and Difference of Two 
Unantities. * 

ah-b 

a~‘b 

a*+ab 

g* -b* 

Thus, (a+d)(a- 6)«» a* - d*. , 

From the above product^we learn that:— 

* 

The product of the sum and difference of any two quantities* 
if equal to the difference of their squares, * 

Ez. 1- ( 3 g+ 2 ^( 3 g- 2 ^)—{ 3 a)*-( 23 )*w 9 g*- 4 ^* 
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05 . The above formula (a +^)(a - ^) «= a* — may advantageously 
be employed in arithmetical work. 

Bx. 1 . 83X77«-(8o + 3)(8o-3)=«64oo-9-639I 

Bx. 2 . 9’3X io7=»(io-7)(io + 7)«ioo-*49=99-5i. 

Exercise ZXX. 

Write down the following products 
1. («+i)(a-i). 2. (^-sK-^^+S)* 3 . (a+x)(a-x)» 

4 . (2a+i)(2a-i). 5 . (3ax+^)(3ax-3). 6. (3^+5)(3^-5)* 

7 . (3«+5^)(3«-5^)' 8. (a+ 73 }(a- 7 ^). 9 (2/+y)(2^-^). 

10. (5J1-4«)(SJ>^+4«)- 11* («* + 3^*)(«®-3^*)- 13 ( 2 a^+;ir)( 2 a*-;r) 

13. (4-a3X4 + a*). 14. (i 2 - 7 J^)(i 2 + 7 ;r). 15. (8-5;r)(8 + 5^:). 

16. (-a-7^)(-«+7^). 17. 18 (x^-a^Kx^+a^). 

19. (i-'a*;r*)(i+a*4r*) 20 (3«+^)(3«-^). 21. (/>x^+^)(px^’-^). 

22. (i-a:)(i+;r)(i+x*). 23. (^ + 3 )(jr- 3 )(;r*+ 9 ). 

24 . (a + 5 )(‘*- 5 )(<»* + 25 ) 25 . (3+6jrj(3-6:r (9+36^*). 

26 . (a+^)(9-^X«*+^*)- 37 . (;«r+8)(A:-8)(;r*+64). 

28 . (3jr+2a)(^r-2aX9:r*+4a*). 29 (a*+4r*Xa*-4^*)(a+ + i6tf+). 

Without performing the actual multiplication, find the value of 
30 . 9^9x1001. 31 98x102. 32 . 205x195. 33., 11*5 X io'5. 

34 . 1-95x205. 35 . 512x488. 36 2006x19*94. 37.305x295. 

38 131x119. 39 208x192. 40 . 90005x8999-5. 

96 Extended Application of the product of the Sum 
and Dijfrerence. Art. 94 enables us, by using brackets, to find the 
product of the sum and difference of two expressions other than 
binomials. 

f • ^ 

Ez. 1. (a+d+f)(a+^-r)-<(a+ 3 ) 4 -rH(<>+^)-^K 

(taking a +5 as one term) 

— a*+2ad.+5*-C*. (Art. 91.) 

Ez. A (a*+a5+d*)(a»-tf3+5*)-{(a*+d*)4^5H(«*+^‘)-adi 

-(a»+^*)*-(a 5 )* 
-a*+aa*d»+ 5 *-a*d* ' 
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Ez- 3. (a^+av^x*){ei*‘‘aX’-^v*) = {(a*-~x*)+ax\{{a* — x*)~‘a,v^ 

—(a* - ;r*)* - (ax)* 

* - 2a»jr*+;r 4 - a*x* 

«»a 4 - ^a*x*+x^. 

V Ex. 4. {a + 26-sc-'<fKa-2d + y-d) 

=^{{a-d) + {2d-$c)}{{a-‘d)-(2d-$c) 

a=(a^- 2 <irf+<^*)-( 4 ^*-l 2 ^f + 9 ^:*) (Art. 91 ,) 

■* rt* - 2<t/^ + rf* - 4^* +12^tf — 9^:*. 


Ex. 5 . {a + d+i:){a+d-£){n-6-i-c)id+c~a),(C. 186^67) 

« {(a+6)+c){ a+b) - £^{c+{a - b)){c - (a - 
^\{a^b)*-c*\{c*-{a-b)*\ 

=»ttf* + 2 ad + d*-c*)(tf*-a* + 2 a^-^*) (Ait. 91 .) 

= { 2 ab^(a*^b*-c*)\{ 2 ab-(a*-^b* - c*)\ 

»(2a^)* - (a*+ “<•*)* 

« 4 a*^* -(«■*+^+£:4 ^ 2,a*b* — 2 a*^* - (Art. 91 .) 

— 2a*b* + 2 a*t* f 23*^* — ^ -1:4 


Ezercise XZXI. 


Write down the followini; products :— 

1 (3a-2^ + c)(3<t4-2^-f:). 2. (.ar*+;ir + 2)(a:*+ar-2) 

3 . (« + 2^-3C)(a-2^ + 3tf). 4 (a* + 2a^ + 2^*X«*-2aA + 2^*)- 

5. (a*axx*)(a*ax — X*). 6 - (a*+«4r-.ir*J(a* —aA: + .r*;. 

7 . (a*--i*2r+2?’*)(Jf*~a*+aar). 8. (i - 2a+3^)(i+ 2 a- 33 ) 

9 . (2« + 3 d- 5 )( 2 <»+ 3 ^ + 5 ). 10. 

11 . (2tf*-3a^+^*)(2a* + 3a^+d*,\ 12. (jr*+2A^y+2>'*X;r*-2jy^+2y*)* 


Multiply '■ 

(13. a.-¥b-\‘c\yy a+b-Cfhyih-^b-^c, and by a- 
14. a^i-^c by a-b — c^ by ^+t-a, and by c-b-^a, 

15 2a+^-3t by 2a-^+3f, and by 5 + 3 tf- 2 a. 

le 2 a -^b^y by 2a+^ + 3t, andby\j- 3 ^- 3 a. 
'* 11 ^>p^+b+c+dh'^a-b+c^d, by a-b-^e-k-dt by 
■v.h by b+c-d-^a, and bj^a-^-^-rf. 

Jir *a^^2^+l^+</by a+2^-3^+4i; by2^-a+3f •f'^fby a+2^4’Si;-^« 

- « 4 Uu]j' 4 ^a * 2^+3^ 
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Find the value of :— 

19 . (a*+^*+- 2bc\a* - - i:* + 2bc). 

20 . (I+2 jr + 3 ;r*+ 4 «*)(i- 24 r+ 3 Ar*- 4 jr*). 

21 . {ad+cd+ac+dd){ab+cdTac-bd). 

1^. (a* + 2rt*^ + 2 a^*+ 3 *)(a* —2a*^ + 2a^* - 

23 . (a*jr* + aj? + l)(a*.r* - aa: +1 — a*.r*’+ l). 

24 . (.r* +^rjr+^*)( 2 :* - .ay' + y^i{x^ - x*y^-¥y^). 

25 . (ar + 3)*(.a:*-6.ar+9)';r*+i84r* + 8i). 


97* The Product of Two dnantitiee having a Common 
Term. 


(l) X +a 
r +d 

x* + ax 

+ dx +ad 
x* + {a+d)x+ab 

(3) X +a 

X 

x^-^rax 

— bx -ab 

• x"* ■\-{a- b)X’~ab 


(2) X -a 
X ^b 

x^'-ax 
- bx 


+ ab 


x^ -(a+b)x+ab 


(4) 


X —a 
X +b 
x* — av 
+ bx 


— ab 


x^ — {a — b')x — ab 


From the product of the abo\e expressions, ue deduce the 
following Rnles:— 

(1) The product consists three terms^ 

(2) 7 'Ae first term is the square of the lommon term. 

(3) The second term fr the common term 7nuUipiied by the sum 
of the second terms of the binomial factors. 

(4) The third term is the product of the second terms of the 

binomial factors. • • 


Sz. 1 . (;r + 5)(r+2)«^;t* + (5 + 2 ) 4 r + 5.2 

ei.;t* + 7jar+ la 

♦ Bz. 2 . (.af-s)(jir-2)-;r*+(-5-2)^ + (-5).(-2) 

•.^r* - 7ar +10. 

Sz. 3 . (2r + 5)(jr-2)»%*+(5-2'.ar+( + 5).(-2) 

<-A* 4 * 3 Jr-10. 

(2r-9l(jr+2)«2r*+(-5 + 2):r+(-5).(+2) 
••2r*-3jr- 10. 


Sz. 4 . 
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Bz. 6. (x +a)(af - 2){jK - 3)(^ + 3) - - 4)(^* - 9)>(Art. 94.) 

=^-(9+4)^*+ 36 

-flr^-i3;r*+36. 

Exercise XXXII. 

Write down the following products : — 

1 . (;r+i)(jr+3) 2 . (;r+4)(r-6) 3 . (x-4.){x-6). 

4 . (ad-3)(ab-h2) 5 . ( 2 ax-sSX^'tx- 3 ). 6 (x*+4)(x^-1). 

7. (x*~ 3 v*Xx ^8 (5;r-2<i)(5jr + 3a\ 9 . (5 

10. (a^-3)M-7). 11. (r*+2j)(;r»-3jr). 12. (7;r + 3y)(7^-J'). 

13 . { 3 x+ 2 aX 3 ^-^)- 1 ^ ( 4 «*+ 3 )( 4 «*- 5 ). , 15 - ( 3 - 2 jr)( 7 + 2 jr). 

Find, dy inspection^ the coefficient of x in the following 
products 

16 . (^+ 3 )(^+ 7 ). 17 . (;r-i5)(jr + 2). 18 . (;r+7)(jr-2). 

10. {x^ryXx-z). 30 (2jr+3K2;r-8). 21. ( 5 :r-» 4 )( 5 .^” 9 )* 

22 . Find the coefficient of a in (;r + 2a {x — 5a). 

23 Find the coefficient of b in (x+3b)ix — 2). 

24 . Find the product of :r+2, ;r — 3, +4 and 2: — 5. • 


98 The Product of Three Qaantities having each a 
Common Term. 


X +a 
X + b 


x*+ax 

+bx _ +ab 
x* + {a+b)x+a b 


x*4‘(a+b)x+ab 
X +c 

x^-t‘(a+b'‘x* +abx ^ * 

4- cx* +(ac+bc)x +ab 4 
x^+fn-f’b+c x* + ^ab+a/’+bc)x +abc 


From the above product we deduce the followUig Bnles 

a 

(1) The product consists of four tfnns. 

(2) The first term is the cube of the common term. 

(3) The second term is the smiare 0/the common term multiplied 
by the sum of the second terms of the binonticU factors. 

(4) The third term is the common term multiplied by the sum 
of the products of every two of the second tenns of the binomial factors. 

41^5) The fourth term is the product of the second terms of the 
Hnoitdalfactors. 
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Ex 1 . (j«r+3)i4r-4)(x+2)«;ir3+(3-4+2)**+{(3X-4)+(3X*) 

+ (- 4 X 2 )Jjr+( 3 X- 4 X 2 ) 
I 4 Jir- 24 ^ 

Sx 8. Find the coefficient of x in the product 

(jc+2)(;«r-4)(;ir+6). 

The coeff. of x is the coefficient of the third term 

= (2X -4) + (3X6) + (-4X6)=-8 + f2-24--20. 

Exercise ZXXIII. 

Write down the following products •— 

1 . (;r+i)(^ + 2K;i:+3). 2 {x-i){x-2){x-^\ 

3. (<* + 2)(a + 3)(^ * 4 )* ^ (tf'■6)(a —3X®“7)' 

5 . (:r-4)(;r + 5 X 4 ?- 6 ) 6 (*‘+ 4 K;r- 3 )(^+S). 

7 . {a^2b){a+tb){a-zb). 8 (i-;«r)(i +jr)'i- 5 ^)- 

8 {x-^2y){3fi-iy){x-Ay)‘ 10 (d*+5*)(a*-2^*)(a* + 5^*). 

Find the coefficient of x and of a* in the following products :— 

11 f;c+3)(jr-5)(;r-6). 12. {x^ 2 yMx^^y){x + Sy)- 

13 . (x-y){x-4y)(x^3y)- 1 * (;r+2)(tr+4X^-6)- 

89 . The Product (ax ^h) {ex^d\. ^ 

By actual multiplication, we obtain 

(1) (ax-\-b){cX’\rd)^acx*Ar{bc‘\‘ad)X'^bd. 

(2) (<ijr-^)(car-rf)=s4«r*“(^tf^a<^+W. 

(3) {ax^b){€x^d)'»acx*■{•{bc-ad)x^bd. 

(4) {ax-‘b){€x-^i^^w:x*’^{bc^ad)v~bd 

From the above products, ^e learn that 

(f) Thg preset consists of three ferns. 

fa) In the flyst term, the coefficient of x^ is the product of the 
coej^ents ofx in the^ffist terms of the given binomials. 

( 3 ) In the second term, the coeffideni of x is the sum of the 
products of the coej^etU of x in one and the second term oj the othu^. 

» (4) The ihi^ term is the product of the second terms o) oihe 
given binomials. 
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Ez. 1. (2.a:+3)(4:r + 5)«2.4r* + (3.4 + 2.5)^+3-5 

■■ 8jr*+(12 + io)2r+15 « 82:* + 222: +15. 
Ex. 2 . (32r-2)(22:-3)»*3.22:»-(2.2 + 3.3)2: + 2.3=62:*-132:4-6. 
Ex. 3 . (42:-0(2: 4 -3) - 4 - 3 )^-“ + 

£x. 4 . (5r4-8)(62:-7)-5.62*4-(8.6-s.7)2:-8.7 

— 301* 4-(48 - 35)-f “ 56 “ 30'* 4-13^-56. 


Exercise XXXIV. 


Write down the following products :— 

2. ( 3 -^- 4 )( 2 «:- 5 )- 
5 . (2.r- 5 ^)( 7 r 4 - 3 V> 


1. (32:4-2X42:4-3)- 
4 . (82:4-7)(2.r-1). 

7 . i6x-7)ix-2). 

10. ( 7 ^+ 9 y)' 4 -^- 5 y)' 
13 . (72:-3)( 2.^+5). 
16 . ( 4 ^- 5 )( 6 ^-* 5 ). 


8. ( 4 -»^ + 3 K 22 :- 5 ). 
11 ( 3 ^- 4 )( 4 ^ 4 - 5 ). 

14 . (i3-‘f-*)(2r-3). 
17 . ( 3 ^- 4 X 4 J^ + 3)- 


3 . ( 82 : 4 -i)( 3 Jt- 4 . 
6. (42:-5X22:-7‘ 
9 . (22:4-1X32:-8; 
12 . (72: - 4X22: - 3 
15 . (S- 2 rXi 4 - 22 r). 
18 . ( 4 «'- 3 X 3^“4 


21 . i2x--y)if + 2y 

24 . (22:-3 (2: 4 - 7 . 


Find the coefficient of v in the following products : 
19 . (5^-9>'X22:4-^). 20. (132:-1X22:-3). 

22 . ( 4 ^ 4 - 3 X 3 ^- 5 )- 23 . (3*’^+5K-»^-6). 


100. The Cube of a Binomial 

(i) <* 4-3 • ' 

a + 6 

<**+ <i 3 
-1- ad +d* 

a* + 2ad 4-3* 

<* -f 3 

-I-2«*A-f a3* 

+ a*b -I- 2/»3* -t- 3* 
<t^ 4 - 3 a* 3 -h 3 rt^^ 4 ‘ 3 ^ • 

Thus» (l) 


a - b • 

a* — ab 

* - ab 4 - 3 * 

a*-lab -h 3 * 

<» -3 _ 

M* - 2a*34- <*3* 

• - <**3 + 2<i3* - 3^ 

gS <j f|3* " 3^ 

a* 4 - 3 a% 4 - 3 a 5 * 4 - 5 » 
a*+3«6(a 4* 5/4* 6*. 


(2) {a-b)^tma^ 

-a»-- 3 ali:a- 5 )-> 5 » 
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From the abpve producti», we learn that :— 

I (i) The cube of the sum of a binomial is equal to the sum 
of their cubes plus three times their product multiplied by their sum. 

(2) The cube of the difference of a binomial is equal to the 
difference of their cubes minus three times their product multiplied 
by their difference. 

Ex. 1 . {x + 4 )^^x*+ 3 .x. 4 ix+ 4 )+ 4 ^^x^ + i2x*+4Bx-¥64. 

Ez« 2. (<j! 2 r- 2 )**»(a;i:)*- 3 .a 2 r. 2 (f;»r- 2 ) — 2 ® 

=a*.r* — 6 a*;c* +1 2 ax — 8 . 


101. ,Tlie Product («±&)(a*T a6+6*). 


(i) a*-ab+b^ 
a 

a^ — a^b+ab* 
+a^b-ab**b^ 


(2) a^+ab+b^ 
a — b 

+ a^b+ab* 
-a^b — ab^ — b^ 

rt® — b^ 


Thus, (i) (a+J>)(a*-aft+&*)=«*+ft*,. 

( 2 ) ?a-ft)(a*+aft+ft*)“a*-ft*. 

From the above products, we learn that : — 

(1) The product consists of only two terms. 

(2) 'Rack term is the cube of the first and second terms of the 
jfiven binomial. 

f 

Ex. 1 . (2jir + 3)(4r®-62r + 9)—(22r)* + (3)*=»8;i:* + 27. 

Ex. 2 . (3.r-4)(92r* + i2jr+i6)=(3j:)*-(4)*=272r*-64. 


.Exercise XXXV. 

Wrife down the cubes of the following 
1. -f— 3 . , ^2. 2 ii + 5 . 3. 2 +ajr. 4. <i* + 4 ^*. 

5. x*'~2y^. Q. 22 r- 3 . 7. ^* + 2b. 8 . 2 a*- 3 ^*. 

Find the following products ;— 

9- *U-K3)(2f*“32r+9). . » 10. (2a+3^)f4a*-6a^+9^*). 

11 . '{'^•¥ab){l^abfaH*)» 12. (.t*+>'*)• 

13 . ( 2 a 4 *^)( 4 a* -* iab +^•). 14. {2xy - l K4*fV* + +' )• 

.15. ( 4 a- 54 Xi 6 «*+ 2 oa 54 - 25 '^). 16. ( 9 a+ 2 <!irX 9 i«*-i 8 ajr+ 4 .t*;.. 

17. {2x^3y){4x*f^jt4‘9y*% 18. (6a75X36<»*+6«^+^*)- 

19. ■ 

20. (or—2X^4r?X^**F2x4-4VJf*-2;r+4). * > 
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Foxmulae for Mnltiplicatioii. 

103. The following results of Multiplication already proved in' 
this Section should be committed to memory :— 

^1. («+ft)**a»+2aft+6*. J* 2. 

^3. (a+0 + Cj**a*+6*+c*+2€»6+3ac+26c. 

^0. (a+0)(a-6)-a*-6* 

‘J 6. (a*+aft+6*)(a*-a&+6»)-a‘»+a*d*+M. 

.8 (aj+a)(a5+ft)«a5*+(a + 0)a5+a&. 

\7. (s;d - a)(^*5 “*>)=’**”(<»+ft)® 

8. (m+a)(a!J-6)«= SB*+(«-&)»-aft 
9 (a>-a)(aj-i-ft)—®*-(a-ft)a5-aft 

10. (as +a)(a5+ft)(a5+c) =* .u* 4- 'a+ft+ o)oj*+( aft+ac+ftc)ap+oftc 

11. (am + ft)(ca5+il)—acas*+(ftc+« d)»+ft<f 

12. (aa>-b)(ex-d)»‘aeic*-(bc+ad)as-i-bd, 

13. (aa9+ftXoa;-ci)->acm*+(fte-ad)a;-ft<i. 

14. (am - ft)(cm+d)*■ acm* - (ftc - ad)x - ftd. 

15. (a+ft)*-a®+3aft(a + ft)+ft* j^yf, , 

2||16. (a-ft)^=a*-3aft(a-ft)-ft* 

^17. (a+ft)(a*—aft+ft*^='a*+ft*.^''" 
j,18. <a-ft)(a*+aft+ft*)«»a*-ft*. 


VI. DIVISION. 

103. DiTioicm is the mveise of Multiplication. It consists in 
finding the quantity (called the qnotioftt), by which another 
quantity (called the uyisoT mUst be multiplied so as toiriproduce the 
product (called the dividend) 


Thus, dividend«qiiotien1^x dhiior. 


lOi. Bnle of Signs Since 
(+»)x(+#)-+<rf,^-+*. 

(-a)x(+i)m-a>, *■ 1 *-+#. 






• • 
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Hence, in division as well as in multiplication, 

Like signs produce + and unlike signs produce —. 

105. Buie of ludioee. 


Since \ .... 

and a^^axayca j definition 


. , . . axaxaxaxa , ... 

,, — ■ ■ =aaxa=sa*=o» *. 

axaxa 


. Hence, t)ne power of a quantity is divided by another pQiwer of 
the same quantity^ by subtracting the index of the divisor from that 
of the divMend. 


106. Since by the above Rule, 

but by actual division, a*-i-a*“ *' 

/, we obtain the curious result, i. 

107. To divide one simple algebraical quantity by another. 

Buie Divide respectively the coefficient and letters of the 
dividend by those of the divisor and give to each letter in the quotient 
an index obtained by subtracting the index of that letter in the divisor 
rom tha* in the dividend; and thetiy if the two quantities have the 
mine sigUy prefix to the quotient thus jobtained the sign +, if dijfferenty 
the sign —. 

Ez. 1. Divide — by - i lac*. 

The quotient-^. 5*. +3a*'*5*i*-» 

^ysb^yiox (Art. io6). 

Ez. 8. Divide 2 J^a^b*x* by — ^aHx*. 

The quotient-^. -y 
Ml - %abx. 

‘ 0 

Ezeroiee XXSVI. 

Divide 

1. 6a*5by«-2a. '8.'^ - by 5«tf. 3. fip*qr^ hy 

4. by 3 a* 2 r*. 6* by 

6. lOa*Mfby 7. by 3/V'^‘ 

$. 63a*5Mby -Jab^e. 9. edi*€*hy •abe. 


1 
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10 . — i 65 jr*_y*by - 33 ^ 1 :^*. 

12. - i 2 ^*<r* by 

14. -8**by-:r'. 


16. 


20 . 


Simplify the following :— 
24 a*d* -- 

^6a • ■ ■ 

5 iad*x - irjaH’^c* 

'~^b' “9^^‘ 


11. - yoabx^y by 2 ax*y. 

13. 24 abc^ by - y*. 

15 . -45rt*^* by ga*^*. 


„„ 2ic^d^xy^‘ 
-3d»xy^' 


19 


x^y*z* 

xy 


108. To divide a compound expression by a single factor 

Rltl6. Divide each term of the dividend separately by that 
divisor and^take the algebraic sum of the sei>ernl partial quotient^ 
thus obtained 


Ez. 1. 

Ez. 2. 


~ yc^y^ + 9 *>*) + - — —■+ 

V j Cl-' j j ! 0 y ^^y ^xy 

=s»2T*-Ary* + 3y^ 

— 24 a^r*)'<- - 4abc^ 

Sd*b^c* Aab^c'^ 24 abc^ ib . jl 1 

= t «-r*a ■" — .— 2tfff* + P + Of 

— 4a^t* - 4ab(r —^bc • 


1 . 

4. 

6 . 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 
10 . 
16 . 


» Ezercise ZXXVII. 

Divide 

ax — ayhy(i> 2 . ax-~bx\sy—x, 3 . 6a + 8^by-2. 

-1 %ab +by - 2^. 5 5^*4 - qa^b^ by ah. 

2r5-;r4+2ri by-jr*. 7 . tx*y-~ 4 x*z 4 rtxyzhy 2 x. * 

3aH^ - 35a*^*f* + 2oab^ by - ^ab. 
aHx^y - 3a*bx*y + 3ab*xy^ - al^xy^ by abxy. 

1 2m^f^ -• — 3m*d* by— 3m*rP. 

— 3Qa^bk> + ioa<^’—— 2aPb^ + 40^b * by — 2 a* 3 ^. 

4a^lPcd - %ab^(Pd* + i6^*c*<** by - 2bcd. 

tppq^^ + ^^<1* “ 3/>*f^ ^ P9i and by -pq*- 

- I 22 r^*+ 92 :*^^ - (ix^y^ - 3^^y^ + \^x*y* by 32 :*^*. 
itaHcd- Za*bh*d-¥ 1 2ab*c^d“‘ 4abcd by - ^abod. 
27x*y^z^‘¥4Sx^y*ei + 542 ?*^*j»* - iBx^y^z* by gx^y^aP. 
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I 

109 . To divide one compound expression by another. 

BuIb. (i) Place the axpressionsy as in Division of Arithmetic^ 
arranging the terms of each of them^ so that the different powers of 
uwte'one letter^ common to both of them^ may follow in order of the 
magnitude of their indices^ (it matters not whether in ascending or 
descending order^ only the same order in each of them) 

(ii) Divide the first term of the dividend by thai of thedivisot^ 
and set the result in the quotient; 

(iii) Multiply the whole divisor by the first term of the quotient^ 
and subtract the product from the dividend; 

(iv) Bring down fresh terms {as may be required) from the divi¬ 
dend^ anil repeat these operations till all the terms from the dividend 
are brought down. 


Ex. 1 . Divide jr*-7;r+12 by jr-4. 


Arrange the work thus :— 
^-4 i;r*- 7 jr+i 2 i ;r -3 

Jx* -J£_. V 

• -‘ix +12 
— ■?jr +12 


x*-tx='X. Put down X as the first 
term in the quotient. Then jr{4r-4) 
= :r*-4r. Write ;r®-4jr under the 
dividend. By subtraction, we obtain 
-3jr + i2 Divide-3;r by and so 
obtain - 3, the second term of the 
quotient. 


rhus, the complete quotient is 


The reason for the process is the following ; — 

.Since, ;r*-“7;r+i2—;i:*-4^-3^r + i2«iT(^-4)-3(2r-4); 

• ^*~7-yS-i2 ^ x(x - 4I - 3(.'r - 4) ^ x{x-~a) _ s(x-4) 

^ JT —4 jf -4 ;ir -4 x -4 

»x—3, the sum of the partial quotients. 

Bz. 2 . Divide 6 x* - \ 7 x*y+ ifiy* by 3r-4^* 

6 x* 4 - 3 x<^ 2 X* ; ve -iyjdr*- lyx^yh- i6y*i 2 x^ -3jrr - 4y* 

2;r*(3.ir-4y)-i 7 6^ Sx^y V 

- pey(pt - 4 x)m - 9 x*y+r 2 xy* 

- tzxy* *yem - 4 ^* • • ~i2xy*+ify^ 

-4y*(5X-4^)— - 12 ^* 4 * 1 ^^ 

tA 

tho r^uhed quotient —gy*- 
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Ex. 3 . Divide iia*-82a*+3oa++48-* I2tf by 2a+3a*—4. 

First arrange each of the expressions in descending powers of a 

3 a*+ 2 a - 4 \ 300 + +11 a 3 - 82 a* - 12 a +48 /loa* - 3 a - 12 
| 30 g*+ 2 oa^ — 40 a* I 

— 9 a*- 42 a*— 12 a 

— 9a*— 6a^ + i2a 

- 36 a*- 24 a+ 48 
~ 36 a*-- 24 a+ 48 

/. the required quotient** iqa*- 12 


Divide 
1. t:*+6Ar+5 by 2 r + l. 


Exercise XXXVIII 


3 . 

5 . 

7 . 

9 . 

11 . 

13 . 

15 . 

17 . 

19 . 

21 

23 

24 . 

25 . 

26. 
27 
28 . 

29 . 

30. 

31 . 
02 . 
34. 
06 . 
88 . 


2 . 6a* -16rt^ + S 5 * by 2a — 4^. 
m* — 6 m* +1 tm - 6 by w - 2 4 . 6;c* +1315' + 6 jf* hy 2 x+ 2 iy 

6 a*d*-^ab^ — by 3a^+4^* 6* 2:* + 23ji: +102 by 2r+i7 


8 

10 

12 

14 


8a* + 34a/>+2i3* by 4a4*33 
6a* + yab - 3^* by 3a — b. 

8a* — 27^* by 2a — 3^. 

;re +24:1:* +144 oy x^+ 12. 

16 . a^ + ^b* by a* - 2ab+2b*. 

18 49a* — 11 2ab'+ 64^* by 7a - 8^ 
20 . 4 ^y* +1 by 2 X*y* — 2 Xjf+ 1, 
22 a®-6a + 5 by a*-2a+i 


;r*-232r+i20 by ar- 15 
8 x* + lAxy - 1 sy^ by 2X + sy- 
64a* + i25i* by 4a+5^. 
a*3*+3a^- 154 by a44-i4 
64a® 4*^® by 4<»* ^rb* 
x*.¥x*y* +y* by x*—xy+y* 
afi + i by a* +1. 

3a*+a+9a* - i by 3a-1. 

38t^“652r*+27 by 2;r*-52r+3 

- ga*b* +23a^* - 12^* by a* - 5a4+4^* 

6>r^ + 5jr*_y+7a'*-6>'* + i7^-5 by 3r*-2>'+5. 
jr*-3Jt4+4x^ + 26r*-92jr+ 55 by ;c*-3;i:+il. 
;r*-52:*+;r*+22r+3 by x*+x~$ 
x*-^2a^x+24a*v**-Bax^+i6^ by 4a*- 4ar+a*. 

4«^* + 5ia*^* + ioa^-48«*^-15^ by 4a3-5a*+34*. 

54:* - 7x* - 9r* -114r* - 384:+40 by - 54:* + I74r - la 
a4+2a*^+a/»*+2^-3a*tf-34*<rby a+2^-3tf. 

- 4iry* + 3y^ by x* - 2xy+y*, 33 +4m +3 by «*• 

i+64f*+54r* by i+24f^4r*. 35. a®+2a*4*+^® by 

4f^-24r»+i by 4r*-24?+i. 37. a^-l by a*+2a*4*aa+i. 

l6!4r^4'36yr*+8i by 44f*+64f+9. 
ii*-4a*^-8a*^*- I7a4*-125» by a* -2a5-34*. 
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4a* -- 29a - 36+- 7a* +6a+ by a* -4+3a - 2a*. 

3a*+8ai>+4^* + ioar+ 83 tf+' 5 /"* by a + 2^+3r. 

^5;i?*-322r*+i5 + 5aar*-^2;r by 3 - 4 ;r + 5 Jf*. 

4a® - 25a*2r* + 2oa2r* - 4x6 by 2a* - $ax* + 22:*. 

Sir* —2aa* + 3a*;r* —2a*a'+a* by 2x*+a;r+a*. ^ 

2a* — 13a*^+3ia*5* - 38a^* + 24^* by 2a* - 3a^+4^*. 

I — 52a^y* — 5 la^* by 4 ;r*>'*+ Sxyi 0 f$^ • 

-a* +2i2r*_y* - 24;ryS + 8^6 by -+ Siy' -j/*. 

9;r*-:r*-I2:r* —50 by 32:*-22‘+5. 

282:*+ I3ir^*-Ar^*+ iS^'* by 4;r* + 4jrj^+3y*. (c. K . 1861.) 
iir*+2r*-24jr*-352r + 57 by A* + 22r-3. (C. E. 1877.) 

by 2r*+2r+i. 52 a*-r* by a+i«“. (c E. 1863.) 

2f* +x*y^ +2:*>'*+>'*by jr*- r*_y+2r*>'* -2ry* +>^.(C.E.i87o] 


110 Harder Examples in Division The following Example 
with their Solutions and others involving the use of bracket 
in Division should be carefully noticed. 

Ex. 1. DificVe 9a* — 4^* - r* - ^dc by 3a - 2d - c. 

23- c\ 9 a* - 4 d* -c* - 43c / 3 a + 2 d+r— Quof 
J 9 a* - 6 ad - 3 ag y 

• 6ad + 3ar-4d*-4di:-r* 

^jd_— 4 d* - 2 3 c 

lac -23 c-c* 

yic - 23 c - c* 

Ex. 2 . Divide a*+d* 4 -^* - 3adr by a + d+r. 

Airanging dividend and divisor in descending powers of a, 

a 4 * r\ a*— 3 adr 4 - d* 4 * r* / a* — ad—or 4 * d* — dr 4 - r* ■■ Quot. 

j ei^ 4 " 0 * 34 ‘a*c ^ 

—a^3-a*c-^a3<^ • 

—a*3— a3*- abc 

-a*r4*ad*-2adr 
-a*r a 3 c-«^ 

4 -ad*** adr 4 ’aff* 4 *d* 

4 -ad* • 4 *d* 4 -d*r 


— adr4*ar*—d*r 
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In the above Example, where a is taken as the letter of lefei- 
ence, and its powers arranged in descending order, there is found in 
the first remainder the terms 

These terms must be set yfrj/, but sim e both involve a*, thcit 
is nothing as far as a is concerned to sheiv which is to be set first of 
the two lucsuch cases we take another lettei, as b^ to be, as it were, 
next in authority to a, and so, (arranging in descending powers of b)^ 
we piefer -a*b to — 

The above method is the most ea^y in such a case ; but the tollow 
mg, in which the coefficients of the dineient powers of a are colic t* 
ed in biackets, is the most neat and compendious. 

a + (^+t-)\«^ +c^ ftt*-a{b-i-c) + ib^-~bc+<,*)~<2iioi 

Ja^+a* b + c) \ • 

-a*{b + c)- ^abc 

-_<** b + i)-a b* + 2b r+ r*)__ 

+ a{b*-bc+c*t + {b^ + c^) 

Jhnb*-bc+c*) + {b^ + c^ 

foi {b + c)^b* -bc+c*)^b^+c^t Art loo 


Ex 3 Divide {a - b)*c- + (a - b]c^ - (f* - a*)b^-^{c—a)b^ by 
'a-b c*-{c~-a)b* (C !• 1883) 

Vrranging divisor and dividend m des( ending powers i»f 

- by* a-b ft*-b*L*->rb^c-\ra*b*-ab^ {c-^{a-bi 

■k-ab* ) ~ _ -b*c*+ab*c \ 

* {a-bfc* --y,a~b)b*C'\‘a*b*-ab^ 

(a-b)*c* ~~{n — b)b*c-k’a*b*-ab^ 


Hence the lequned quotient— or 


Ezeicie^ XXXIZ. 

Divide 

* 1 . a* + b*-c*-V‘2ab\>y a-^b'-c. 3 . by rt+^+/. 

3 . - {a +p)x *+(7 +ap)x -aq\n x-a. 

4 . max^ + {mb - n(i)X* ‘^Jfitc-¥nb)x + he by mx - n, 

. 5 . a*^b*~^^d* •'2ad’¥‘ibehy a-b’^rc^d. 

^ a*+a 4 +^a^- 2 ^*+ 7 ^^- 3 ^* by 

7 . 9a*+4^*-^r*+i2adby 34 + 2 ^-tf. 8. 

* 0 . by (C. E. 1887.^ 
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10. l+jr* — by i+;r— 2 y. 11. i+x*+Sj^*’-6xjfhy t + x+iy 

12. x*’-^Sy* + 278^ + iSxyx by x—2y+yr. 

13 . ^ + 2jr*_y* —2sr*—I by 4r*+_y* —ar*—l, 

14 . 4»*~— r* — 3a^<r by a^+d*+c* + ad+ac-'~dc. 

15 . x*+(a+6’k‘c)x*+(6c+ca + ad)x+adc by 2r* + (^+r)2r+^r. 

16 . a* — 3a*^*(a* — 3 *) - 3 ® by + 3ab{a + 6) + &*. • 

17 . x*-‘(2a + i)x* + 2a*x—a*+a^ by x^— a^+(x~-a). • 

18 . (x+y+sXxjf+xx+jfx)-‘Xj'x by x+jf. (c. E. i866.) 

19 . af*+>'^ + 3r^—1 by ;r+j/-1, (c. K. 1869.) 

20 . 2 r^ + 8 y*'- 27 ;?*+1849/ar by « —3£r4-2)'. (B. M. 1883.) 

21 . + 27 ^* — 1 by a* + 4 ^*+g^* - - ^ca - zad. 

(M. M. 1888 ) 

22 . + ^* + (/// +1 )ad{a+b) by a* + mab + b*. 


111. When the coefficients are fractional, they are treated 
by the Rules of Fractions in Arithmetic. 

Bz. 1. -1 X ^rt*'*3’**i:*'*- - ^abcK 

Ez. 2. (\a^x^ - + ^ax) + — \ax 

, ■■ -lx^*** 2 r*’* + 4 ^X Ja*'*ar*** 

«<=» —a*jr*+joar*-J, for a*=«i and (Art 106 .) 

Ez. 3 . Divide X* - + V “ i-* by — i-*"* 

X* “ Jr ir^ - *jr* + V^* - “ f jr +1 * {2*/<»A 

J x* - Jr3 V 

~ + V-Jf* 

-ir*+| r* 

• r*-4r 


1. 

a 

5. 

7. 

a 


Ezercise XL. 


Divide * 

|(2*jr* by — far, 

— {^a!*b* by — fa*A 

by Ja*^A 

*—4«*^4»|«4 by —1«4, 

- by 

M,A .—5 * ^ 


a* jab^x* by — ^abx*. 

4. ^•jt*by -}a^jr*. 
a 42fV**by -4z*s. 
a by -J«i. 

4«*4*^*, and by — aa*^*. 
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10 . 

13. 

13. 

14. 
16. 

-17. 

18. 

19. 

30. 

31. 

33. 

24. 

25. 


Divide 

* + Tby 11. 7 «*.r* -‘\by ax-\. 

ix^ - { + ixy* - tV* by \x - 

sa^ + JaV “ TV^*y* + s<*y*+by §«* + 3ay- 

- TTsJ'* by ix - iy. 15. by + i5. 

+|a* + V«* + f+ Tff by a* + Ja + i* 
a* — 2 a*^+ Vby a* — \ab + S^*. 

by f ;r* + Jy* - f jy/. 

|;r+ + 2.r* + | by 34r*+2;r + J. 

2a^ - a +3 - 3aS^* + Va*^* - by 2a* — 3d*. 

+ by .r*-|2: + |. 28 . ^ + ^^y^+3* 

ILC* . 41a-* 23:r , ,, 2;r* 5;r . , o \ 

-+-Q-— +6 by-, +L (P« K. 1892.) 

31284 *^36 

fjr* - + "‘ix^ - V Jf* - +27 by Jjr *-x + 3. 


2 a* 


55a^ , 29atf . 21 ^* 

-FT + -y + -r 


4 3 




112. Inexact Division. .Sometimes, it happens, that there 
is a remainder left after the operation of division is finished. Iri 
such cases, to obtain the complete quotient we place in the 
quotient, as in Arithmetic, the lemainder with its proper sign, over 
the divisor, in the form of a fraction. But generally, the quotient 
is required to a certain number of terms. 

Ex. 1. Divide 2 x* + ^xy^ — 4 ;r*_y* +x^y - $y^ by x* — ly^-k-xy^ 


Arranging in descending powers of x and ascendin^powers 
X* +xy — 2y* \2Ar*-l- .r*j^-4ir*y® + 32 y'* “5y*/2.*^*“-*;y+y* 


ofyy 


y _ \ 

- ^x^y 

— 2r2y~ ;r*y*4-2JC^* 

x*y*-^ xy*-Sy^ 

c jir*>*+ xy^~‘2y^ 

-3)^ 

Thus, the complete quotient « 2 jif*-^jry'+y/*~ 


x*’\>xy’-2y' 


In this and other cases, as is common Arithmetic, this fraction 
cannot be avoided, since the dividend is not exactly divisible 
by the divisor ; but the student should be cautioned, that, unless 
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attention is paid to the arrangement according to powers^ alluded 
to in Art. 109, and that, not only with the dividend and divisor at 
starting, but also throughout the sum, if care be not taken in all the 
remainders to preserve the order of the indices of the principal 
letter, or letter of reference^ as it is called, there will always be a 
ifractional term of this kind, instead of a clear and coiAplete quotient. 


To illustrate this, take the following example : 

Ex. 2. Divide 4r* + 3flur* + 3a*;r+«l by .r+a. 
jr+a + ^a^x+a^i x^ + 3a* + 2ax 

ax^ _ V 


3a*;i: + zax* 
3a*x+ 3a^ 


The process will never terminate, and 
the result will be 


2ax^ - 2a* 
2a:r* + 2a*x 


— 2a*;ir —2a* 


■ir* + 3a*+2a.v — 


2a*£+2^ 

;r+a 


Ex. 3. Divide i - ^ by i -;r + ;r* to four terms. 

I —jr+jr*\ I —O’ # I —;r* —jr*+;r* 

Thus the quotient 

^ -or* =>1-x^-x^+xs and 

• —x^+x^-x* the rem.=a;r6—jr^, 

-x^+x* 

- ir*+jr*-jr* 


Jl'S 

X* 


Exercise ELI. 


Divide (each to four terms in the quotient):— 

1. a by I +x. 2. i + 2^: by 1 - 34 :. 3. i - 24 : by i + 30 '. 

4 . ibyi-2a+4a*. 5 . i by 1 - 24:4-4:*. 6 . 1-04: by i 

7. Divide a — 1 by i — 2a-h2a* fo fotir terms. 

6. Find the remainder, when 4:*-^4:*-1-^4: —is divided by jr—a. 


Prove the following by divi^on :— 


9 . £!±iH±3L?«.+6^+_l. 

4r+S ^^^^4r-|-s* 


10 . 


4r* - i64r'4‘6o 


4r-9 


-ff 35 <» - 3 «^-ioo^ _ • t. 8^* 

^ —ri« 
5<i-*9S 5a--9S 


4r-7 


3 

4:-9' 
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113 . Dstftclied COdfflciBnts. The work of Division may be 
shortened as in Multiplication by using the method of detached 

■ . 88 ) 


coefficients, 

Ez. 1. 


(See Art. 

Divide 3 oa:^ +i tAr*-82**- i2jr+48 by 3jr* + 2.i:-4. 

3+2-4X30+ II - 82 - 12 + 48/io;r*“3:r-12 * 
t ^30+20-40 \ 

- 9-42-12 

- "q — 6 + 12_ 

-36-24 + 48 


Ez. 2. 


Divide - 4^*+4 by 3^* — 4^+2. 

3 - 4 + 2 \ 9 + o- 4 +o+ 4 / 3 rt*+ 4 a + 2 
/9-12-1-6 _ \ 

12- lo+o 
12 -16 + 8 
6 — 8 + 4 
6 — 8+4 

114 . Ana/ojiy behoeen the Aiithmetical and Al^c^tanal method\ 
of division. 

Arithmetiial method. 

*23\ * 3899/113 


nil 

<59 

369 
369 


V 


Algebraical method. 


♦ ft 


IO* + 2 10 + 3X io* +3.10*+ 8.10*+9.10+9/10* +1.10+3 

/ <o^ + a^ o* + 3-<o* \ 

i.io* + s.io*+9.io 

I.IO*+2.IO* + 3.IO 


3.io*+6. 10+9 
3.10*+6.19+9 


;r* + 2;if+3 


\ :^+3;ri+8;r*+94r+9/a:* 

ar* + Sjr*+9r 
; r*+2jg* + 32 r 

32:*+6;r+9 , 
3 jr*+ 62 r +9 


+4r+3 
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Exercise XLII. 

Divide (by the method of detaihed coifficienis) 

1. 8;r*—12**—I4 ;c + 2I by 2:r—3. 2. rt*+9«*+8i by a*+ 3a+9. 

3 . 32:^-I02r* + i22:*-ii2r+6 by 3;r*-2:+3. * 

4 . 2:*--27 by 2:*+32:+ 9. 6. 272:* +1 by 32r +1. 6.*2* - i by 2:+1. 

'7. i2»^ + 52?*-33r*-62r+2oby 42r*-2r-5. 

8. 62r*-22: — 2r^--42r*+2r^ by 2f^-42: + 2. 

9 . 27«* - 54 «*^ + 36rf^* - 8^* by 9a* - 12a^•f>4^'« 

10. - 1412r*-1802: +5:1^-582:5-32+922:*+242:* by 22:*-32:-4. 


VII lUPOBTAKT RESULTS IN DIVISION. 

116 . The following results in Duision should be carefully 
noticed. 

1. IS divisible b) a —by if tt be any whole number. 

Thus, (i)^ ^ I. (2) 

a — O a-^o 

, (3 )--'r“rt* + /i6 + 6*. (4 )" \ «a5 + a*6+«6»+65. 

^ a — 0 a — O 

And so on. 


2 . (i*+b" is divisible by a+b, if ft be any odd whole number. 

Thus,(i) ~-i. (2)'****‘^*-a*-a6 + 6*. 

tf + 6 a-f b 

• (3) ^ =«♦ —rt56 + a*6*-«i65 + 6^. And so on. 

3. a"-6* is divisible by a+*ft, 1# ft be any even whole number. 

Thus, (I) -^ --a^b. ( 2 ) --^-a»-a* 6 +ii 6 *- 6 *. 

< 1+6 rt+6 

(3)^- . -<|5-«*6+a*6*-a*65+a6^-65. And so on. 
<•+6 


4. a^-^b^ is never dwisible by a+l» or by a~b, when m 
IS an even whole number. 


Thus, (r) 


a[±b*^ 

0 +^ 


<i“6+ 


ad* 

a*l"6 


( 2 ) 


«-6 


«+ 6 + 


ad* 

a—b’ 
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(3) 

( 4 ) 


a + 3 
a-b 


a^rb 

rt»+a*3+a<J»+^3+-^. 

a — o 


And so on. 


118. From the above results, we notice the following general- 
facts :— 

(1) The number of terms in the quotient is always e^ual to the 
number expressing the power of u or of ^ in the dividend. 

(2) The powers of a dBCrease continually by one. 

(3) The powers of b increase continually by one. ^ 

(4) The signs of the quotient are all + when the divisor is : 

but they are alternately + and — when the divisor is a-\rb. 


117. The above results may now be applied to many similai 
cases. 

Ex. 1. 

Ex. 2. --■i 4 a*.** + 2 a.r+i. 

2 aX -1 

E*. a + + + 

» .r+^ + 3' 

—;r* + 2Xy +J'* - xz + z*. 


Exercise XLllI. 

Write down the quotients of the following {py inspection) :— 

1. a*-x* by a+;c. 2. a*-jr* by a-x, 3 . oPj-x^ by a-^x. 

4. 92:*-1 by 34:-1. 6. 25X*-1 by 53?+!. 6. 4^*-9 23 ^ + 3- 

7. I +82:* by I + 23 r. 8 . 273:*- I by 33:- 1. 9 . I - i6x* by 1 + 23 r. 

19 . by 3r-3y. 11 . <*^+323^ by«+ 2 A 12 . x'^ ~y'* by x^+y*. 

13 . by ia+A 14 . x*y^-~z^ by 

15. by 4wi*+»*. ^ 18,rt*-32x* by a- 23 r. 

17 . 64-a4by2+a. , 18 . a*+ 343 by a+7. 

19 . a*(b--c)* by a-^b+c. 20. by 
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REVISION PAPERS I. 

Paper I. 

« T- j 1 /• 8a*-27^ . 

1. Find the value of- 7 - . ^ z . - 


4a*+6ad+gd*^ I7(a*-^*)’ * 


when «=>5, ^= 3 . 


3 . Add together I-(I-I-:r), 2;r-(3-54?) and 2-(-4 +5^:). , 
3 . Take 2a - 3<a - - a)} from 26 - ^{6 - (a - ^)}. 

5 . Use squared paper to illustrate the following 

(i) 9-6».3. (ii) 7 - 4 - 6 =-3. (iii) 5-84-3 = 0. 

6 . Find the value of 5 .a^* 4 -jc —3, when 2:=—2, — i, o, i, 2* 
Tabulate your work. 

7. Express in binomials, and also in trinomials :— 

• ax — by — cz—6x+cy+az. 

9. Multiply 2.r-3y-4{.r-2^)4-5{3^-2(;i:->^)} by 4x-(jf^x) 

- 3{2P-3(^+ )')}• 

9. *Divide — a^c^+d^c^ by -^ad+ac — be. 

Simplify 

3(<it - 2x)^ 4 - 2(a - 2x){a 4 - 2;r) 4 - (3^ - a^^x 4 -«) - (2a - 3jr)*. 


Paper II. 


1 . "Find the value of 

3^xj-y z)(yz+gx+xy) — .r* — y*.- 
X* 4- y* 4. S'* - j^ar -zx-xy 


.when yl, z^^. 


3 . Subtract the sum of a*-;r*-{a-ar-( 2 jir*- 4 ^} and a* —** 
— {(a-h jr) — (a* - 4 f* — 3)J from 22r* — ar*. 

3. Use squared paper to illustrate the following :— 


(i) 6-2-8=-4. (ii) 5a—9a4*2a=-2a. 

4 . Prove that 4a - 3(5*11 - 5a) = - 8a by two different methods. 

5. Multiply 4 a* 4 * 9 ^* 4 -f*-f 3 ^r 4 - 2 atf— 6 a^ by 2 a 4 ' 3 ^-^. 

6. Divide 72%^-200;r^- 512 by I22f^4-42r*- i 6 i;r 4 * 32 . 
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7. What must be added to the expression 8:r*-13^1:4*24 
to make it exactly divisible by 2;r—3 T 

8. Find the value of 2;r*-3;r — 5, when ;if—l-3, -2, —1,0, 
1, 2, 3. Tabulate your work. 

9. Simplify. 

i(y ")l *» V) 

10. Simplify 

(x* - Xjf +j'*)(x^ - 2xy + ^*)(^* +xjf+y* )(x *+ 2Xjr +y *). 

> M. M. 1890.) 

t 

Paper III. 


1 . 

# 

2 . 

3. 

4. 


Find the value of , . + —r. * 

a-2b a- 3 ^+* 

when rt=»7, b^ — i and c — ^. 

a 

Subtract b{a-(b + c)} from the sum of a{a — (C'~b)} and 
c{a-(b-c)}. (M. M. 1885.) • * 

From(3a-4^)(3a + 4^)+(3a —4^)* take 6(3a*-2^*) —240^. 


Find the value of 

when and^ *=2. (c. E. 1892.) 


5. Multiply' 3 +;c* by * 2 - 2 r, and find the value of the product 

when-*'s=’i. ^ 

6 . Add together x* — (x-y-¥z)ix+y — 8)j jr+sr)fy4.4r— jbt) 

and 8 *‘^{ 8 -~x+y )(8 + x — y). (c. E. 1864.) 

7. Find the continued product (jr —/r)(jr*+iijr+«*)(2:^+fl*). 


a 


(C. E. 1882.) 


Simplify ^ 

+1)(.a:+2)+4;i: - i)'x-*2)} + -1 )x{x +1). 


9. Divide 2r+ + 5fl;r*+(25/i-^-29)jf*-5(4a+^-4)jr+4^ 
by2r*+5jr-4. (M.M. 1893.) • 


j 10. A person walks due East 2 dr- 334 *smiles, he then walks due 
West 3 tf 4 >^- 2 ^ milesy he then walks East again ^a- 24 - 3 ^ miles ; 
find how far he is then from his starting point. 
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Paper IV. 

1 . Given a— J2y /y/3, and ^»o, find the value of 

^/{(a*+^*+^•)(^»+^*)(^*+rf*)}. (c. E. 1868.) 

2 . Add i2X + ^)i2x - 37), {2X + 37)*, (2jr - 37)* and* 

6xy — 7(x*+y*). 

3 . Subtract b£d* — (o* — from (a* + — (<** - 

(c. E. 1859.) 

-* 4 . Divide :r*+a;r*-3a*4: —3^3 by 4;-2a and what is the 
remainder ? 

» 

• 5 . If .V*«5jr “ 2a and 3 '— 2jr - 3a, find the value of 

(2.V-KK3-^-2K). 

6. The product of two expressions is 6a*-a*-I3a*+ioa-2 ; 
one of them is 2a* — 3a +1; what is the other expression ? 

7 . Divide a + i by i — 2tf+2a* to four terms. ^ 

8. The dividend is da* - ya*b + 8a^* - 9^*, the quotient is 2a ~ 5^. 
.ind there is a rlqiainder 2b\ga + Sb). Find the divisor. 

9. Use squared paper to illustrate the following: •> 

,(i) 3a+5a —6a=»2a. (ii) 2a —8a+3a»* —3a. 

10 . Simplify 3a-[a+^-2{a + ^+tf-(a-^ + tf-<f)J+a]. 

(CE. 1876.) 

Paper V. 

1. If a 04, ^■■3, £"2, tf»o, find the value of 
+ d){t{a - rf)*+^(a- c)*} - (^+<f){ * 5(^“ «)* - (a 
+(^+tf)l(^- 3 tf)«+(a-^) 3 }-(a+f)*i^ 4 tf)*<*. (M. M. 1882.) 

8. Subtract b* - Ja* — (§t* - fwom a* -— (3<<* — ir*). 

• 3 . Multiply a* + 24 *+‘ 9 tf*- 3 a^+ 6 ac-by a4*2^~3c, and 
divide the result by a —^ + 3^. (m. m. 1880.) 

4 . Simplify 

(x - a)(x - b)(x - tf) - [b£(x -a)+i(a-i-b+c)x-a(b+c)}xy 

• (A. E. 1899.) 

5. Arrange the expression xip+x)^^* +p* - jr)J- (d*+y 4 f> 

x(24f*-^jr+f*) in powers of a* ; and divi<ie it by 

(M. M. 1889 ) 
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6. Multiply 4f*+(2a+3d);r+6a^ by ;r*-|2a+3^):ir+6a^. 

^ 7 . Find the coefficient of x in the product {x - a){x - 2i){x - y). 

S. Divide (4;r* - 3a*;ir)* + - a® by Jt* - a*. 

' (B. M. 1884.} 

9 . One factor of 27«^ + ii«-'io is 9a*+3«-5 ; find the other 
factor. 

10 . Show that {x+ 2 ){v+s){x+^){x + s) + i is» a perfect square. 

(A. E. 1894 > 

Paper VI. 

1. Find the value of 8a* + 27<^* + r* - i Sak, when 6a * i, 9^ +1 
■■o, and 2r=a I. 

2. Add a + 3^ + 5r, 4a-7^+iir, 4a-5^-15c, a +i8^+8tf and 
multiply the result by the difference between iia + 7<: and iOrt+6tf— 

3. If stands for 2;r-a and Fforjr + 2a, find the product of 
2.Y+3Fand A'-K 

1 Divide ax^ - (a* + d)x^ + by ax - 6 . 

5. Find the coefficient of.r in the quotient obtained dividing 
8;c^ +-ry* by x-~ly. 

6. Simplify + and sub¬ 

tract the result from (^ + 2 )(Ar- 3 )( 4 r+ 4 )' (m. m. 1886.) 

7 . Divide i4;r4 + 45:i;*j^ + 78aV + 45*^.y* + »4;'*by 2;r*+ ^xy+ 7 y*; 
and test your answer by making o’** 1 and_y=2. 

8 . Which of the quantities .r*+_y*, x^ + y^ \s 

divisible by x—y^ and which by x-^y ? 

9 . Find the continued pfroduct of 

:*r*+^ + l, .ar*—O’+i and a4-;r*+i. (M. M. 1887.) 

10 . Prove that (y-iy^-3ify*“4)(7~6)+10 is a positive 
quantity. (A. i. E. 1892.) 


1. 


Paper Vll. 


If a»i, ^0*2, C"» - 1 , rf»o, find the value of 


ad-be f fi^ o^V 

a-b-c bd'^ae V Va*" ^/’ 


^C. £. 1866.) 
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2. Find by inspection the following quotients 

(i) (ii) (27/**i*+8c^) + (3a^+2tf). 

3 . Write down the following results :— 

(i) («*-4)(<»* + 5?. (ii) 115x125. • (iii) ( 998 )*- 

4. Multiply together -99jr*+;ir — 29 and - 17.*^+>05-*“*^ 

— I9.r* + 234r-4f, and arrange the product in descending powers of .r. 

(C. E. 1895). 

5 . Divide 6a^ - ija^d + yad^ - 5^^ by 2a— ^b. (c. E. 1866). 

6. If^V stands for ajr* + 7Ar + 7r and Ffor - 9^:r - pr, find 
the value df 9A!'+7 F. 

7. Multiply - i:c*>'-3y^ by 2,r*~j^*. (c. E. 1871). 

8. Dividexs-V* - J-r*/ + ^ xy^ + ” 5<*^*J'* by ^x* — xy — %y*. 

9 . Simplify (SJf+ 5 y+ 0 ( 5 ^ + ay- 0 + ( 7 .»^- 5 y)( 7 ^ + 5 >') 

* -( 3 -i^+ 4 y)( 4 ^- 3 >') + *- 

10 . Divide x{,i +i'*)(i + s^) +y{J + s*](,i+x*)-{-s(.i+ x^)( i + y*) 

+ by i+xy +yB +sx. (c. E. 1878). 

Paper VIII. 

1 . Ffhd the value of 

+ 3* - f*) -f \b* + c* ~ a*) + —(c* 4 rt* - b% 

AO OC Ctl 

when n*s3, ^** 4 , - 5. 

3 . Simplify the expression ;— 

j{a - 3^ 4 * c) - [4(2^ 4 * 4 ^)( 6 r - 3^) ” SC'* ” 4 ^i ( 4 - 3 ^) 4 * 

{(5a-4^4*3<:)X44*«-47^4-2cl-»-7]. (M. M. 1891.) 

3 . When jr* 11, find the value of • 

V[(2f 4-2) jr - 2 - 2{ y I i^r* - j:+ 2 jf - 2}]. (M. M. 1880.) 

4. Write down the results o 4 the following multiplications ;— 

(i) (^* 4 - 5 )(;r*- 5 ). (") ( 3 '^- 8 )( 3 i-- 7 ). (Hi) (32^** 5 K 4 ^“ 9 )* 

6. Multiply ar* 4 -^* ■{‘X^y'\-xf'-‘X^y^~x^y^ ^x^y^hyx* ^y* -xy. 

6. Divide ix* - 42r2 + % Rr - 5 by 2^* - 32:+5, and divide the 

quotient by 2.r -1. > 

7 . Divide a^a^xS^b^b^ 4 * CiC^x*+(atb%+4 f^bi)xy+)xx 
Mbxe^’¥b%c^)ythya^+b^'¥c%8> (B. M. 1095.) 
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8 . Find what quantity not involving higher powers of x beyond 

the second should be added to .r* - — 5^* + 2X* + +4:^* +1 to 

make it exactly divisible by ^*+ 2 Jir- I. (B. M. 1897.) 

9. Divide 2x^ - 6 ax^ + C 4 a* + - 2b*)x* 4 - lab^x - a*b* by 

' x*‘^{2a-b)x-ab. (11. M. 1901.) ' 

10. A man walks 5 miles North, then 9 miles South, then again 
, 7 miles North. How far is he then from his starting point? Illustrate 

with a diagram. 


Paper IZ 

1 . Find the numerical value of 

sji)’ ''"e" «-l. *--i- 

2 . Perform the multiplications (M. M. 1897 .) 

{}) + + (”) ix+a)Hx--a)s. 

3 . Divide it* - 3 (a +1 )jr» + 2 ( 3 « +1 )x* + 3(^+1 )(«* - i)+ (a* - l)* 

by x*-(a + 3)ir-rt*+i. (b. m. 1900 ) ^ 

4. Find the product of 3 * 4 - 2 ^ and 3 a + 2 ^- 3 ^, and test the 

result by making 'i— 1 , ^-c»» 3 . (c. E. 1870 .) 

5. Divide I—.*’ by i-^x+x* to five terms. (M. M. 1891 .) 

6. Simplify — <:)}* +(a —^) 1 *, and find its 

numerical vftlue, when I, 3 = 3» 5* (M. M. 1858.) 

7! Multiply U* + 2 a 2 :+ 4 a*)* by (;if- 2 a)*. (M. M. 1899 .) 

I 

8. Divide 6jr6-i9Jr*+64r*-3r + 2 by 3T*-2;r + i. (M. M.1899). 

9 . Divide x^+y^ by a number which is greater tl)^n ;r by 

(P. E. 1889 .) 

10. What must be adddd to a* - 3a(a -1) -1 to make it equal 
to rt* + 3a(a+ 0 +1 ? 


Paper Z. 

1 . Find the value of (a+^ + f)* — (a +— c)* + (a — /i + f)* 

' +(-a + ^+ir)*-24a^<r, whey 2a«2—— 

2. Simplify 

USy.z 

^*U~ 4 \' 3*6 


)1 1 - 
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8. Multiply - by loax^y^ and divide the product by 

I5a*:ry*. Venfy the result by substituting «■»-!, 3.1:=2 and^»» —3, 
in the multiplicand, multiplier, divisor and quotient. 

4. Remove the brackets from 

(3a - 5^)(« - c) +<r{2« - - c)} ; 

also find its value wh«n a—o, ^=» i, <:» - J. 

5 . Divide 15** - i7;r+ —24jr* 4 -t38.T* - i3o;r+63 by 52r* + 6;r*' 
**9^ + 7» and verify by multiplication. 

6. Divide a* + + 3a^* + ^* + c* by a+^+^. 

7. Show that :c(^-^;i)(^-2)(;r-3 +i«(jr*-3r+i)*. 

8 . Find an algebraic expression such that when it is divided 
by a* —<1^+^*, the quotient is a* —2«^+^*and the remainder is 2 a*d*. 

9. Divide -(«* + «- 7^^**^* - 5«a*2r- by 

jr* — (« — 2 )a;r — 2a*. 


* 


10 . 


If X stands for a(/;/ + »), and Kfor —;/), find the values of 



r 

b' 


CHAPTER IV. 

FACTORS AND EASY IDENTITIES. 

I. ABSOLUTION INTO FACTORS. 

iia When an algebraical expression is produced by the mul¬ 
tiplication of two or more quantities, each , of the latter is called a 
^torof*^he expression. 

I 

119. Hence, to TinolTe an algebraic expression into its ele¬ 
mentary factors is to find out those'Simole quantities which make up 
the expression by way of multiplication. The process of finding the 
factors is called reiolation into factOTB. 

120 . In this Section, we shquld treat of such easy factors as 
will exemplify the Convane Uie of Formulae for Hal- 
tiplioatiOB given in Art, 102. 

121 . When all the terms of an expression have a common 

factor. “ 

Rule. Divide each term separately by the common factor and 
enclose the several quotients in a bracket, placing the commotn ';actOK 
outside as a coej^ent. 
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Ez. 1 . Resolve x^-/^ax into factors. 

Here, x is common to both-terms, 

/, X* - ^ax^x{x - 4a). 

Ex. 2. 3a*3ir-4a^*^ + 7a^^*=s«^tf(3a-4^+ 7tf). 

Ez. 3. 5;irij/+i5jrV'*- 

Exercise ZLIvtt 

Resolve the following expressions intoBctors :— 

1. ;if*+3a;r. 2. a^-a*b. 3. :»r+l|pA:*. 4. x^-%ax^. 

5. i^x^y. . 6. a* — 2 ab. 7. 2i—35^. 8 .*— 2 a* + 6a. 

9. 3:1:*+ 9;r^ - I2;c+. 10 . 4a* - i6rt^+24a. 11 . Sxy + i 6 yz. 

12. 3a’^+ - i8a^3* +2ia5^*. 13. 6 x*yz + I2xjf*z — iSx^jf^z. 

14. 42x*y^z^+4<)x^jf^z* — 6 ^x^/*z. 15. i4;r^y-7;p*>* + 56:»y'*. 

16. 5 a^^+ 25 a^^*-ioa*^3 4,i5a^4 17. 36.;r®j/flr-54;r^*flf+48.ay/2’®. 

18 yoa^b^c — 60 X^b^c^ + - 6,oa^b^c^. 


\, 

122 . The resolution of expressions ponsisiing of four terms 
which can be arranged in groups, each group having a compound 
factor common. ^ 

Bale. Divide each group by the common factor and enclose the 
different quotients in a bracket^ placing beside it the common factor^ 
also within a bracket as a comjpound coefficient, 

,Ez. 1 . Resolve into factors ac-ad^rbc-^bd. 

Observing that the first two terms contain a common factor a, 
and the last two terms have a common factor b, we encl«|e the first 
nwo terms in a bracket, and the last two in another. Thus, 

a€-ad+bc-~bd"‘{ac-^ad) + {be-bd) 

•^aX+bXf putting X for c^d, 

= {a+blX 

»(a+^)(^-<f), substituting for X. 

* 3 !x. 2 . Resolve into factors - a* - + ab. 

x*~-ax~‘bx+ab»»{x*’~-ax)-(bx-“ab) 

^x{x-a)-b{x-^a) 

•‘•{x-a){x-b). 


0 
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JBz. 3 . Resolve into factors ioai;—35<x^+6^^*^2iM 

I oaf — 3 5 - 21 (I oo^—3 5a</}+— 21 

=* 5a(2f - ^d) + iKic - ^d) 
= ( 2 f- 7 iO(S«+ 3 ^)' . 


Exercise XLY. 



Resolve into factors :— 



1. 

a* + a^+af+ 3 <;. 

2 . 

a* — a 3 +af— 

3 . 

ac-^bd^rbc'\‘ctd. 

4 . 

a*^f - 2a3* + af* - 2bc. 

5 . 

axf’\-bx-\rac+bc. 

6. 

ax-^-bx—ac—bc. 

7 . 

a*(X « ^acd-Vabc — ybd. 

8 . 

a*f 4 -^*f+a*rf. 

9 . 

— yx*+— 6 . 

10 . 

ii^»- 55 .ar® + 7 ;r- 35 . 

11. 

20 ab ~-i 2 bc — ^$ad-¥2icd. 

12 . 

12a*- i8a^ + 8af- I2^f. 

13 . 

15a^+9af - 2obd -1 2cd. 

14 . 

x^y^+x^+y^ + j. 

15 . 

A?^ + 5a-* + 4jr + 2o. 

16 . . 

2 ?*—j/*- 5.^ + 5^. 

17 . 

I Zxy^z - 12Af*.sr -15>^*ar + lojrs'. 

18 . 

a.*’^'+ b^xy — sax - sb^z. 

19 . 

a^xr- ^aby + 2ax *- bby. 

20 . 

2a* + 6a^ - 2af - 6/^f. 


HP 

123 . The resolution of trinomials which are perfect squares. 

jr 

(i) a® + ;2a6+6*. (2)-a*--!2a&+d*. 

(1) a* + 2 a 3 +^*«*a* + a 3 +a^+^® 

™ (a* + a^) + (a^+^*)=<»(« +^) + ^(« + ^) 
eBi(a+ 3 )(a + ^)=(«+&)*. 

( 2 ) a* —2a^+3*Bia®—a^—a^+ 3* 

=s (a* — ab')^ {ab — ^*) ■>«(« — 3) — 3(a — 

Ex. 1 . Resolve into factors af* + io;c+2 5. 

j?* + iOjr+25-jr^+2XS x^+5* 

-(x+ 5 )*- 

Ex. 2. Factorise i6il®-^24a4r+9a*. 

- 24 a 4 rHh 9a* »(42?)* “ 2(42r).(3a)+(3a)® 

• -( 42 ?- 3 «)* 
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£z. 3 . Find the value of (2’37)*+(*63)* i -659 x i -8. 

Since r659X r 8 - 2 - 37 X 7 x -9X2-2X2*37x -63 ; 

/, the given expression-(2*37)*+(*63)* + 2 x 2*37 x *63 

“(2‘37 + ‘63)*=3*«9- 

Ezeroise XLVI. 

Resolve into factors :— 

t. ^*+12^ + 36. 2 . a*-8a + i6. 3- l4;t: + 49. 

4. 4a*-4a+i. 6. 4 jr*+ 20 ;r;'+ 25 j^* 6. 4;c*+4;r + i. 

7 . 9a*-3oa^ + 25^*. 8. a‘* + i4rt* + 49. 9 . ga^+6aH^+S**. 

10. i6a*^-8a^*c* + 3 V. 11. 4a*d*-2Ba^^^c+4<)6*c^. 

N 12 . 4a*d*c*+4^ic-{-i. 13 . 4x^y^+2ox^ys*+2$z^. 

14 - a^-2oa* + ioo. ' 16 . + 

16 . 9a*-6«(2^-3i:) + (2^-3c)*. 17 . 4x*+iv-‘S)*-4{xy^xs). 

18 . (<Mr-d/)* + 4f(fMr-^_y)+4^-* 19 . 4-4{x ^ 1)^+4{x^ - x*). 

20. (2a + 3^)*+(;r + 2j')* + 2(2a + ^b){x + 2y). 

Find the value of 

i 

21 - (*37)*-(*63)*+ -518 X *9. 22. (1784)*+(-216)* +1728 X 446 

23 . (r85)»+([-8)»-ii-ix-6. 24 . (2-i6)»+( 1-85)*--54x 14-8. 

25 . 25 ;r*+ 7 o.ry+ 49 ^*, when ;r=s2o,_y«» -14. 

124 . The resolution of an expression in the form of the 
difference of two squares. 

o* - 6* - a* - ai + ad - - (a* - a 3 )+(«^ - ^*) 

«a(a-d)+d(a-d)=(a-6)(a + 6). , % 

The dijfference of the squares of tivo quantities is equal to the- 
product of their sum and dtffe'^endk^ 

Ez. 1 . Resolve into factors 25jr* — 16. 

25^* -16 «(5 4 r)* - {4« (5^+4)( 5^ - 4). 

Ez. 2. Factorise 4jr*—^*. 

4 ** -7*«(22f)’ - (y)* «(2jr+y)(2;r ->'). 

Ez. 3 . Find the value of (385)*- (285)*. 

The given expression-{385+285)(385-285> 

» 670 X100 M 67000. 
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135 . When the terms have a common factor, it should first be 
taken outside a bracket. The expression can then be further 
factorised. 

Ez. 1 . -a*x=x(x^ — a*)=:=:x(x+a)(x-a). 

Ex. 2. 7 sx* - 48a* = 3(2 S;r* - 16rt*) =» 3f + 4a) (5jr - 4a). 

Ez. 3 . 7a*d* -^28a*^* — 7a*d^( i - 4^*)= 7a*d^{ i + 2d){ i - 2d). 


Ezercise XLVII. 


A. 

5. 

9. 

13. 

17. 

21 . 

/25. 

27. 

<30. 

33. 

36. 

38. 


Resolve into factors :— 

I —4x*. 2. a* —9jr*. 

X* — 9. ^ 6. I - X*. 

25 - 10. 9r* — 16^*. 

a* - 25. 14. a*d’^ - 100. 


3. 9W* - 4«*. 
7. a* - 169. 

11 . 8 i;r*- 64 . 

15. 49'i*-8i^*. 


4 . 25ji:*-i6. 

8. a*^*-i. 
12 . 36 —jr*. 

^16. 9;r*-49;^*, 


a*-2893*. 18. I2ra* —144^®.19. I44a*^* - i2ii^. 20. a^-lA. 


.4a* -16. 22. 25 - a^. " 23. 4 gx^ - 1. 

25a*jr*-4y*. tB. m. 1862). 

a*xy^ —x^y. ^ 28. 2 a^b*c-‘%ab*c^. 

rt 6 _ 9 ^ 4 ^ 6 . • \ 31 . 8 i 2 r*- 64 . 

3;r‘* - 300. 


. 34. II-99a*. 


' 24 . 

26 . i6;r*j^*-25;r*>^. 

29. 2Sx^ — a*x^. 

32. 7X^ — 63a*x^. 

35. 45 .ar^* — 80 . 


141^9^^-5643^^^. 
7 a*- 343 ^'^- 


37. 6o5tf*f:-720^*f. 
39. i7-68a*^» 


Find by factorization the values of- 


40. 97*-87*. 

43. 125*-25. 

46. 109*-81. 

49. 7375* *-7373*- 


41- 235*-35*- 
44. 349*-49*- 

47. 999*-I* 

50. 2853*-2845*. 


42. 625* —375*. 
45.. 97*-94*. 

48. 1796*-1792*. 


4 

126 . The above method may conveniently be applied when 
either (or both) of the squares is a compound quantity. 


Ez. 1. (a + 2^)* - 9f* =» JT* — writing X for a+ 2d 
=(^+ 3 ^)(X- 3 ^) 

'>»(a + 2^+3c)(a+2^-3c), restoring the value of X. 


Ez. 3. (;r-y)*-4«*-A^-4a*, 
■-(Jr+2a)(^-2a) 

— {x —y^ 2 a){x —y— 2a). 


writing X 



i 


M.A.—6 



82 


MATRICULATION ALGEBRA. 


Ex. 3. (2a-if)*-{a-2df = U2a-d) + ia-2d)){[2a-b)-(a~2d)) 

t^(2a — d+a - 2t)l2a-d-a+26) 

=(3« “ 3^)(«+^) = 3(^ “ + ^)- 

127. The terms of a compound expression can often be arranged 
so as to form tlie difference of two squares. 

Ex. 1 . + + = + Art. 123. 

=^{u •{• 6 d c)- 

Ex. 2. x^ + i2ys~-4y^-gs^=x*-i4y*+9s*-i2jfs) 

(re-arranging the tcrmsj 

=A:*~(2_y-32r)®, Art. 123. 

=(x + 2y- 3x)(x - 2 y + 32). 

Ex. 3. -^b*-(P — 2ab-\-2cd 

— {^a^-\-b* — 2 ab) — {P-\-d^’- 2 cd) (re-arranging the terms) 
^{a-bY-[c--df 

— {a — b4rC — d){a — b-‘C-\‘d). 


Exercise XLVIII. 

Resolve into factors, and simplify where possible :— 

1 . {a-bf-p. 2. a*-(b-c)*. 3. {a-¥bf-4b^. 

4. 5. (a + 2 )*-(^- 2 )* 6 . (a+i)*-(<^+i)*. 

'^7. ( 2 r + 2 _y)®-i 6 a*. 8 . 252:*-(a-l-<J)*. 9. P — (a-b)^. 

10. (3^-2)*-(2:-3)*. 11. ( 2 a + b)*-(2a-b)^. 12. a^-( 4 x-y)^. 

13. ( 4 ^+ 3 y)®-( 3 ^+ 4 >')* 

15. a^b*-(ab-ip. 

17. 9ix+y)* - i6(x ->')*. 

19. i2x + 3y+a)*--{x-y+a)^. ^ <- 

21. a^-2ab+b^-P. 

23- 4 rf*’- 9 <»*-h 6 a~ I. 

25. 9 a* - I 2 ad+ 4b* - 164 :* - Zxy -y*: 

27. a* b^ - P+<P+ 2 ad 4 r 2 bc. 

29. a* + b^ — P-~d*-‘ 2 ab- 2 cd. 

31. a*-b*-\- 2 b*P- 2 a*iP-c*+(P. 

33. (2.* - 22: -!• 3)* “ (2:* + 22: - 2)*. 

35. 9a*-^*-i6rf*+8W-6<*+i. 


14. ( 2 :*+^*)*-i 62 :*_y*. 
16. (a* + 2d*)*-4£^^*. 
'7^18. 3{a + b)*-'i2{c + d)*. 

20. a* -b^+4bc-4p. 

^ 22. 2ab‘^a^ — b^ + P. 

24. 2r*-62:j'-f9y*-i6;8r*. 
26. 2ad+fl*+^*-c*. 

28. x*^x*-2x-i. 

30. a^-b*+P + 2ac. 

• 32. 25-a* —^*+2a^. 

34. (a*+i*)*-4«*4* 
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128 . The resolution of multinomials which are perfect squares, 
a*+ft* + c*+2&C + 2ca + 2aft=< 1 * + (^* + c^ + 2 bc) + 2 a{b + c) 

= «* + (^+c)* + 2a(<5+fr), Art. 123. 

= {a + (3 + ^)}* = (a + ft + c)*. 

Ex. 1 . 2;t:3 + 3;»;*-2,r+I (22:^ - 22r* )+*(:«■*-2;r+i) 

=,r^ — 2;i:®(,r — 1)+(.r — i)*, Art. 123. , 

=* {;r* - (jr — I )}* = (:tr* - ;r + I )*. 

Ex. 2 . «*+4^*+9i:*-4a^-6/r^+12^^ 

= (fl* + 43* —4rt3) + 9f:*-(6rtt'--I2^i:) (rc-arranging the terms) 
= (a - 2<5)* + 9^* - 6c(a - lb) = (rt - 2^)* + 9<?* - 2 ^) 

= {(« - 2<&) - 3^^}® "(« - 2^ - 3<r)*. 

Exercise XLIX. 

Resolve into factors :— 

1. 4d!* + 4«(^+^®+4<2(;4-2<5t’+^*. 2. x* + 2x^-x*— 2x + i. 

8. 4^ - 12.ir* — 7;r* + 24,r +16. 4 . x ^ + 4.r* - Sx + 4. 

5. i+ib^ + jVc^-b + lc-ibc. 6 . + + + 

7. :r+ — [o;r^ + 39^:* — yox + 49. 

8 . a* + tr* + rf* - - 2fl^ + 2«//+ -ibd- icd. 

129 . Resolution of trinomials in which the coefficient of the 
highest term is unity. 

(i) The form of trinomials is either 

x"^ Ar{fl-\-b)x-\-ab or x* -‘[a^rb)x-\-ab^ 
whicfi= 05 * +2>JC + </ or — as* — px + <7, where p=«+^ and ii = ab. 

From the above facts, we dedxice the following Rule : — 

Rule. Find two numbers which^ multiplied together^ give the 
third term of the given trinomial^ and added together give the 
coefficient of the second term. • 

Ex. 1 . 2:*+io;ir+24=:r*+45r+6;r+24=«j:(;r+4)+6(.»r + 4) 
=‘{x+4)(x■¥(>). [Since 24=4x6; 10-4+6]. 

Ex. 2. x^ — Zx+i2—x^-‘2x~6x+i2’=x{x—2)-6{x-2) 
*={x—2){x—6). [Since 12 = 2x6 ; 8=2+6]. 
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Ez- 3 . iozy+iqy^ 

=^x{x-y)-iqy{x-y) 

•m{x-jf){x~ioy). 

[Since iqy*=j^x iqy ; iiy=^+ iqy]. 

(ii) The form of trinomials is either 

;r* + (« — d)x — ad or ;r* — (« - b)x — ab 
,, which =»a?*+pac-Of or—whereand 

From the above facts, we deduce the following Rule :— 

Rule. Find two numbers which^ multiplied together^ give the 
third term of the given trinomial and whose difference is the coefficienf 
of the second term, 

Ez- 1 . x*-{-2x — 6 '‘^‘».x^^yx-^()x — 6 ‘i-x{x — 7)-¥9{x-‘’j) 

-(•^- 7 )U+ 9 )- [Since 63-7x9 ; 2 = 9-7]. 

Ez. 2 . ar*-3;«r-i30=jr* + io.*--I3;r-i3o=.ar(.ar+10)-I3(.r+10) 

=>+io)(.r- 13) 

[Since 130= 10 x 13 ; 3= 13 — loj. 

Ez. 3 . 72a*+rt*^-a*3*=-«*('^*-^-72)=-<i*f^*-9^ + 8d-72| 

= -«W-9) + 8(^-9)> 
--«*(d-9)(^+8). 

[Since 72 = 8x9; 9-8=1}. 
“e**(9-^){8+^). 

Ezercise L. 

Resolve into factors 

1. jr*+6fl;+5. 2. ;«r*+9Ar + 20. 3 . x*-sx-\r(>. 

4 . ;r*-8jr+i5. 5 . 2r* + S;r+'' 7 . 6. Ar*-io;r + 9. 

7. jr*+;r-6. 8 * x*—x~ 6 . 9 . .ar* —2;r —3. 

10 . .r*+2jf-i5. 11. x* + 7x-S. 12. ;i:*-84r-9. 

18 . 2:*+72r+i2. 14 . x^-^gx+i^. 15 . .ir*-5^-i4. 

18 . X*+X~ 12 . 17 . I-32r + 2J»r*. ' 18 . x^+x-iio. 

19 . 2r*+i62r+63. 20. —23;i: + i32. 21. jr*-30;r+2oo. 

28 . .r* —i6<ur+39a*. 23 . a++9fl*^* + i4^. 24 . a*- 7 «* + i2. 

25 , 2r*j/* + i 427 ^ + 33 »** 26 . fl*d*-24«^ff+i43C* 

27 . ^ 2 -x-x*. 28 . 66+52r-2f*. 29 . '5-4r-.r* 
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30 . x* + iirj/-26y^. 31 . -4^, 3 i. jr*-;r-72. 

33. a*b*— ‘iab-‘ 34. + 154 . 35. jr*— 13 . 3 :- 48 . 

36 . 6a^b*-ab-\. 37 . 2ix*y^ - loxy’^i. 38 . 54X* - isxy-~y^. 

39 x^+ (2a-$b)xloab. 40 . x^ ~ (6^1 + 5b)x j-3oab. 

41 . X* -26xy + i6gy. 42 . 26jr* +1 i;r-i. 43 . 43;ir*-42ar-i. 

44 . i-7x + 6x^. 46 . x’-{7a-3b)x~-iiab. 

46. a^x* — 3 a*.i' + 2a*. 47. —a^x — 6 «r*. 

48 . a^ \-a*b* — s6a*b*. 49 . — 84;>*. 

50 . .V* - (3w - 5«)^;r — \^mnp*. 

130 . The resolution of trinomials in which the coefficient of the 
highest term is not unity. 

(i) The form of the trinomial is either 

acx^ + {bc + ad)x + bd or acx^ — {be4-ad)x + bd^ 
which=P3C* + (/as + »• or — jf»as* — (/as + »% 
where/>=aic, q^bc-^ad^ and r—bd. 

Hence the*fq][lowing method of solution :— 

Bx. 1. isr* + ii;r + 2=>i5a:* + 5jr+6;r + 2 = cjr(3r + i) + 2(3jr+i) 

«(5r + 2)(3a:+ i). 

[Since 15x2 = 30*5x6 ; 5+6*11]. 
Bx, 2 . 142-*-4ijr+15== i4;ir*-6A'-35ar+i5 

= 2 ar( 7 .r-- 3 )- 5 ( 7 r- 3 ). 

-( 7 -*’- 3 )( 2 ^- 5 )- 

[Since 14x15 = 210=6x35 ; 35+6 = 41]. 

(ii) The form of the trinomial is either 

acx* + (be—ad)x — bd or acx* — {be— ad)x — bd^ 
which=pas* + ^as - r or=px**— qx — r, 
where p=aCj q>=bc-adf and r=bd. 

Hence the following method j)f solution :— 

X^Bic. 1. 6ar*+ar“ I 2 = 6 a:*- 8 jr+ 9 ar- i 2 = 2 .t-( 3 t:- 4 ) + 3(3ar-4) 

“( 3 ^- 4 )( 2 ar + 3 ). 

[Since 6x 12 = 72 = 8X9 ; 9-8 = 1]. 

Bx. 2 . 6.r*-7a;-3=6a:*-92r+22r-3=32r(2jr-3) + i(2ar-3) 

* =(2jr-3)(32:+i). 

[Since 6x3=18 = 9x2 ; 9-2—7]- 
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NotG. The student may notice that, if the last term of the given 
frinomial be positive, then the last terms of the two factors will have the 
same sign as the middle term of the trinomial ; but if negative, one ol 
them will have the sign +, and the other —. 


Exercise LI. 


Resolve into factors 


Cl. /^x* + Sx + 2. 
*4. I2.ir*-7j»r+1. 


7. 

10 

13. 

16. 

19. 

29. 

25. 

23. 


4;tr* +11:*: - 3. 
6x^ + ^x-4. 
I2.r*-Ar-1. 


'3. 3 .^:*- 13 ^ + 14 . 

6. 2a* + 7 rti 4 - 3 . 

9. 3 ;ir* + 4 :r- 4 . 

12 . I 2 ;r*-i 4 ;ir + 2 . 

14. 3 .r*- 2 ;r- 5 . 15. I2a^+a*x^ -x^. 

yz^b +— 2ab^. 17. 2x^}' + Sx^}'^ + 2xy^. 18. — ;^xy^ - 6j'^ 

6 a*x* + a^x-a^. 20. 6 b*x* ~ ybx^ -$x^. 21. 8 +18a-5a*. 


2 . 4 '^*+13.1; + 3 - 
5. 8 -r® + 22 jtr+ 12 . 

8. 4 .r*- 4 .r- 3 . 
11. I2;r® - 51; —2. 
.2 


28--3ia- 5ct®. 
QAT* + 6 .r- 8 . 

3 + 23;tr-8,r^. 


23. I 4 ;r*- 29 .r+ 12 . 

26. 4.»r®+4^-63. 

29. 3 ;r* - 13 .r - 30 . 


24. i3Ar*+4iA:4-6. 
27- 2 «* + 9 fl- 5 . 


30. 


l 84 f* 

1 


9r-2. 


131. Sometimes the following method is recommended, 

, Ex. 1. Find the factors of 3 a* - 7 ;r + 2 . 

\ 3^*--7^ + 2 = U(3^)*-7(3^) + 61 

- =U>'*- 7 j' + 6 }, (writing for ^x) 

“tCj-*K>-‘ 6 )«^( 3 jr~ i)( 3 ^- 6 ), Art. 129 . 
= ^x-i){x- 2 ). 

Ex. 2. Factorize 12 ;tr*- 7 ;ir- 12 . ^ 

12 Ar* - 7 .*: - 12 = tV{( 12 ;r)* - 7 ( 12 jr) - 144 l 

= t\<>'*- 7 /- » 44 l, (writing j for I 2 ;r) 

= I' - i 6 )( J/ + 9 ), Art. 129 . 

Ex. 3 . Factorize lar*-I 3 .ay/- 9 j/*. ^ 

10^* -1 ^xjf - gjf^ - t5{{ 1 ox)^ -1 3( lOA'iy - 90^^ 

“Voia*- I 3 «J'— 90 J'*}» (writing a for lojr) 

= ^rs{a-iZy)(a-\‘Sy\ Art. 129. 

= TO (i “ 18^)(iar + 5^) = (5;^ - 9^)(2;c +J'). 
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Exercise LII. 

Resolve into factors :— 

1 . 3:r* + i4jr + 8. 2. 3:1:*- io;r- 8. 3 - 14:1;* —29;^-15, 

4. 4.r*-8(i.r + 3a*. 5 . + —37*- 6.# 2a:* + — 3. 

7. 5;c*+ i7;i: + 6. 8- 24;r*--50jr + 25. 9. 28 —3i;c —5jir*. 

10 . 6 x^-$ax-6a^. ll. gix^ + i86xy — 85^^. 

12 . 99.r*-4^/—143^*. 13 . 2ioa^ +103^*^* ~ I53d+. 

132. The resolution of an expression which is the sum or diff¬ 
erence of two cubes. 

(I) a^ + bK (2) a 3 - 63 . 

(1) <»3 4.^3 (rt 3 + a*^) - (a*^ + a^*) 4- (ad* + ^ 3 ) 

= a*(a + 3 ) - ab{a -1-^)+ b\a + ^) = (« + b){a* -ab + 6*). 

(2) ^3 _ ^3 = (a3 » a*b)+{aH -ab*) + {ab* - ^3) 

=a*(a - ^)+ ab{a — 3 ) + b\a — b^ — ^a — b)(a* + ab +6*). 
Ex. 1 . *^i-i- 8 =!jir 3 + 23 =i(;r + 2)(j:*-2.;ir + 2*) =*(;r + 2)(.ir*-2;r + 4). 
Ex. 2. 8^3 4.27^3. (2^1)34. (3^)3 

. — (2a+3^){(2a)*-2rt.3^-K3d)*} 

= {2a+sb)(4a* - 6ab + gb*). 

Ex. 3. 125^3i=.( 5 «) 3 -i 3 -,( 5 i,-i)(( 5 a)* 4 . 5 a 4 .ij 

=( 5 «-i)( 25 a* + 5a-H). 

Ex. 4 . 8 ;r 3 -729^6 = (2;r)3-(9^*)3 

^ -=i2x-gy*\{{2x)*+2x.9}>*+{9jf*)^} 

=« (2X - 9y* )(4;r* -I- 1 8 xy + 8 iy+). 

• . ii " 

Exercise LlII. " 

Resolve into factors :— 

1, x^+y^. (B. E. 1862.) 2.V-73. (B. E. 1862.) 3. i+;r3. 

4. i-.3:3. 5. x^+y^- 6 . ;r® —y3. 7 . 

8 . 8.r3 + i. 0, ^3^3 4 . jQ, a^b^-^i. 11. a 3 + 64 ^ 3 . 

12 * 27^3 + 1. 13 < a*-64^3. 14 . ;ir6+i. ^* 15 . 1-27x6. 

16 . 8^3 — 27 ^ 3 . yi , 2 l 6 a 3 -^ 3 . 18 . 729 x 3 + 8 ^ 3 . 19 . X6+64. 

20. 1+729x^^21. 343 x 3 - 1 . 22. 64x3-125^3. 23 . 2 x 3 + 128- 
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24 . I 2 scfi-¥$ 12 X^. 25 . a^x^ + 27x^. 20 . 8i-3<i^. 

27 . a%*j' + 27 ^V. 28 . 8 jr 9 +j^ 6 . 29 . 64-(a-^)f 

• 30 . 2r6 + (4a-5^)^ 31 . x^-27x. 32 . 72g(a+^)^-8a*. 

133. The resolution of an expression wiiich is a perfect cube. 

(0 a*+3a*6+ +b^ = a^ + Zab(a +6) + &^ - (a+6)3. 

(^) a* - 3»*6+3a6* - 6^=- Zab[a - 6) - 6^ =» (« - dy. 

(1) a^ + ^*d + ^a 6 *+d^=*{a^+d^) + ;^ad{a + d\ (re-arranging the terms) 

~ad+d*) + ^a 3 (a+d)^ Art. 132. 

= (a + ^)|(a* - -f (5*) + ^ab) 

"»(a + b){a* -f 2 ab + b*) 

= (a-P^)(a-*'^)» = (a + 6)3, Art. 123. 

(2) a* — 3fl*^+3^^* -b^ = (a* — ^3)3a^(a — b), (re-arranging the terms) 

^(a-b){a^ + ab+b^) — 2ab{a-b)^ Art. 132. 

-■ (a — b){(a* +ab + b^) — ‘^ab\ 

= (a —/5)(a* —2a5 + <>*) ^ » 

= (a-^)(a-^)* = (a-6)3. Art. 123. 

l!lx. 1. a3 4.i2a*+48^j-h64 = (a3+64).t.(i2rt* + 48a) 

^ « 

= (a+ 4 )(<** - 4<* +16)-f 12a(a+4) 

=» (a -f 4){(a* - 4a +16) +12a} 

^ =(«+4)(a* + 8a + i6) 

«=> (a + 4)(* + 4)* “ (^ + 4)^. 

Ex. 2 . 8jf3_i2;r*+6.r-i = (8j«r3-i)-(i22r*-6;r) 

—(22:- i)(4ar*-l-2;r-i-1) - 6;e'(22?^ i) 
»=s(24r- i){(4r* + 2.r-f i)-6jr} 
sr (2;r'-I )(42:* - 4ji: +1) 

=»(2.r-i)(2;r“i)* = (2J?- i)3. 

Exercise LTV.. 

Resolve into factors :— 

1. jr3+6.r*-f-i2.r + 8. ^ 2 . a} ■\-ta^x^\2ax*^%x^, 

3. 8^336^8 4.54 27, 4. i25a3-i5oa*-h6oa-8. 

9. 2r3.I.i52r* + 7S2r-i25. Vs. 

f.; j54ar3-i44;r* + lo8;ir-27. - 8. a3 - i8a? +10801-216. 
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134 i. The resolution of trinomials of the following form :— 

-rt‘^+a*^*+ 3 *=(a* + 2a*^* + ^+)(adding and subtracting 
= (<3!* + ^*)*Art. 123. ^ 

+ Art. 126. 

= (a® + aft+ft*)(a* - aft+ft*). 

Ez. 1 . Jr+ + 4;r*+i6*(jir+ + 8;r* + i6)-4^r* 

= + 4)* - {2x)* = (^* + 4 + 2Ar)(.ar* + 4 - 2;ir) 

- (;r* + 2jr + 4 )(j:* - 2;r+4). 

Ez. 2 . i 6 a* - i7a*^*+^^=(i6a^-8a*^*+^+)-9a*^* 

«= ( 4 <i* - + 3 «^ (4a* - - 3 a^) 

= (4<a* + 3a^ - d*)(4rt* - $a 3 - d*). 


a Ezercise LV. 

t 

I 

Resolve into factors ;— 


f 


1. .i^-ii3a:*;'*+4y* '-2. a*+a^+i. 9«+ + i4a*+eH| 

4. ;r+-i2^* + i6. y. 5. a^-i8fl*^*+d*. yS. 

7 . 9^ + 38^*y+49/*. ^ 8. A:+-5jr* + 4. 9.’*-'l6x^ + 4;r*+*i, 

10. i 6 a++ 36 <i*.af*+ 8 i.jr+.rfl. x,18. 49«+-I5a*^* + I2i3+. 

13. 9.r++2i^*j/*+25;/+^ 14. 25 a+- 9 a*^* + i6^+. »15. ,r* + 4. 


135 . .Sometimes an expression may be resolved into more than 
4 wo factors. * 

Ez. 1. 8ijr+-i = (9;c*)*-i**(9r* + i)(9^*-i) 

w(9.r* + i)(32f+0(3^- I). 

Ez. 2. .r® —y* *(:r*+_y*)(jir*-_y3) 

«kx +J')(:«f* - xy +y*)(.r - y){x*+xy-{-y*). 

Ez. 3. .r* —«*=(«* 

<»{x*+a*)[x*+a*){x* ~a*) 
•^{x*+a*){x*+a*)ix+a){x^a). 
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Exercise LVI. 

Resolve into elemental y factors :— 

^*-256 


1 . - 64. f 

^ 4 . 1 - i6i£^. 

6. (B. M. 1872.) 

8 . I. (M M. 1868.) 

10. t+-8i. 11. 


2 . .*•*-256. 3 . 1-729J'®. 

5. :r**-a**. 1859 & A. E. 1896.) 

7 . 

' 9 . 

x^-i. 12 isa ^ d)* - (n - )* 


N 13 . M. 1881.) 14 . a*-i6{d-c)^. 


Formulae for Resolution into Factors. 

136. The results tiatat we have proved m this Section should 
be committed to memoiy .— 

1. ajc+ 6 j! 5 =(a+ft)jc. 

2. <ito + afl+6c + 6ff = (« + 6)(c + r^. 

* 

<y+2a&+6* = (fi + 6)*. 

^6. a*-2<»& + &*=(«-&)*. 

^6. = 

A + 6* + c*+2&r + 2m + 2iifr=(a + 6 + rj®. 

8. aj*+(a+ft)a5+aft=(,B + a)(us+6). 

9. ♦ a5*-(a+6)a5+aft=(u5-a)(aj-ft). 

10. £P*+(a -&)i» - a&=(J5+«)(J5 - 6). 

11. a5*-(a-&)JB-a6=»(a5-a (a;+&). 

12. ac-c* + (ftc+arf)ui?+ftrf - («sc+ft)(cu5+rf) 

13. aex^ - (&C+#»€l)a5+5rf#»(«x -&)(cjc - <2). 

14. acatJ*+(6c - a<l)x - hd a (aac+61('cac - d] 

15. acx^ - (6c -ad)x- btl «= (a-c - 6)(ca5 + d). 

^16. a^+6*“(a+6)(a*-aM-6*). 

^^ 7 . a3-6*=a(a-6)(a*+a6+6*). 

/ilR a^+3a*6-t-3a6*+63 1 

ora3+3a6(a+6)+63 j -(<* + »)• 

r . a3-3a*6+3a6*-63 \ , 

or a3-3a6(a-6)~63 J * 

^20. a-»+a*6» + 6*=(a»+a6+6*)(a* -&6+6*). 
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Exercise LYII. 

Miscellaneous Factors {Easy). 

Resolve into elementary factors :— 

1. 2. yi^b^c*-vZa^b^c^-\r2^aH^c*. 

3. a^bc^2a*bc*+abc^. 4. x* - 2bx^ + b*x^, *5. a*b'^~c^. 

6. x^- 2 a*x*+a*x^. 7. ab-ac — b^ + bc. 8. rt*+4a —2i. ^ 

9. g'i^b*-^oab^c+2$c*. 10. 3;r*-2i;iy' + 30/*.^^^ 11. 2«*-5o. 

'12. $a^b^ + $a^bc — 6oac^. 13. 4a^b*-^abc+y^. 14. l2-3;r*. 

•15. 8r3 + (;/-5)3. 18. (a + ^)3-i25c3. 17. + 

18 {x-\-y)^-^r{x-y)^. ✓lO. {x-Vy)^ -{x-y)^. ^20 3-3(a-^)*. 

^ 21. abx^ +ax^rbx-\-\. 22. i7.r* + 5r.r+-3/|. "NJS. n7ar*“i3. 

24. 250rt* + 2. 25. (a + ^)3 + i. 

26. u^ + b^-zaH^. ^7 27. 28;«:* + 64;r3-6o;r*.'^28. 9-(«+^)*. 

V 29. 6^:*-ii.r + 3./ 30. a* + 6rt- 135. 31. 49a*- 121^®. 

32. + (P. E. i 895.)^’*33. (a + 3^+2f)*-9(2rt + ^-t)* 

34. (a + 2^ + 5c;®-4(a+^-f)* 35. {x-2yY ■\-y^. 

36. I i;r* + 75:»:“ 14. 37. 2i.ar® - l3.r^-20>'*. \ 

38. A-* +i6.*+>+ + 256y*. 39. Ar®y - 15;ry* + 36^*.- 

^* 40 . 8i;r+-625_y+. 41 . 2(jir+y)*-7(.r+_y)'<i + ^) + 3'rt+^)*. 

' 42. 30Ar* +23^-143. H, 43. 42;r*-I55;r+I02. 

''44. 63;r® + i32Jc-35. '' 45. .*^+i6.r* + 256. 

46. l2)®-(44r*+Ar-4)*. -47. 8(2« + ^)^+(a-2^)^. 

48. a^-b^-a\d^-b*)-\-b{a’-b)'^. 49. ‘i{x^-y^)-S[x-y,*. 

50. a*-ab-\- 2{b* ~ ab) + 3(a* - b^) - 4 (a - b)*. 

51. 5(^®'-j'*) + 3'jr+;')*. ' \52. (jr+/)* + 2(ji:®+jc^)-3{;r*-^®)| 

53. 2(a^+a®^+ad*)-(a*-^3). ^ 54. (:r*-jr)*-8(.r*-.r) + i2. 

.55. «+-^+ + (a»-^*)*-3«+ + 3fl*^®. ' '-56. i8;r»-9^:*-2;r. 

57. 4-4(2jr-i)*. V58. 3;i:-8jr* + 4^^ ^59. yx^-y. 

*^60. a^b~i2^b. 61. {ax-{-by+(izY-\-{bS'-cyY’{-{cx-az)*-\-{ay-bxY. 
^ 62 . .jr*-i6a*. (c. E. 1887). ^^3. ia + b-^c)^-a-b + s ^. (a.E. 1894). 
'^■ 64 . (i-c*Ki + ^7)*-(i-a»)(i+tf)*. (c. E. 1881). 

’^ 65 . (rt+^)»+(fl+ff)*-(^+rf)*-(f+^)*. fB. M. 1892). . 

^68. a*+a^x^+x*. (c. E. 1887). 

67 . 4 (ug-“Xy)^ — {u*~‘X*-~y*^g*)K (c. E. 1865 and b. m. i886)« 

68. - x *4’2 x ^+9> (a. e. 1894.) 69 .'*jr^-(;!>*+ 2 )**/*+_j^. (B. bI. i888)t 
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70 . (x^ + 3 a*x)*-‘( 3 ax^+a 3 )^. 71 . 343 ^* + 5 12J'*- 1882). 

■ 72 . 6o-7r-x*. 73 . ;r* + i3A+42. (c. E. 1882). 

' 74. (jr + i)U+ 3 )f;r + 5 )U + 7 ) + i 5 - (M. M. 1888). 

75 . z^+x-42. (c. E. 1882). 76 x*-Sax-66a*. (c.K. 1881). 

' 77 . i2x*+xy*-jf*. Cm. M. 1883). 78 . 31;=-iojir-8. (11. m. 1882). 

79. 6x* + $x-6. (b. M. 1882). 80 . i 02 :*- 232 :-5. (B.M. 1884). 

>->'‘ 81 . 39Jr* - 7:r - 22. (a. E. 1894.) ' 82 . 8 a 2 +^* + (2/1 + ^)^. 

83 . io,ir-.r*-24. 84 . x^+x^ -x- i. (a. k. 1895). 

86. rt* — 4^* —<:*+9</* - (H. M. 1869). 


II. USE OF FACTORS. 


137 . In this Section we should illustrate the Use of Factors hy 
the solution of certain typical examples. 

Bx. 1. li x^b-\-c, y=-c~a^ 3 = a^h^ shew that 
A'*+>'*+ 5 r*- 2 ;ry-2;r.S' + 2/s' = 4^*. (C. E 1888). 


We have x -{y-\-a) = {b-\-c) -{c-a+a’-b)^{b+c)-‘{c-b) = 2b. 
The given expression ^jr^ + Cv*+2’*+ 2j/£')-2.r(vJ-i; 

= ;r*+(j' + e)*“2ar(/+sr\ Art 123 
= {x-‘{y-\-s,)*^{2b)* = 4b'^. 

% 

Bx. 2 . If x^r- express + in terms of f. (B. M. 1886). 

X X 


I + 4 V An. 132 . 

Bx. 3. Find the continued product of 

3 - 3+^> 9 - 3-1 ^and 9 + 3Af+;r*. 

Product = (3-.i?)(9 + 34:+:ir*) X (3 + jf)(9 - 3jr+;r*) 

= (27-jf*)x(27 + jr*) = 729-.r6. 

<» 

Ex. 4. A) ivide the product of 2jr* +1 iat - 21 and 3r* - 202.' - 7 by 
^*-49. 

( 2 x^ + 11X- 2 i){ 3 x* -20X - 7) 


Quotient' 


^*-49 


, (2A:--3'C:r4-7)(3y4-ljfjr-7 > 
(Af + 7 )(jc- 7 ) 

•(22: - 3)^3^ +1) =s 6jc* - 7jr - 3. 
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Sx. 5 . Divide +j/^ — by (x—yy. 

Dividend =» {x^ - ={x- yy{x* +xy fy*)*. 

Quotient=(;ir*+;r^+j*)*. 

Ex. 6 . Divide (a* - 2dcy + 27^V by a* + dc. 

Dividend =«(rt* - +,(3^<:.^ 

—(a* - 26 c+^dc){{a* - 2hcf - '^hc[a* - 2^c)+9d*c*} 

== (rt*+ bc){a^ - 6 ta*bc ++ ^b*c*) 

= (a* + bc){a^ - ja^bc-V 19 ^*^*). 
Quotient»=a^- 7 a*^f+i 9 ^*c*. 

Ex. 7 . Shew that {ax-\‘by-\-c3y-\-{bx^rcy-\razy is divisible by 
(rt+^);r + (^ + c) y+(c+a)z. 

Assume ax+by + cs-JC and bx + cy+az= V : 
then X+ y=‘ax+bx-i-by + cy + cz+az 
= (a + b)x + (<5 + c}y +(r+ a)z. 

Now, the expression at + F 3 »(A'+ V){X^-Xy+ F*), 

which is divisible by A:'+ K or ('i + b)x+lb + c)y + (c+a)z. 

Ex. 8 . The product of two quantities is (2y-3;r)*-(2Ar-3;')*' 
and one of them is 5/ - S^r ; find the other. 

Assume 2y —3^:=^ and 2.r —3/=<5 ; then 

a - ^=(2y - 3;r) - (2;r - 3;^) = 5y “ 5^. 

Now the expression—a* + . 

which when divided by a - ^ or 5/ - 5r, gives the other factor 
=a*+ab+b* 

= i2y - 3x)* +(2y - s*){2x - sy) +{2X~- 3^)* 

*= (4^*- 1 2xy + 9 T*) + {i3xy- 6 x* - 6 y*)+ {/[x* -1 2xy + gy*) 

= 7x*~"iixy+7y*. 

I 

Ex. 9 . If ;r+y=s2a and x-y—2b\ prove that 

- 2yc*y^ «(7a* - 'ib*){7b* - 3a*). 

We have X—a+^ and y—; then ;ry—a* —i*. ^ 

Now x^ - 33a:*y* - (;•:♦ +. 2 ;r*y* +y*) - 25 ;r*_y* as:(:r* +y*)* - (SAry)*" 

- (a*+ y* + + 3 '* 5xy) 

- {{x +y)* + 3 ^y H(^ -y)* - ixy\ 

- {4a*+ 3(a* - - 3(«* - b*)\ 

^ -( 7 «*- 3 ^*)( 7 ^*- 3 «*)- 
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1 . 


2 . 

3 

4. 


6 . 

6 

7 . 

8 . 
9. 

10 . 

11 . 

12 . 

3. 

14 . 

15 . 

16 . 

17. 

18 . 

10 . 


Ex. 10 . Divide the continued product of i+x+jy, i+x — y^ 
I ~x+y and x+y— i by i -\^2xy — x^—y^. (c. E. 1865.) 

Divisor = i — {x* +y^ — 2xy)=: i — ix —y)* 

— +x-y){t-x+y). • 

Quotient*=>(i +x+y){x+y~ i) =>{{x+y) + i){(_x+y) - 1} 

=^(x+yy - I =x^ + 2xy+y^ — i. 

Exercise LVIII. 

Ka=y + z’-2Xy i>^z + x — 2y, c=x+y-2s^ find the value of 
+c^ -a^ + 26C. (iJ. M. 1892). 

Find the continued product of 

x‘ — 2y^, X*— 2xy + 2y^, + 2y^ and x^ + 2xy + 2y^. (B. M. 1885.) 

Divide (2x* - x — ^){sx* —x -2) by 6x*— 5:1: —6. 

D ivide the product of + and -d* ~c* + 2^c 

hyi^ — (c-a)^. (P. E. 1890'. 

Divide (by employing factors! * 

x^-\r2x^y^ +y^ hy {x-^y)*. (c. E. 1859). 

jc*+«+;r++rt* by :r*-rt;r + a*. (c. E. 1864). , 

ix^-y^){x+y)^ by (x^+xy+y^){x^-y^). (c. E. 1873). 
a^—x^hya + x. (C. K. 1863). 

(x+y)^— by x + y—2s. (a. e. 1894). 

{x*-xy+y*)^ + {x^+xy+y*)^ by 2{X^ + y^). (n. M. 1891). 

{ax + dy + cz)^ + {cx — 6y + az)^ by (/t + c){x + s). (b. m. ^ 887 ). 

d{x^ + a^) + ax(x*— a*) + a^(x +a) by {a + d)(x-i-a). 
a* — d^ + a^d*{a^-6*) by {a*-ad-bd*){a*+ad + d*^, 

(2a+ ^6 + 4<:)3 - ^ c)i by Vi + 2 ^ + 3 ^. 

(;•:* - 5;r+6)(x* + 3;i; —28) by x* — 7x+i2. 

Subtract (x^ -~7x + 13)* from (x* - yjr -13)*. 

Subtract (s^r* - 5jr - 11)* from (;6x^ — 5X+1 1)*. 

Shew that (:r —4v)* —(^—4^)* + (2;/-3 j;) 3-(2A' —jy)* is 
divisible by s(x —y)^ 

Find the divisor when i4x^yxy + is the dividend, 

8(;i?+ 2^)* the quotient and^*(94:-Fii>')* the remainder. 

, (B. M. 1889.) 
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„20. If .ar+>' = 2a and ATfind the value of x^-6x^_y^+j/* in 
terms of a and 3 . 

21 . If a + 3 =Xf a — 3 ^_yf express i6(a* + a^ 3 ^+ 3 '*) as the product 

of two expressions involving x and>'. (P. E. 1893). 

22 . Simplify {x-y + z)^ + {x +jy -z)* — 2{x-y-^ z)(x +y — z). 

. 23 . Prove that {ax + 3 y + cz)* — { 3 x+cjf + az)^ is divisiUle by 
{a - 3 )x+( 3 -‘C)y + {c-a)s. 

24 . Shew that {ax 3 yY •¥ { 3 x ay)^ is divisible by {a-\- 3 ){X’\ry). 

25 . P'ind the quotient when the product of + and is 

divided by — 2a®d+2(*^* — 

26 . Multiply { 2 X* + 3^ + I )* — (2;r* — 3.^: - i )* 

by (x^+6 x — 2)^-(x^^6x + 2)®. 

27. Divide 7x(x- ii)(.r*-;«r-156) by x^+x^ - 132X. 

28 . Divide (5.^:® —3;r —6)® —(2 ;i;*-*7a: + 9)* by the product of 3.^-5 

and x + 3. 

29. Shew that C 7 '^* + 3 ^: - 3)*+($;*:* —4.r-3)^ is divisible by 4:1: - 3 

and by 3X+2. 

JO. If x+y^a and x~‘y— 3 ^ shew that 

i6(;r+ - 72:*y*+;/ 4 ) = (5a* - 5^* “ «*)• 

III. EAST IDENTITIES. 

138 . An Identity is a statement that two expressions are 
equal, whatever numbers the letters stand for. 

Thus, 7jr — 4^r = ^Xy whatever value x may have. 

a® ——^), whatever value a and 3 may have. 

\ 

139 . The two expressions connected by the sign=are called 
the sides or members of the Identity; that to the left is called the 
left-lumd side and that to the right, is called the right-hand side. 

140 . In this Section we should establish the truth of certain 
■Easy Identities with the aid of the foregoing principles. 

Ez. 1 . Prove that {x +2a)*+(.r - 2a)*—i(jr®+441*). 

Left side=a(:r* + 4a;r+4a*)+(;r*-4ajir+4a*), Art. 91. 

=■ 2.r* + 8a* — 2(.*'*+4a*). 
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Ez- 2. Prove that (a*++ ^*)* - (a* - +3*)*= \ah{a^ + h*). 

Left side = +«^}» - {'a* + ^*) - aVf 

«{(a* + ^ * )* + 2a^ :«* + ^*) + 

-{(a* + ^*)*- 2 «^(a*+ 3 *)+«* 3 *J, Art. Qi. 

'= (a* + 3*)* + +^*) + - (a*+^*)* + 2<i^(a* + ^*) 

= 4 «^(a* + ^»). 

Othenvise thus : Assume rt* + d*=.r. 

Then Left side =(;«:+ad— — 

^{{x-\-ab)-\r{x~-aff)\{{X’\-ab)-{x~ab))^ Art. 126. 

—-20' X2ad=4adjrs=4ad(a* + d*). 

Ez. 3 . Prove that xix +1 )(:r + 2X^ + 3) +1 == (^* + 3^ + i )*. 

Left sides=s;r(a' + 3) x (;r+ i)(jr + 2) +1 

='(:r* + 3 ^) 5 <(:r* + 3 ^ + 2)+I, Art. 97. 

=a(a + 2) +1, (writing a for jr® + 3jr) 
a=a* + 2a+I =s(a+I *, Art. 123. 

— (■*■* +3-*'+1)*> (restoring the value of ,a*. 

J Ez. 4. Prove that 

(b — c)(b+c-n) + (£-a){c+a-b) + (a-b;(a+b-c)=‘p. 

Left side = (d — c){b + c)-/t{b — £) ' 

+ (c-aXc+a\-b(£-a) ■ 

+ (a —d)(fl + d)-tf(a-d) , 

' . “d* —^*--(ad-ac) + c* —a* —(d^—ad) + a* —d* —(ar—dtfj* 

a=(d* - — a*+a* - d*) — (ad - a^: + dc - ad + ac^bc) 

=s0~O»O. ^ 

Ez> 5 . Prove that 

{ax + by)* + {ay - i^x)* h-c*{x *+;.*)« (a*+d* + c*){x* +^*). 

Left side = a*x* + 2 abxy + b*y* + a*y* - 2abxy + b*x* + c*x* + c*y*y 

— rt*t» + d»ir» + c*x* + a* y* +d* +fV, 

(re-arranging the terms) 

— (a* -H d* + c*)x* + (a*+d* + c*)y*y 
—(a* -f- d* +£*){x* +y*). 

£)z. 6. Prove that 

(a - d)» -I- (a+dja + 3(a - d)»(fl+d) + 3(a -h d)* a - d) 8a» 
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Assume <«-^=.j:anda + ^ =^. Then .r = 2«. 

J^cfi side = + ^x‘y + ^y^x 

=x^+y^ + 3 rj'(x+y) = ix-t Art. 133. 

~( 2 ap = 8 a^. 

Ex. 7 . Prove that + = 

Left side = a* + 2 a 3 ^ - ^4 _ 2a3^ ^ (a* ~ <^4j + 2a^(<i* - i*} 

- («a + + 2a<^(rt* - < 5 *), Art. 124. 

==(a*~^*){irt*+^*) + 2a^} = (rt* —+ Art. 123. 

=- (a + /5)(rt - ^;(rt + fi)^ = (a — b^et + b)^. 

Ex. 8 . Prove tlial 

(2.V + «;“ + jr + /^)* + ^,jb --- f.r - ^)* + 4 'x + a) ,'.v + d) + a*. 

JaTt side *(4r®4-4^-f + a*; + (.r* + 2 ^i+^*) + 4 -/^, Art. 91 . 

= (:i:* - 2 ^jr 4 -/^®i + 4't* i a.r + ^;t' + rt^) +a*, 

(adding and subtracting 2<^.v and re arranging the tciins) 
~{x-b)*-^/\.{x+a){x + b) + a*. Arts. 12331111129. 

Ex. 9. If 2 s = a + b + c, prove that 

(V «/* + {s-b)if-e) + as = rt® + be 
Left S’de = f.s*-2aj + a^+j*-(/ 54 -r)j + ^c+aj, Arts. 91 and 97. 
~ 2 s^-{a + b + c)s + a^ + bc. 
t2a® - 2s.s + a^ + be {for a + b + c=2s) 

-2J*- 2 s^ + + be---i-be. 

Ex 10 . If 2 S — a+b+e-hii, prove that 
4(a^ + Cit)^ - (a» +b*-c^~ d*)* = 16(J - a)(j -b'Xs^ i:)(.r - d). 
Left side = {2(rt^ +<:</)J* - («* + <5* -- rf*)* 

=={2(rt^ + r-</) + (a*4-i* c^-d*,\ 

'^■{ 2 {ab + cd)-{a’ ■\rb*-e^-d*}\., Art. 126. 

^\{ti^ + b'* + 2 ab)-{c^-^d*- 2 cd]) 

I x(e^+d^ + 2 ed)-(u‘+/^- 2 ab)i 

~i(a + bj^ - ie — dj^^{{e+dy — (a — b)^}, Art. 123. 

^{ia + b) + (e-d)}{ia+b)-(e-d)} 

x{(e+d)+(a-b)}{^e+dj-{a-b)}, Art. 126. 

‘=(a + b+e-d'(a + b-e+d)ia-b + e+d){-’a + b+e+d) 

—(a + b + e + d-2d)(a + b + e+d- 2 e'j(a‘t‘b + e+d-2b) 

X {a + b+e+d-2a) 

— (2s - 2r/X2r - 2e)(2s - 2b,(2s - 2a), (for a + b+e+d>= 2 s) 

= 2 (s-d)X 2 (s-e)x 2{s --bfX 2( J “ a) 

=* I6(j - a)(j - c'Xs - d). 

w 

M.A.—-7 
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Ezeroiae LIX. 

Prove the truth of the following Identities. 

1. (x + 2a)*-(x-2a)“^8ax. * 

2. ——— 

3. (3 + <r)(3-ir) + (^+a)(r-a) + (a + ^Ka-^)=o. 

4 . (ac ++(a</— = (a* + + rf*). 

5. (a+3+^)* + .2*+^* + r*==(^+/:)* + (^+a)* + (a + ^)*. 

6. (a+ 3 +c+if)^ + 2(a* + fi^+e:^ + t^) 

«.(fl+< 5 )» + (a+f:)*+(a + rf;* + (^ + c)* + (^ + rf;a + (^r+//)* 

7 . (a-^)* + ^ 3_«3 = 3 a^(^_a). 

8 . (a + ^)* + 2(a*-^*) + (a-d)* = 4 <»*. 

'' 9. (^-r)(;r-a) + (c-'ayA^ —^) + (a —^)(;r-f:)=o. 

10. (a+^ + r)* + (a+^-c)*+(a-^ + r)* + (^ 4-tf-a)*“4(a* +i* + c*). 

11. (a;ir + — ^jr )* + — asr)* 

— (a* + 3 *+1*) (:r* +>'* + 5r*). 

12 . (a+ 3 )*( 3 +^ —< 2 )(r+a- 3 ) + (a- 3 )*(a + 3 +£')(«H b — c^^^abc^. 

13 . {ax + byY + (£X + + {ay - bxY + {cy - dx)* 

= (a® + 3 *+*)(;r* 

14 . {{ax+by)* + {ay - bx')*\{{ax + by)* — {ay +^bx)*\ = {a* - b* ){x* —y*)^ 

(C. K. 1859). 

15 . {a + 3)3 - (a - 3)3 - 3 (a + b)*{a - 3 ) + 3 (a + 3 )(a - 3 )* = 833 . 

16. (;r +!)(;»: + 2 )(;i: + z){x + 4 ) + i = C-*^* + 5^ + S)* ■ 

17 . (I -’a*){i—b*) — \.c-¥ab)*=i—a*-b* — c*-2abc, 

18. (i “«*)(«+ 3^) —(3 +ca)(c + a3)=a(i - a* — b* — c* - 2a^. 

19. {a+b){a+c) + {b + c){b+a) + {c+a){€+b)-~{a-{:b + c)* 

^ bc+ca+ab. 

20 . {x-y)*+{s-x)(3-y)^(y-x)* + {x-y)(x~ z) 

^{z-x)*+(y-2){y^x). 

21 . (2a + 3)3 + 9a(2<'i + b){a - 3 ) + (a - 3 y 3 » 27a3. 

22 . {a + b — c){b + c) + {b + c — a)(c + a) + (r + a — 3 )(a + 3 ) 

’sa2{bc+(‘a + ab). 

23 . {b-^£)* + {c+a)* + {a + b)* + 2{b+c){^+ai + 2{b+c)(a+b) 

+ 2 (r+«.)(<»+ 3 )» 4 (^ + 3 + r)* • 
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24. {a + ^ )* + 2(a+ — (a + c)* ■h 2 {a + c)d + b*. 

25 . a(b — £)(i +bc)+b(c-a)(j +M)+^(a —^)(i +ab)^o. 

26. (b +c)(f+«)(<* +b)^*(a + b + i:)(be:+ ca + ab) — abc. 

2^ a*( b+c)+b*(c +a)+ c*{a +^) + ^abc"‘ (a + 3+ c)ibc+ca-¥ ab). 

28. aib + c)* + b(c+ a)* + c{a + b)^ — 4 abc= (b + c){c‘\ra){a + b). 

29. (a - b)*(c+d)^+ 4 ab(^—df —(a+ b)*{c - rf)* + - b)*. 

30. (i +«)*(! +^“)-(i+a*)fi+^)*=»2(«-^)(i-a^). 

31 a^{a-2b)-b^{b~-2a)^»{a-\-b){a — b)^. 

33. ix-~j^)ix+i)iv+i)-x{y+i)^ +y(x +1 )* 

"‘(^-J')(^+J' + 2xy)- (m. m. 1887.) 

^ 33 . (b + i;/ + (£ + a)^ + (a + b)* — (b + c)(ir+a)-(c+a)(a + b)-‘(a + b)(b + c) 

^a*-\-b*’¥c*-bc-ca^-ab. 

34. (3 - c)* + (f- a)* + (a - - 2 {a - ^)(« - c) + 2 {b - - a) 

+ 2{£ — a){c - b). '• 

35- If :r«=a + //,^=^ + //, prove that 

^yz - zx -xy—a*-{‘b* + c* — bC’-ca- ab. 

36. I f J=<i + ^ + c, prove that 
. (^5 + bc){bs + ac){cs + ah) = (^+c)*(^r + a)*(a + b)*. 

(C. E. 1902 and A. K. 1890.) 

If 2J=jt + ^+c, prove that 
'^37. + \6s[s a){s — b){s - c). 

38. + (J -- aj* + (J “ 3)* + (J - — a* + ^* + c*. 

, 39 . s{s - a)(j — b)+ s{s — b){s — c)+ s{s -a){s^ c) = {s- a){s - b){s — c) 

'•s 

+ abc. (b. m. 1870). 

40. 2(5 — a)(s -b)(s — c) + a(s — b)(s-cf + bt^s-c)(s — a) + c(s— a)(s - b) 

= abc. (C. K. 1898.) 

41. If J=»d!+^+f, prove that 

j( j - 2b){s - 2 c) + j( j — 2^)( j — 2a) + sis — 2 a){s - 2 ^) 

^•{s — 2a){s — 2 b)is -- 2 c) + Sabc. 

42. Shew that (2: +>')* + 3(^ ++ 3 {x +jj')s'* + 

— (x+sr.^ + 3[x + s)*jf + 3(x+s)y*+y^ 
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141. When two algebraical expressions are connected by the 
sign of equality (= », the whole expression is called according to cir¬ 
cumstances, an Identity or an Equation. 

143- An Identity is merely the statement of the equivalence 
W two. differeh'<‘“Wi*Ms of the same quantity, and is true for twj' 
values of any of the letters involved in it. 

Thun, {x-\-y)^ = x^+ 2xy+jf^ or = X ~jy), is always 

true, whatever be the values of x and y. Hence each of these 
expressions is an hietiHty. 

143. An Equation, however, is the statement of the equality 

■of two algeKraical expressions ; in which case the equality 

I does not exist for any, but only for some particular values of one 
I or more of the symbols contained in it. 

Thus, the equation ^'-3 = 5 will be found trueioflly when we give 
r the value 8, and .tr*=5r-6 only when we give x the value 2 or 3. 

144. Hence, an equation which is only true when the symbols 
have certain particular values is called an equation of condition 
or a conditional equation. 

145. The two parts of an equation on either side of the sign 
of equality are called its sides or members. 

146. The letter whose value is not known and is required to 
he found is called the unknown quantity. The process of finding 
its value is called solving the equation. 

147. An equation is said to be satisfied by any value of the 
unknown quantity which makes ,the values of two sides of an 
equation the same. 

Thus, the equation A'-f 3 = 7 is true when .a: = 4. The value 4 is 
.said to satisfy the equation. 

This includes the case when all the terms of an equation lie on 
one side and zero on the other, as in — 51: +6—0, which is satisfied 
by 2 or 3, either of which, being put for x, makes the first side—o. 

148. Those values of the unknown quantity, by which the 
equation is satisfied are called its roots. 

Thus, 7 is the root of the equation .*■ — 3 »«* 4; 2 and 3 are the 
roots of — 5;r + 6 =0, and so on. * 
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149 . An equation of one unknown quantity i-s said to be of as 
many dimensions as is denoted by the index of the highest power 
of the unknown quantity involved in it. Hence, an equation which 
involves only the first power of the unknown quantity is of one 
dimension and therefore it is called a simple equation, or an 
equation of the first degree. 

Thus, Jr+3 = 7 is of one dimension, and therefore it is called 
an equation of the first degree or a simple equation ; x^^^x-6 
is of two dimensions, and therefore it is called an equation of the 
second degree or a quadratic equation; -T^-8 = 6jr* is of three 
dimensions, and therefore it is called an equation of the third degree 
or a cubic equation ; is of four dimensions, and 

therefore it is called an equation of the fourth degree or a biquad¬ 
ratic equation ; and so on. 

150 . The process of solving .Simple Equations with one unknown 
quantity consists mainly in the use of the following axioms. 

1 . If equals be added to equals, the sums are equal 

Thus, if x — a, then jr + 4 = a + 4. 

2 . If equals^be taken from equals, the remainders are equal. 

Thus, \{*x=Ba, then :r—3 = d! —3. 

3 . If equals be tniiltiplied by equals, the products are equal. 

Thus, '\{ x=» a, then 6.r=6a. 

4. If equals be divided by equals, the quotients are equal. 

Thus, if 7.*’= 14, then XwmT.. 

Ex. 1 . Solve the equation ^x = i^. 

Dividing both sides by 5, ^=3. 

jir 

Ex. 2 . Solve the equation ^ = — 4. 

Multiplying both sides by 3,,-r= - 12. 

Ex. 3 . Solve the equation 15.1:-31”+.r=37—II. 

By collecting the terms, we have 13:1; =■26. 

Dividing both sides by 13, ;r«ai2. 

Exercise LX- 

Solve the following equations :— 

1. yc^"i2. 2. 5.r=»2a 3. 4jr=-i6. 

5 . iiJr»=-44. 8. -x==7. 7. Satsso. 


4. 182:= 54. 

8. - 32 rs=-i 8 . 
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9 . 

X 

_ 4 , 

.A X 

10. -=*5. 

11. --=6. 

12. 


5 

3 

3 

3 

13 . 

— 5;r=o. 

U. 3;r=8. 

15 . 9;r=»i7. 

16 . -ZX—- 2 \. 

17 . 

2X 

_- 4 . 

18 . ^ 

19 . — = 20. 

20. ^'=-14. 

21. 


22. _ J_ , 

23 . 

24 . — = 10. 


5 

4 12 

7 14 

3 

25 . 

-6r + 8;ir=-7-5. 26 . - hat+ 7^=-6-^18. 

27. 6jr-2;r*»2o. 

28 . 

7 ;r- 2 r+ 3 :r-i 8 -2. 

29 . “3r-4;r 

-7jir« -40 + 4. 

30 . 

— 2X — X — 

3 ^- - 7 + 4 - 12 . 

31 . 6jr-3A: + 5;r=-35 + 11+2 

32 . 

-TX — '2l. 

33 . *4^=. *16. 

34 . 6jr=»’ 

06. 35 . 7^ = 3 


151. Principle of Transposition. A quantity may be trans¬ 
ferredfrom one side of an equation to the other by changing its sign^ 
without destroying the equality expressed by it. 

Thus, if AT—a =>'+ 3 , adding a to each side of the equation 
(which, of course, will not destroy the equality) we have 
and, subtracting 3 from each side, we have ; where we 

see that the - a has been transferred to the other side with its sign 
changed to +, and so also the +^, with its sign changed to 

162. Consider the equation 12Ar-8 = 3^: +28, « 

.Subtracting 3;r from both sides, I2f — 3r-8«»28. {Ax. 2.) 

Adding 8 to both sides, i2Jr-3;r=28 + 8. {Ax. i.) 

Thus'^ we see that + 3^: has been removed from the right-hand 
side, and appears as -3jr on the left, i.e.y with its sign changed ; and 
- 8 has been removed from the left-hand side, and appears as + 8 on 
the right, i.e.y with its sign changed. ^ 

Hence, the above Rule. 

153. Change of Signp. Jf the signs of all the terms of both 
sides of an equation be ^angedy the equality expressed by it will not 
be destroyed. 

Thus, \ia — b=c-d ; multiplymg each side by - i, 

We have - {Ax. 3 .) 

i.e.y ’~a + b‘~ -c+d. 

154. Consider the equation - 4:c — 15 ■= 2jr - 3. 

Transposing, — 2r+ 3—4 j:+i 5 
or 4r-H5—-2ar + 3. 

which is the original equation with the sign Of every term changed. 

Hence the above Rule. 



II. SIMPLE EaUATIONS NOT INVOLVING 
FRACTIONS. 

155 . To solve a simple equation of one unknown quantity. 

Bulo. Transpose all the terms involving the unknown quan- 
Jity to one side of the equation^ and the known quantities to the other^ 
changing the sign of evety term thus removed. Collect the terms on 
.each side; divide both sides by the coefficient of the unknown quantity^ 
and thus the root required will be found. 

Bx. 1. Solve the equation 4r+2 = 3A:+4. 

Transposing, 4^-3^ = 4-2. 

Collecting, :r =2, the root of the equation. 

Bx 2 . Solve the equation 4;ir + 5 ** 1 o;ir — 16. 

Transposing, 4;r- iox= — 16—5, 

Collecting, -6;r=»—21, 

Changing signs, 6 a: = 21, 

Dividing by 6, Ar=V“ 3 l" 3 i 

To verify thefc^ct that is a root of the equation 4a: + 5'* lo.v— 16. 

When A:=-3i, 4Ar+ 5= 4x3!+ 5 = 14+ 5 = * 9 - 

. iOAr-i6 = iox3j-i6 —35-16=19. 

. 4a:+ 5 = ioa:-i6, 

/>., the equation is then satisfied. Q. K. D. 

Bx. 3 . Solve the equation 5(2: +1) - 2 = 3 (a: - 5). 

Removing brackets, Sat + 5 - 2 = 3A: - 15, 

Transposing, 5A:—3jr= - 15-5 + 2, 

Collecting, 2jr — -18, 

Dividing by 2, at = -9. 

Verification. When a:= -9, the left side 

-S(-9+ i)“2«s X -8-2= -40-2= -42. 

When a:— -9, the right side«^3(-9-S) —3X “ 14** -42. 

=the left side. Q. e. d. 

Ex. 4. Solve the equation (A:-3)(A:~4)-22=(Ar-5)(A;-6). 
Multiplying out, at* - 7Ar +12 - 22= a:* - iia: +30. 
Transposing, A:*-Ar*-7A; + iiAr^3o-12 + 22, 

Collecting, 4A:« 40, 

Dividing by 4, a:= 10. 
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ro4 


1 . 

4. 

7 . 

10 . 

12 . 

14. 

16 . 

18 . 

21 . 

23 . 

24. 

25 . 

26 . 
27 . 

' 28 . 

29 . 

30 . 

31 . 

32 . 

33 . 
35 . 


Verification When ;»: = i o, 

the left side = (io-3)(io —4) —22 = 7 x6-22 = 42-- 22 = 20. 

When.ir=io, the right side = (io-5)(io-6) 

= 5 X 4 = 2o=the left side. y.K.t) 


Ex. 5. Shew that x = 4. stffisjirx the equation 

^ 3 ^+i)i 2 .r- 7 ) = 6 (.»;- 3 )* + 7 . 

When jr = 4 , the left side=(i 2 +i)( 8 - 7 )= 13 X i = 13 , 

.the right side = 6'4 — 3 )® + 7 = 6 x i +7 = 6 + 7 

= 13 = the left side. 

Hence jr =4 satisfies the equation. 


Exercise LSI I. 



Solve the following equations :— 

+r-2 = 3.r + 3. 2 . 3 '^ + 7 = 9 ^- 5 - 3 . 4.^ + 9 = 8;ir-3. 

3 + 22r=7-5,r. 5 . ^=■•7+15^ 6 24;^».49= 19^:-14 

4.r-22 =34-3.^. 8. 26-8jr = 8o-14A' 9 . 3.*: = 7 - 2jr + 8. 

3(;»r-2) + 4 = 4(3-:r . 11. 5 - 3(4+4(3-2.1:)-o. 

i3;i:-2i(.r-3)= io-2i(3-jr). 13 . 4(3.1: - 2) - 2 4;r - 3)‘=3^4 ~;r) 
i2(2:-3)-3(2;r-i)“*22--5x 15 . 5(5-2;!:)--7(2.1:-5)= 12. 

3i:+i4-51:+i5 = 4,r + 5. 17 . 61:+18= 41:-8+ 31:-2 

6(i:-4)=o. l9. 5(3i: + 7)=“0. 20. i{6ir-i5) = o 

Tr(9^-25i:)=o. 22. 4,r-61:+ 35 = 51:-31:+ 7 

3(-»^-3)-'2(i:-2)+i:- i«.i: + 3 + 2(.r + 2) + 3(.r + i). 

21:- I - 2(31:-21+3(41:-3)-4(51:-4)=o. 

5(31:+2) - 2(71: - 9) = 7(51: + 41^+11 (5 - 31) - 61. 

11(1:-2)-2(4-31:)-4(1 ■^•21:)= I7(;r- 0 + 7. 

8.r+2-4:5-i:) = 2(io-i:)-7+3(5i:-7). 

(i:-8)(i: + i2)=*(.r-6)(i:+0* , 

( 4 'V - 3 )( 3 ^ - 4) - (2:r - I )t6i:+ i) = 3(3 “ 5 ^) ” 2. 

U- i)(i:- 2 ) + (i:~ 2 )(i:- 3 ) + 2 = 2 (i:- 3 Ui:- 4 )- 2 . 

5(1: - 2 )* - (31: - 7)f4i: -19)=42 - 7{x - 3 
3i:(5i:-2)-(2i: + 7K.»r-3)-«3^^+0(.^-i)-i5- 
(.^-3)*"^*+ 4 ^+ 29 * 34 . (2--4)* = (i:-i)*-3... 

3(2+i:)(i -i:)-(i -3i:)(i +i:)-2i:» 15 -8rf 
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36 . 2.r®-7=;r-(2j?-3). 37 . 3;r®--5~;»r{3.r+i)=o. 

38 . 2(.r+i)(;r + 3) + 8=(2ji:+i)(jr + 5). 39 . .r(jr-9)=.r®-49. 

40 . (v- i)*-(.r- 5;* = (;»r+5)* - (:r+ l)*- l6;r. 


156. Literal Equations. Known quantities are sometimes 
denoted by the letters of the alphabet, r/, c, &c , as well as by 
numbers; unknown ([uantities are always denoted by .r,y, a. 

Ez. 1 . Solve ^.v + 2,v-« = 3jr + 2<:. 

Transposing, bx^r2x-‘^x=‘a-\-2C. 

Collecting, bX’-x=a-^2c. 

Bracketing, •;r(^ - i) = rt + 2c. 

Dividing by i, 

Ex. 2 . Solve (rt+< 5 ;(^ — .r)+.*‘(<* — ^)=o. 

Multiplying out, ah ~-ax-~bx-\-ax-~bx^o. 
Tiansposing and reducing, -2bx-= -ab-b*. 

Changing signs, 2 bx—b{a-\-b)^ 

Dividing by 2^, x *»!(« +^). 

Exercise LXII. ^ 

Solve the following equations :— 

« 1 . mx 4 -a’=nx + b. * 2 . a*+a;r 3 s 3 a* —4<ix 

3. 3dtjr“ 4/1^= 3^.1;~43®. 4 . $(a+x)-2X = 3{a-^ $x). 

6. (2+.af)la*-3)=» — 4-2a4r. <6. (a+j:)(fl-.»r)=»2a* + 2fl;r—jr*. 

7. (m + n){m-x) = m{n — x). (6:ir+a)(2jr-«) = (3;r-^j(4r+^h 

* 9 . ix — a){x-~b)»x^~a*+b*+ab. * 

10 . x{x - a)+x{x - b) — 2(;»r - a)(.r - b). 


III. SIMPLE EQUATIONS INVOLVING 
FBACTIONS. 

167 . When the equations are in fractidnal form, the fractions 
should be cleared first by multiplying every tterm by any common 
multiple of all the denominators. If the L. c. m. be employed, the 
equations will be expressed in most simple terms. 
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Ex. 1 . Solve the equation =ii+f. 

234 0 

Here, we first clear the equation of fractions, by multiplying 
'every term by 24, the L. c. M. of the denominators, and thus we get 

12;r — 8 X 2.r + 6 X 3 ;r = 264 + 32:, 

' or I2T- 16;r +18^^ = 264 + 32:. 

Transposing, 122; — 162: +182; — 3^: * 264. 

Collecting terms, ii2r = 264. 

Dividing by 11, 2: = 24. 


Ex. 2. Solve the equation—+~ = i -. 

3 ^ 

Multiplying both sides by 62:, 

14X22r+4x6=62r- 2r-i) 
or 282: + 24 = 62: - 2: + I. 
Transposing, 281: —62^+2:=— 24+i. 
Collecting terms, 232:= -23, 


Veriflcation. When 2:= -1, 

the left side= V+ 4 -*-(- 0 “ V“ 4 = 

j 3 

the right side = i — (— i - i )-r"(6 x - i)a‘i +2 + ( — 6) 

I---I*the left side. Q. e. d. 

Ex. 3. Solve the equation — -+ —— =16-. 

23 4 

Multiplying both sides by 12, the L. c. M. of 2, 3, 4 
6(2r+i)+4(2r + 2)=i92-3(2: + 3), 
or 6r+6 + 42r + 6= 

Transposing, 62r+4x + 32r— 192-9-6-8. 
Collecting terms, 132:= 169, 

. . ■*— T3f " *3* 

Veriflcation. When 2: -13, 

the left side-*-^+'*-^^-y + V -7 + 5 “i 2 - 

2 3 

the right side-a 16— ^^***^ — 16-^=16-4=12. 

4 4 ♦ 

a-the left side. Q. E. d. 
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Ex. 4. Solve the equation 

2 x*+x x*+x 3 a . + ^ ^* + 5^. 2 

-+ — 2“=;r*H-- - —+—. 

2 3 4 20 6 12 15 

Multiplying both sides by 60, the L. c. M. of the denominators 
and expressing the mixed number 215, as an improper fraction 
we get 

3o(3;r* +x) - 2o[2X* ^-x) +15(Ar* +x) — 129 

=6o;r* + +;r) - 5(jr* + 5;r) + 8, 

or 90La:* + 3ar-4o;r*-2o:r+i5;r* + i5jr- 129 

= 6 ox^ + lox^ + io;«: - 5:1:® - 25:1: + 8. 

.Transposing, we find that the terms involving ;r* destroy one 
-another (otherwise the equation would be a quadratic), and we have 
the result , 

3o;i:-20j«:4- iS^r- io.r + 25.ar= 129+8. 

Collecting terms, 4or«» 137, 

^=3io- 




matriculation algebra. 


io8 


17. 

19. 

21 . 

23. 

24. 

25. 
27. 

2a 

29. 

31. 

32. 

34. 


A* + 4 2 X ---1 „ . 

~ —+ . la 


7 4 


4 5 I2~5+— 


5r-6 8-5;r 

O 4 12 


X 2 .r J 2 24 ‘ 

2 f.r-i) .r -5 , 

2 3 4 " ' 6 ■'■53 


2.. 

22 . 


2 




;^8 

3 


it-*-5)+^(i5-2r) = i(9-jr)-i. 

K*+7) - i(ar - 7 ) ■= K-*-f 9) - - 9). 

2X 

- - + "* aa 

, J 4 2 

^ 2 j: + 5 ) + ^( 2 .r ' 5) - K 3 ^ + I)+i( 3 ;r - I). 

2 ;ir-q .r-^ ;i: ^ o 

2 ””~T~'+ 4 "* 6 =^+*' 33 . 5 +:^ II 

J 4 6 12 8 4^7°- 


5 - + "^^'+5-?f_3155 S-* „ 

^ 7 li 342^ 3 ~~° 


36. 
. 37. 

38. 
; 39. 

40. 

41. 


|»: + 3(ar-7)+|(,,+3)^,^. gj^ l(r-.)-Jt2-;r) + i(a + ,)_, 
■•IT — I 2j^ 2 

4;r-. = 4 r+ +24. (c. E. 1880.) 

4x^2 

3~ 3 5 ' ‘ 

■lZ?^- 3 _ •^+10. ^“2 


^(c. E. 1861.} 

. (M. M. 1883.) 

~~ “2 ")=,*]• *• '*72.) 

Llif 5 x _3 3 -Sr 

4 3 ~ '2 -r~- (C. E. 1866.) 

^+3 -^-3 ^+t; 4 r -7 

8 10 6 (m. M. (i88a.) 


-' = 5 -- -■ + 

245 4 

7x- 
4 
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42. = = 


9 


13 


(a. k. 1889.) 


^ X X- I X+f X 

43. — = 3 .— -+ -^ . (C. K 1891 .) 

5 2 5 10 


jir-i x-g ^ 3;r--2(r-2) i , 

44 . - - + --«4 . (c. K- 1864.) 

3 2 7 2 


45 . “=«(2:r + 57) + .l. (a. e. 1890.) 

(c. E. 187^8.) 
(C K. 1888.) 


Aft 4^+3 . 8;r+19 

9" ro8“ i8~‘ 


47 •^ + 3^_ ^+4i 


15 


25 


55 


40 -*^+5 . I ^ 2 \ 2 , . . 4 ^“I 4 X+iO , a 

*®- 6 + g\2*-s)~ + --3-’ + “o ' • 


m 

158 . .Sometimes, it happens that the L C. M. of all the deno¬ 
minators is too large to be conveniently employed. In such cases 
we may see whether two or three of the denominators have a simple 
common 'multiple, and get rid of their fractions first, observing to 
collect terms, and simplify as much as possible, cafter each step. 


Ex. 


Solve the equation 

+3_ x-12 3^1 ^-i^ 

w m A M J 


4^+3 

12 


Here, the L. C. M. of ail the denominators would be 132 ; but 
as 12 will include three of them, multiplying :by it, (having first 
changed to V)> we get 

*t?( 2^4- 3) - 4(^ - 12) + 3t3Jr +1) = 64 + 4^ + 3 . 
or ^?(22r + 3)-*42:-h48+9:«: + 3==64+4a: + 3. 

Hence, transposing and collecting terms, we have 

tt(2^ + 3)-4^+9^-4-^“64 + 3-48-3, 

or H(2ar + 3)+a: = i6. Now, multiplying by ii, 

12(2*+ 3)+ 11:^=176, or 24JP + 36+112:= 176. 


Transposing, 242:+112r= 176 - 36. 
or 352;- i4o^and /. 2r« Vs® “4- 
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Exercise LZIV. 


Solve the following equations :— 


1. 

2 . 

3 . 

4. 

5 . 

6. 

7 . 

8 . 

9. 

10 . 

12 . 

13 . 

14. 

15. 

16 . 


jr — 2 x--4 2X —2 


8 


12 


-2f. 


2 x- n -if-* ^ ^ 

= 8 + 7 -"- 


(C. E. 1869 .) 
(C. E. 1876 .) 


X-8 . X + 4 . X-t 23 -^ , _ . 

4 . —. (c. E. 1892 .) 


2 j:- 3 __ 3 ^ 1:-2 4 .y- 3 


5 


61 


12 




Sf^- 9 ) . 7''^- 0 9 ^^- 7 ) . 

2;i: — I ' 3 ;»: - 2 __ x— 12 ^+12 

15 16 "’18 24 ' 

74r + 20 3(3Jr+4) 3-*'+* 29-8^ 


8 


3 r. 

2 


16 


10 


20 


3\ 4 
3 Ar ~2 . 4 .y- 1 lox 


5 


+ 


g 5(^“9) + 3--- (M. M. 1891 .) 


9r~*lO 2i:-7__ 2X 5 +X .. 

II ~5 3 “ T3~‘ 

2 .r + 7 2X-7 5 3^+4 

27 15 6 20 


28.r —7 ior + S_ £ 


>5 


24 


or 

32 


- 21 5 7;r - 28 3' 9 - 7;r i 

— «6+ -5-* + 33-2-/-+- 


.r*-2j .r-3^ 22r*-3 ;r-s^ 

' 8 “ 3 “ 


(c. E. 1883 .) 


^-’- 3 - 3=4 -^+ 8 - (C.E.. 866 .) 

Zi±i+ 25 - ■ _ -5^19^ ?£:J_ 70 ,, ,88 ) 

23 10 5 15 3 


15 3 
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119 2 ( 2 a-x) , x — a i$fa+x) 

^ +_ 

18 2a-2(^- ;r) 4^-4(<i+Ar) ^ ^x-¥$(a-b) 

3 4 5 * 6' 

;r-« m-ia-^x) 3(w+;r) i^a+i6/// 

5 “* 24 “ i6 8o • 

30 . a|;«r-(2<i-3^)J-A{7«“5(-*^~2^)J = ,V|8(rt + iOir)- (2^-^)}. 


159 . To ensure accuracy in solving equations whose coefficients 
are decimals, it is advisable to express all the decimals as vulgar 
fractions, and proceed as before ; but it is often found more simple 
to work entirely in decimals. 

Ex. 1. Solve 7 ;r —3-35 = 6-4-3*2r. 

Transposing, 7 ^ + 3 ’ 2 ^=' 6*4 + 3‘35. 

Collecting terftis, (7 + 3’2);ir=975, or 3 9^®»9 

/. ^“975-*'3‘9=2-5, i.e,, x=^ 2 i. 


Bx. 8. Solfe,*i5;»r + 


’i35.y-‘225 *36 *09^: 


• ^ ‘ -6 -2 9 
Multiplying all the terms by 1*8, wc have 


• ’27x + ’4osx-‘67S'=‘y24--iBx + '^6. 

Transposing, •27;ir+ •405;r+•i8;r«‘675 + 3 24 + -36. 
Collecting terms, '8S5;r*a4‘275, 


/. .ar = 4*275-i.-8s5=.5. 



8 . 
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9 . 

X I X 

I 

-=0. 

(C. K. 1883.) 



•5 ’05 *005 

0005 


10. 

•02jr + 07 
* 5 ^'+ — - - 

‘07 

X +2 

- =9*5. 

9 

. (C. E. 1866.) 


11. 


-'I ) = i;r 

— - -+ ‘028. 

(p. p:. 1891.) 


•3 5 \5 

/ 

4 

12. 

^ 6 '2 

■9 

E. 1882.) 


160. Approximate Solutions. In tindin^ approximate 
values, if the first fiyurc neglected is 5 or more than 5 , increase l)y 
one the last figure retained (.See Arith., Art. 385.) 

In solving the equation, 7ar=33, 

dividing both sides by 7, = 4*714285. 

/, .r=s5, to the nearest integer, 

= 47 correct to one decimal place, 

= 471 .two.places, 

= 4714 .three. 

= 47143.four... . , 


Exercise LZVI- 


Find approximate values of x in the following equations 

1. 7(3-*'+9) —6(8ar + 4) = S(6jr“3), correct to the nearest integer. 

2. 5(;i:- 7) + 63= iSx’, correct to two decimal places. 

3. 9 {x-‘ i6)= i6(;r+4), correct to one decimal placed 
4- (x — 2)* = (.r — 5 )* + 7, correct to three decimal places. 

A {x^ 4)(jir + 4) = (x: — 9)(x + 9) +12Ar, correct to two decimal places. 

6. {x+^)ix -S)-x* =0, correct to the nearest integer. 

7. -= +5, correct to the nearest integer. 

4 7 


a 



correct to two decimal places. 


-p--—^ = 0, correct to two decimal places. 

234 
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10. + -*^-1 

^ ^ 7 14 ~J~+*3. correct to one decimal place. 

4f - ?(i4^- 3 1 ) = 5 - •’:r, correct to two decimal places. 


la. 

a ' .T ■*» 


correct to the nearest integer. 


Exercise LXVII. 

Miscellaneous Equations {Easy). 

.Solve the following equations - 

1 . 4 x+ 3 - 8 ^- 9 .(c. R ,86,). 8 2 r + .,- 7 ;r-, 4 . (C.B. ,86*). 

a . *-3 x-5 , 

3 IS 6 3--- —“§■ (C. E. 1870.) 

- 5. 4-:v55_ I 13 

6 3 ™ 42* ®’ 6|)=»J(54r-6). 

7 * 7 S-§( 22 f- 7 )-T' 5 (;i:_ 4 ),B 5 ^ _^(2jr-2). 
o fj"‘ 5 5Xi+r)+4(s-;r). (p. E. ,888.) 

W. ( 6 r+ 9 )«+( 8 ;.'_ 7 ,>_{.ar+ 3 ,,_ 7 , ^ 

11. '=-»- 4 [>r- 2 { 6 .r+ 7 (*:-S)}]-, 6 - 4 [ 3 x_ 2 {,_ 6 (,_,)jj 

19 {- 2 -i)('jf- 2 )(T- 6 )-(;r- 3 )». (M. M. 1881.) (C- 8 - 1893 .) 

13 . n?+*-)-^r- 4 iy+ 4 r)_|J/. (M. M. 1882.) 

14. t*+a(2»-jr)-Ji*=(*_ii)»4.a«. (p. g. ,gj-) 

15 4 (»-a)-i( 2 *- 33 )-Ka-*)«o. 

16 . («+ 3 -*)(«-#+x)+(a+ 4 r)( 3 +,)_^._o, („ j,, ^g^^^ 

«n 2jir V — 2 

17 . ~+ —*22r-7. (c. E. 1863.) 

5 ” ~~ 6 '^ + 4 =o« (C. E. 1875.) ’ 


a 

241 

72:+ I 

«5 

1 

^s. 

5 

3 

*7--jar 42 r + 2 

5 

3 

2r-(3ir 

- 2 ^- 5 \ 
10 / 


M.A.—8 
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i(jir+i)+i(;r-i)-i(3Jr-7)-'2- (C. E. 1890.) 
l(i.ar-2)-2(;r-3o)esJK;r-6)-7. (m. M. 1880.) 

+ .877.) 

5 3 

5 r£ + .„o. (c. E. 1900.) 

345° 

— |a) — j(^ —+ — 3 <*) — o. (c. E. 1859*65*) 

Find the value of x which makes the two expressions 
(3;r+ i)(2r - 7) and 6(;e' — 3)* + 7 equal. 

What value of x will make the expression 

5;r-(4^-7)(3r- 5) equal to 6-3(4^^-9)(ar-1) ? 
What value of x will make 

I 

2;ir-3 AX-(> . 6;r+i6 - 

-^ ^ -^ -equal to zero ? 


-*£- 3-+ 

5 3 


> 


What do you deduce about the equation , 

(2^-3K3-»^“4)-(6^-5)(j:-2) ? 

What value of a will make the product of 3 —8a and 3a+ 4 
equal to the product of 6a + ii and 3 —4a ? (B. M. 1891.) 

Find the approximate value of x in the following equation 

■r— ^} correct to two decimal places. 

•7 '35 

Solve the following equations :— 

3 ^^36 ~ 5 ~ * 

3^-|(l+^). i -\ x _ 2 l + ^{ x ~ i ) 

+ ____J . 

. 19^+3 5£zilJ^ 28 -- 

2$ 7 “ 4 “ 7"* 21 • 

ar-i|# 2-6^ 5^-l('^-3^) 

~r~ "*■ 39 

- “ 3f “ 11 n 

7x+6^ iijf-jU- 3^ + 1 43^-♦(3-8^) 

10 12 "* 5 22 ' 

4zr - i(jr - 2) - [ 2 .r - (ix --AUfi - +4 )))j - i (^ + 2). 
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42 . V(«+-af)}- 

3^-2, 4X-I lOX , , X , ON 

43 . o_ ^ -- - = 5(^-9) + 3-.,^ . (M. M. 1891.) 

41 . x -^—? = . (M. M. 1883.) 

245 4 

6 .r 4 -l 8 5 ii- 3 X „ 13—:«r 21-2X x • 

*®- 13 -4^- -^“5»-48- - -g-. (M.M. 1865.) 


17. 8 TKBOI 1 IOAL EZPBESSIOir. 

161 . The principles of Algebra are largely employed in solving 
problems of various kinds, but the chief difficulty lies in representing 
symbolically^ i. c.j in algebraical form the statements containing 
relations of quantities expressed in ordinary language. This process 
of representation is called Symbolical Expression and we give 
here a few instances illustrating its use. 

(1) The excess of 9 over 5 is 4, for 9-5 is 4. 

So the excess of x over 5 is ;r — 5, 
and the excess of 9 over ;r is 9 - 

(2) The defect of 7 from 10 is 3, for 10-7 is 3. 

So the defect of x from 10 is 10-x 

(3) The number which is 5 greater than 7 is 12, for 7 + 5 is 12. 

So the number which is 5 greater than ;r is ;r -h 5. 

(4) The number which is 5 less than 7 is 2, for 7 - 5 is 2. 

.So the number which is a less',than x\sx — a. 

(5) If S is one part of 15, the other part is 10, for 15-5 is 10. 

So if X is one part of i|, the other part is 15-je. 

^6) If S is one factor of 15, the other factor is 3, for V is 3. 

I g 

So if x is one'factor of 15, the other factor is —. 

•’ X 

t7) 2 X 5 is a number which is double of 5. 

So 2 X 2; or 22; is double of x. 

Similarly, is treble of x and so on. 

<(8) 9 oranges at 2 pice each, cost (9 x 2) pice. 

So X oranges at 2 pice each, cost {x x 2) pice or 2x pice. 
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(9) 5 rupees and 9 annas=(5 x 16 + 9) annas. 

So X rupees and annas —{i6;r+j/) annas. 

(10) 3 rupees + 5 annas + 8 pies«(3X 192 + 5 x 12 + 8) pies. 

So X rupees+_y annas+sr pies=(i92;r+ 12/+2") pies. 

ii) A man who walks 4 miles an hour walks (6 x 4) miles in 6 hours. 
So he walks {x x 4) or 4x miles in x hours. 

Also he walks 29 miles in V hours. 

So he walks y miles in hours. 

4 

(12) If /?j.2obe equally divided amongst 6 men, each man gets 

So if X Rs .6. Rs.^. 

o 

X Rs. .Rs.-, 

(13) An even number is a number which is divisible by 2. 

if .*• be any whole number, 

2;r is an even number. c 

So if X is any whole number, 

2 X +1 and 2 X-~ i are odd numbers. 

Ez. 1 . Write down three consecutive numbers, the middle 
one of which is x. 

Consecutive numbers differ from each other by i. 

If the middle number is .r, the next greater number is i greater 
and* is thus x + i. 

Also the next smaller number is less than .*■ by i, and is thus 
x^i. ^ 

Hence the three numbers are 1, 2: and x+ r. 

/ 

1 ^. 2 . The difference of two numbers is x and the less of 
them is 8 ; what is the other ? 

The greater number —the smaller number oijr, 

/, the greater number-Sea2r. 

/, the greater number “.r + 8. 

. Ez. 3. A man is now x years of age ; (i) how old will he be 

in 8 years ? (2) how old was he 10 years ago ? (3) how old was he 

jf years ago ? (4) how old will he be s years hence ? 

# 
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(1) 8 years hence his age will be 8 years more than now, and 
now his age is x years. 

his age will then*;ir years+ 8 years =»(jr + 8) years. 

(2) 10 years ago his age was 10 years less than now. 

/. his age then= 4 r years - 10 years =* (;r -10) years. 

(3) y years ago his age was j years less than now. 

/, his age then=jr years-j/ years (jt— j') years. 

(4) In 5r years’ time his age will be years more than now. 

Hence his age will then=;r years+ar years "-(-r-l-ar) years. 

Ex. 4. A man had originally Rs.1.0 in his pocket ; he spent 
Rs,x^ lost Rs,y and had Rs.z given him. How much has he left ? 

After spending Rs.x^ he had /?f.(20-Ar) left. 

Then after losing Rs.y^ he had left Rs.{%o-x)~'Rs.y^ i. e., 
Rs.{zo—X“‘y). * 

Then after receiving Rs.Zj he had /?j.(2o-;c —+ i. 
Rs.{2o-x—y-\-s). 

Ex. 5 . A*<'jnd B commence to gamble; to begin with they had 
respectivelyand Rs.y. A wins /?j.iofromB; what has each 
at the end ? 

At the beginning A had Rs.x. 

After winning Rs.xo from B, he has Rs.x-^Rs.io^{x-Vio)Rs. 

Also after losing Rs.io., B has Rs.y --Rs.\o^{y ^ io)Rs. 

Exercise LXVIII. 

1 . What number exceeds a: by 9 ? 

2 . What number exceeds 9 byjr ? 

3. What number is less than ^ by 16 ? 

4. What number is less than 16 hy xl 

5 . One part of;r is 15 ; what is the other part ? 

6. One part of 20 is ;i:; what is the other part ? 

7 . By what must 6 be multiplied to make a ? 

8. What number multiplied by x will give 35 ? 

9 . What number divided by x will give 20 ? 

10 . By how much does x exceed 7 ? 

11 . The sum of two numbers is and one of them is x; ; what 

i s the other ? * 
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12. The difference of two numbers is I 2 and x is the greater 
what is the other ? 

13 . The sum of two numbers is x and one of them \sy ; what 
is the other ? 

14 . The difference of two numbers is x and the less of them 
is 9 ; what is the other ? 

15 . The sum of three numbers is 75. One of them is x^ 
^another y ; what is the third ? 

16 . How many times is x contained in 80 ? 

17. How many times is x contained in 3y ? 

18 . If X oranges cost 9 pies, what is the price of one ? 

19 . By how much does 15 exceed ? 

20 . If a book costs 9 annas, how many can be bought for 
y annas ? How many for z rupees ? 

21 . The sum of 15 equal numbers is 75:1: ; what is the value of 

each number ? < 

22 . If there are 7 numbers each equal to a, what is their 
product ? 

23 . If there are x numbers each equal to w,f what is their 
product ? 

24 . If X books of equal value cost^ Rupees, what does each 
cost ? 

f 

25 . The sum of two numbers is 2a + 5^ and one of them is 
i what is the other ? 

26 . I am ;r years old now ; how old shall I be in 5 years ? How 
old was I »io years ago ? 

■ 27 . Find a number half as much again as x } 

28 . If I walk X miles in 9 hours, how many do I walk in one 

hour ? How long do I take to walk one mile ? w. 

29 . If I can walk x miles in y days, what is my rate per day ? 

30 . What is the price in pence of x eggs at six-pence a score ? 

31 . What is the price of x mangoes at 13 annas a dozen ? 

32 . If eggs sell at x annas a dozen, how much does each egg 
cost ? How many will you get for_y Rupees ? 

33. If 5 lbs. of sugar cost 12 annas, what will x lbs. cost ? 

34 . How many days must a man work in order to earn 20 
Rupees at the rate of 5 annas a day ? 

35 . If I spend x shillings out of a sum of £7, how many 

shillings have I left ? , 
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39. If 35 contains x five times, what is the value of ;r? 

37. What is the cost of x articles at y shillings each ? 

38. A man has x crowns and y florins, how many shillings has 
he ? How many pounds ? 

39. The sum of two numbers is + y; one of them is x ; 
what is the other ? 

40 . By how much does "^x^y exceed ? 

41 . What number added to a — 5^ will make a4>2d ? 

42 . I walk X miles at the rate of y miles an hour ; how many 
hours do I take to do it ? 

43. How far can I walk in p hours at the rate of q miles an 
hour ? How long shall I take to walk qx miles ? 

44 . What is the daily wages in shillings of a man who earns 
15 Rupees in x weeks, working 6 days a week? (One rupee=iJ. 6</.) 

45. Write down three consecutive numbers of which x is the 

least. ^ 

46 . Write down three consecutive numbers of which x is the 
greatest. 

47. Write down four consecutive numbers of which x is the 

least. * • 


48 . Write down five consecutive numbers of which x is the 
middle one. 

49 . 'fhe greatest of four consecutive numbers is jr+3 ; what 
are the others? 

t 

50 . What is the next odd number after 2;r -1 ? L— 

51 . What is the even number next before *2X ? 

52 . Write down three consecutive even numbers, the middle 
one of which is 2x. 


53 . A purse contains £0^ b shillings, and c pence ; what is the 
total amount of pence in it ? 

54 . In 2 x years a man will be a years old, what is his present 
age ? How old was he y years ago ? 

55 . In 8 years a boy will be x years old ; what is the present 
age of his father if he is twice as bid as his son ? 

56 . How matiy miles can a man walk in 25 minutes if he walks 
X miles my minutes ? 

57 . How long will it take a man to walk x miles if he walks y 
miles in p hours ? 

68 . A man travels ;t: miles by boat and y miles by train, how 
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long will the journey take if the train goes 40 miles and the boat 8 
miles an hour ? 

59 . How far is it from A to B if a man, bicycling at the rate 
of 6 miles an hour, does the journey in^ hours ? 

60 . A square has sides x feet long; what is its area ? 

61 . What is the area in square feet of a room x feet long and 
y feet wide ? 

62 . A room is x feet long, y feet broad and z feet high ; what 
is the total area of the door and four walls ? 

63 . If X men do a piece of work in 5 hours, how many men will 

be required to do the same work in y hours ? 

« 

64 . What is the remainder if x divided by y gives a quotient z ? 

65 . What is the number which when divided by x gives a 
quotient y and remainder z ? 

66. What is the quotient if when x is divided by y there is a 
remainder z ? 

67 . A man has x Rupees in his pocket, he pays away 14 annas 
and receives 9 pies ; express in annas the sum he ha»left ? 

68. A horse eats x maunds a week. How many days will it 
take him to eat 56 maunds ? How many days will it take^ horses 

to eat the same amount ? , 

* 

69 . A train travels at the rate of x miles an hour ; how many 
yards does it go per minute ? 

70 . ^ How old is a man now who x years ago was m times as 
old as his son, who is^ years old at the present time ? 

Express the following statements in the form of equations :— 

71 . When ^ is divided by the quotient is ii^and the re¬ 
mainder 5. 

73 . A man is x years old, and his son y years younger. The 
sum of their ages is m years. 

73 . A has j^x and B hasy shillings ; after A has won 3 shillings 
from B, each has the same amount. 

74 . The excess of x over 50 is^. 

75. The fifth part of .r-7 is equal to the ninth part of 2^+3. 

76 . The product of three cpnsecutive numbers, of which x is 
the middle one, is a*. 

77 . There are x pence in ;£a, b half-crowns and £ shillings. 

7 a The area of a room a ft. long and b fr. wide is x square yds. 
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79 . The product of x and y is five times the excess of a over b. 

80 - A is years old, B is lo years older. The sum of their 
ages is p. 

81 . y exceeds one-quarter of x by 20. 

82 . A boy possesses x marbles and he buys^ more on each of 
7 consecutive days. He had finally a marbles. 

83 . An army had jr men originally, it lost one quarter of its 
men in an action, y men died of their wounds after the battle and 
600 men deserted. There were a soldiers left. 

84 . The simple interest of a Rupees for p years at 3 per cent. 

is X. 

85 . The cost of x mangoes at y annas a-piece is b Rupees. 


V. USE OF FORKULAE. 

163 In this Section, we shall illustrate the use of certain 
Formulae, {i.e. relations between the dimensions of a figure), by 
the solution of some typical Examples. 

In other ^ords a formula is an equation. In all branches of 
Mathematics we eome across formulae, and it is essential that the 
student should become proficient in the use of them. 


(i) If A represent the area of^a triangle on a base b and of 
height then the relation between the quantities A, b and h is 
expressed by the equation 


A«^M 


( 1 ) 


(2) If C represent the circumference of a circle and r the radius, 
we have the relation 

C=2‘?rr, where » « V.( 9 ) 


(This is only an approximate value of *^.} 

(3) The area (A) of a circle of r feet radius is given by the 
formula 


A-wr*...(3) 


Ex. 1. Find the area of a triangle of base 2 ft. 3 in. and height 
3 feet. 

If A denote the area, substituting in formula (i), 

AMl^X2i X3 sq. ft. 

» 4 X J X 3 sq. ft. ■■ V sq; ft.*« 3f sq. ft. 
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Ex. 3 . Find the circumference of a circle whose radius is 
15 ft. 9 in. 

If C denote the circumference, substituting in formula (2), 
C-2irx isl feet 
a» 2 X V X V feet, (for V) 

= 11x9 feet=99 ft. 

Ex. 3 . Given that the circumference of a circle is 264 feet in. 
length, find its radius. 

If r denote its radius, 2irrs» 264 ; 

/. 2XVV-264, 

. .. 7X264_7XI2- 


2 X 22 


ft. =>42 ft. 


Ex. 4. Find, to the nearest tenth of a square inchi the 

area of a circle of radius 4 inches. 

If A sq. in. denote the reqd. area, suiistituting the values of » 
and r in formula (3), 

A-Vx(4)»-Vxi6«AJ^a 

a 50*28...sq. inches ' 

= 5o'3 sq. in. (to the nearest tenth). 

(4) The area (A) of the ^oor of a room whose length is /, and 
breadth by is expressed by the equation 

A=/x^ .(4) 

(5J The area (A) of the walls of a room whose length is h 
breadth h and height A, is given by the formula 

A«2 A(/+^).(5) 

Ex. 5. Find, to the nearest inch, the length of a room 
whose area is 1737 sq. ft and breadth lo ft. 6 in. 

If I denote the length, substftuting in formula (4), 

i 73 i-/xioJ; 

/• lift* 

ft. “ 16*52,..ft. 

■c* 16 ft. 6 in. (to the nearest inch). 

(6) If S represent the distance gone in t seconds at the rate,, 
or velocity, of v feet per second, the relation between 8, v and t 
is expressed by the formula 

S-7//...(6) 
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(7) If a body falls freely under the acceleration, of gravity 
for t seconds, the space S (in feet) it falls through is given by 
the equation 

® where ^-32.(7) 

(8) If a body, starting with a velocity of u feet per second^ 
and moving under an acceleration acquires a velocity of v ft. 
per second in t seconds, the relation between the quantities is 
expressed by the formula 

v^u+ft .( 8 ) 

Ex. 6< Find the space a body under the acceleration of gravity 
falls through in 3 seconds. 

Let S denote the space in feet. 

Substituting in formula ;.7) 

S =s IX 32 X 3* ft., (for 32) 

~ 16x9 ft. a 144 ft. 

Ex. 7. Find the velocity in feet per second of a body, which 
covers a distance of 600 yards in 15 seconds. 

If ^ denote tl^e velocity in feet per second. 

Substituting in formula (6) 

600x3* vx *5 » 

• , 600x3 , 

,, 120 ft. pcr second. 

(9) The volume (V) of a cylinder on a circular base whose radiu» 
is r and height is given by the formula 

V where »=■ V.( 9 ) 


(10) The volume (V) of a cone on a circular base of radius r and 
height kf is given by the formula 

V = where w- V.( 10 ) 

(11) The volume (V) of a sphere of Adius r, is given by the 
formula 

V * where » * y.( 11 ) 

f 

Ef 8. The volume of a cylinder on a circular base of radius 
3 feet is 198 cub. ft.; find its height. 

If h denote the height, substituting in formula (9} 

I98mVx3*x^ (forir*V) 


h 


198x7 

^2x9 


ft. 


7 ft. 
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Ex. 9 . Find, correct to two decimal places, the volume in 
•cubic feet of a sphere of radius 3 feet. 

Let V denote the volume in cubic feet. 

Substituting in formula (ii), 

V =aS X V X 3 ^ (for V) 

«= $ X X 27 cub. ft. ^ 

= cub. ft. “ 113 1428.cub. ft. 

■•Ii3’i4 cub. ft. (correct to two dec. places). 

(12) If a number A is divided by B, giving Q as the quotient 
and R the remainder, we get the important formula 

A-BQ + R.( 12 ) 

Ex. 10 . Find fife number which, when divided by 23, gives a 
•quotient 18 and a remainder 12. 

From formula, A = 23X 18 + 12 

=4I4 + I2>-426. 

(13) If in a series of numbers the numbers ir\crease by regular 
intervals, their sum is given by the formula 

S = Jl2a+(«-i)rf}.....( 13 ) 

where S denotes the sum, » the number of tet;ins, a the first 
term, and d the common difference. 

(14) The sum (S) of the squares of the first n natural numbers 
is given by the formula 

* fi — ?) 

6 


.( 14 ) 


Ex. 11 . Find the sum of the consecutive nutters from 9 to 
3 f inclusive. ^ 

Here a = 9, d^ \ and n = 2^. 

Substituting in formula (13), we have 

S-V{ 2 X 9 +( 23 -l)Xl}« V(*8 + 22) 

— V X 40■■ 23 X 20^460. 

Ex. 12 . Find the sum of the squares of all numbers from 7 to 
.21 inclusive. 

Substituting in formula (14), we have 

i*+2*+3* +.+2I*»JX2t X22X43-33II. 

andi*+2*+3* +.+ 6*«ix6x7x i3«9i. 

Hence the reqd. sum—3311 - 91 ■■ 3220.* 
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(15) If a and b be the lengths of two sides of a triangle, which 
contain a right angle, the third side (hypotenuse) c is obtained from 
the formula 

+ .( 15 ) 

Note. The above may be written, c*-'a*^b*y or — 


Exercise LXIX. 

1. Use formula (i) above to find— 

(i) The area, when the base is 26 ft. and height 11 fl. 

(ii) The height, when the area is 152 sq. ft. and base 19 ft. 

(iii) The height, when the area is 36 sq. ft. and base 10 ft. to 
the nearest inch. 

<iv) The base, when the area is 100 sq. ft. and height 2 ft. 6 in. 

2 . Use formula (2) above to find— 

(i) The circumference, when r is 17 ft. 6 in. 

(ii) r, when the circumference is 3 ft. 8 in. 

(iii) The circtAT^ference, when r is 31^ ft. 

(iv) IT, when^ 0=»i8 85 in. and ^”=3 in. correct to two places of 

decimals. 

■ 

3. Use formula (3) above to find— 

(i) A, when ^=*7 ft. (ii) A, when rs=i6 yds. 2 ft.- 

(iii) f, when A = 150 sq. inches, and when A =*400 sq. in. 

(iv) A, when ^ — 5} inches. (v) A, when 0 = 700 ft. 

4. Use formula (4) above to find— 

(i) A, when /= 15 ft. 6 in. and ^ — 9 ft. 

(ii) /, when A = ii2 sq. ft. and^^—9 ft. to the nearest inch. 

(iii) when A=43 sq. ft. and /■■jfyds. 2 ft. 

(iv) A, when /“6 yds. i ft. and b•>■^ yds. 2 ft. 

5 . Use formula ($) above to find— 

(i) A, when /= 16 ft., ^«i2ft. andA= 9 ft. 

(ii) A, when 18 ft., ^=12 ft. and 10 ft. 

(iii) A, when A = 560 sq. ft., 16 ft. and ^ = 12 ft. 

(iv) hy when A=650 sq. ft., /«18 ft. and ^ -14 ft. correct to two* 

places of decimals. 
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6> Use formula (6) above to find— 

(i) S, when ft* /=*io seconds. 

(ii) t in seconds, when Ss miles and V'm6o miles per hour. 

(iii) V in. ft. a second, when S = 5 miles and hour. 

(iv) S in yards, when ^/s>8o miles an hour and hour. 

(v) V in. ft. a minute, when 80150 yds. and min. 

7 . Use formula (7) above to find — 

(i) S, when /sa6 secs. (ii) S, when /■•12 secs. 

(iii) /, when 85=784 ft. (iv) /, when 8»i44 ft. 

(v) /, when 8 = 1264 yds., to the nearest second. 

8. Find the velocity of a body in 14 seconds if it starts with 
a velocity of 5 ft. per second and moves under an acceleration 4. 

9 . Use formula (9) above to find— 

(i) V, when 3 ft. and A —7ft. 

(ii) V, when 5 ft. 4 in. and ^=6 ft. 45 in. 

(iii) A, when V = 5o cub. ft. and r=5 ft. 4§ in. 

(iv) f, when V = 2o cub. ft. and //=4 ft. 7* y. 

10 . Use formula (10) above to find— 

(i) V, when ^=3 ft. and ^ = 5 ft. 6 in. 

(ii) r, when V=693 cub. ft. .and ^=7 ft. • 

(iii) A, when V«>495 cub. in. and r = 5 in. 

11 . Use formula (ii) above to find 

*(i) V, when r<^s ft. (ii) r, when Vs»63o cub. ft. 

12 . A certain number when divided by 28 has a quotient 13 
.and a remainder 25. Find the number. 

% 

13 . Find the dividend when 19-2 is the divisor, 93 the quotient 
and 177 the remainder. 

14 . Find the sum of fhe series :— 

(i) 3> 9» ..to *3 terms. 

(ii) 21, 18, 15.j..to 17 terms. 

(iii) 32, 29, 26,. to 50 terms. 

(iv) I, 8, ..to 40 terms. 

15 . Find the sum of:— 

(i) The first 45 even numbers, (ii) The first 25 odd numbers 

(iii) All the odd numbers between 40 and 90. 

(iv) The first 21 numbers each of which is divisible by 4. 
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16 . Find the sum of :— 

(i) The squares of the first 20 natural numbers. 

(ii) The squares of all numbers between 12 and 35. 

(iii) The squares of all the numbers from 17 to 31 inclusive. 

17 . Use formula (13) above to find— 

(i) </, when S — 507, <a = 3, «=I3. (ii) when 8=297, a=2, « —11. 
<iii) a, when S —5500, </=*-7, ««=4o. (iv) a, when S = — 36, </=2, ff = i2. 

18 . Find the sum of the first 31 natural numbers. 

19 . Find the sum of all numbers from 15 to 49 inclusive. 

20 . Which of the triangles whose sides are of the followinj^ 
lengths will be right-angled ? 

(i) 13, 12, 6 ft. (ii) 50, 48, 14 in. (iii) 4-5, 6, 7*5 in 


VI. EAST PROBLEMS. 

% 

163 . We shall now apply the methods explained in the above 
and preceding Sections to the solution of many entertaining problems, 
and thus exhibit^ to the student specimens of the practical use of 
Algebra. ■» 

In treating these problems, however, after having observed the 
methods used in the following examples, the student must be left 
very much 'to his own ingenuity, as no general rule can be stated 
for their solution. The only advice that can be given is to read over 
carefully and consider well the meaning of the question proposed ; 
then it will always appear that some quantity, at present unknown, 
is required to be found from the data furnished by it : put x to 
represent this quantity, and now set down in algebraical language 
the statement made in the question, using x whenever this unknown 
quantity is wanted in it. We shall thus (in the problems we are 
now considering) arrive at a simple equation, by means of which the 
value of X may be found. 

« 

Ex. 1 . Find two numbers whose *sum is 31 and whose differ¬ 
ence is 5. 

Let X be the smaller number, then at+S is the greater. 

Their sum is ^+(;r + 5), which is to be equal to 31. 

Hence, ;r+Ar+5 = 3i ; 

2;r+5=31, or 2^*31-5«26 • 

;ir—13 and ar+5 = l8. 

Thus the numbers are 18 and 13. 

. VerifloatioiL i89H3«3i and i8-i3«5. q. e. d. 
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Ez- 3 . The sum of two numbers is 20 ; and if three times the 
smaller be added to five times the greater the sum is 84. Find the 
numbers. 

Let X be the greater number, then 20^x is the smaller.- 
Five times the greater is sx and three times the smaller is 3(20 —;r) 

Their sum is St + 3(20-x), which is to be equal to 84. 

Hence, 5r+3(20-:i')=84 ; 

5a: + 6o-3r = 84, or 5;r-3r=»84 —60 ; 

/, 2Jr=»24and /, ;ir = i2, and 20-;ir = 8. 

Thus the numbers are 12 and 8. 

Ez. 3 . What number is that to which if 8 be added, one-fourth 
of the sum is equal to 29 ? 

Let X represent the number required 

Adding 8 to it, we have x + Sy one-fourth of this is i(jr-l-8), and 
this is equal to 29. 

Hence, \(x + S) = 2<) ; 

Multiolying by 4, ;r-f-8 =» 116, 

/, x^ 116-8= 108. 

Thus the required number is 108. 

Ez. 4. What number is that, the double of which*exceeds its 
half by 6 ? 

Let AT—the number. 

Then the double of x is 2x and the half of x is ^x. 

Hence, 2x — ^x^6 ; 

Multiplying by 2, 4^: —jt:** 12, or 12. 

■ • ^=* 4 ‘ 

Thus the number required is 4. 

Ez. 5. A cask, which* held 270 gallons, was filled with a mix¬ 
ture of brandy, wine and water. There were 30 gallons of wine in it 
more than of brandy, and 30 of water more than there were of wine- 
and brandy together. How manyVere there of each ? 

Let ;r=» number of gals, of brandy ; 


then ;ir4‘3o».wine, 

and 22:4.30 «.wine and brandy together.. 


22:4-30-1-30 or 22:4-60=no. of gals, of water ; 
but the whole number of gallons .ivas 276. 
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Hence, x+{x + 3o)+(2x+6o)^270. 

/. 4;«: = 27o-9o*i8o ; /. 4r*45 ; 

and:r+3o=75 and 2J»r+6o=i5o. 

Thus, the no. of gals, of brandy «i45, wine = 75 and water=150. 

£z. 6. How old is a man whose age 10 years ago was 
three-eighths of what it will be in 15 years ? 

Let X be the required age in years. 

Then 10 years ago, his age was (x-10) years and 15 year:; 
hence his age will be Li^ + 15) years. 

Hence, x— io = iJ(;r+ 15). 

Multiplying by 8, 8.v-«8o=3,r-h45 ; 

8jr-3;r-80-1-45, or 5:ca=i25 ; 

^=25. 

Thus the age of the man is 25 years. 

£z. 7 . A sunt of ^£50 is to be divided among A, Band C, so 
that A may have* JI3 guineas more than B, and C ;^5 more than A ; 
determine their shares. 

In questions of this kind it is of essential importance to have all 
quantities e^lpressed in the same denomination ; in the present 
instance it will be convenient to express the money in shillings. 

Let ;r=B’s share in .shillings ; 

Since 13 guineas=273 shillings and ;^5=»ioo shillings, 
jr-p273 —A’s share, and (,ar-t«273) +100 or 2r + 373 = C’s. 

Hence, (,ar + 273)4’,*‘-KAr-i-373)—iooo ; (for £30^10005.). 

/, 32f-|-646= 1000, or 32:= 1000-646 = 354. 

/, .r-118 and :r-h273 = 3Q4, and x + 373-^^i. 

Thus, A’s share“»39ij. = ;^i9. lu. 


B’s.-iiSj. — i; 5. i8j. 

and C’s. —49iJ. = ;^24. lu. 


Ez. 8. Two trains, one of which travels half as fast again as 
the other, start at the same time from two places 300 miles apart, anc 
meet in 5 hours. Find their rates of travelling. 

Suppose the slow train travels x miles an hour, 
then the fast...?.'.. ix^ ^x) or |,r. 


M.A.—9 
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In 5 hours, the slow train goes 5x miles 
.fast train goes 5 x fjr miles. 

But the total distance travelled by both in 5 hours is 300 miles. 

Hence 5^+5 x|;r-= 300 ; 

Multiplying by 2, iOjr+i5Jir«»6oo, or 25;rB6oo. 

;i:=24 and X 24*=36. 

Thus the trains travel 24 and 36 miles per hour. 

Ez. 9 . A, B, C divide among themselves 620 apples, A taking 
4 to B’s 3, and 6 to C’s 5 ; how many did each take ? 

Let ;ira=A’s share. 

Then |;r*=B’s share and —C’s share. 

Hence, x+^x+^x=62o ; 

Multiplying by 12, l2Ar+9A:+io:ir=»7440 ; 

/. 31^=7440, and x=uo, 
and fATsaiSo and ix^ 20 O. 

Thus the shares of A, B and C are 240, 19 o and 200 apples 
respectively. * 

Alternative Solution. 

We might have avoided fractions by assuming I2;r for A’s share, 
when we should have had 92:=B’s, and lo^rssC’s. 

Hence, 122:4-92:+icvr*620 ; whence x^2o. 

Thus the shares are 240, 180 and 200, as before. 

164 . It will sometimes be found easier not to put x equal to the 
quantity directly required, but to some other quantity Involved in the 
question ; by this means the equation is often simplified. 

% 

Ex. 10 . A person bought a* number of oranges for 3J. and 
finds that 12 of them cost as much over 5rf. as 16 of them cost under 
2S. bd. ; how many oranges were bought ? * 

Let X be the price of an orange in pence. 

Then 12 oranges cost 122: pence and 16 oranges cost i6;r pence. 

Hence, 122: —5 ■=30 —162:; (for 2 S, bd. ^sod.) 
i 2 x+Jbx =30 + 5 ,or 282:»=35 ; 

Thus the price of an orange is i^d., and the number of oranges w 
■45♦ 1^-36 ; (for 3f. gd.:^4Sd.). ^ 
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Exercise LXX. 


1 . What two numbers are those, whose sum is 48 and difference 

'22 ? 

2 . What number is that, to which if 7 be added, twice the sum 
will be equal to 32 ? 

At an election where 979 votes were given, the successful 
candidate had a majority of 47 ; what were the numbers for .each ? 

'i/i. The sum of the ages of two brothers is 49, and one of them 
is 13 years older than the other : find their ages. 

M 5 . What number is that which exceeds its sixth part by 10 ? 

< 6. The difference of two numbers 1554, and their sum is 88. 
What are the numbers ? 


. 7 . The sum of two numbers is 100, and the greater exceeds 
three times the less by 4. Find the numbers. 

8. Thr^c times a ceri^iin number e.xceeds 50 by as much as its 
double falls short of 40. What is the number ? 

V 9. Divide /ils.140 among A, B and C, so that A may have 
twice as much as B, and B three times as much as C. 

' 10 . Find a nurflber such that its half, third, and fourth parts 
shall ^ together greater than its fifth part by 106. 

\yli. Divide 150 into two parts, so that one of them shall be two- 
thirds of the otlier. 

12 . There is a number such that, if 8 be added to its double, 
the sum will be five times its half. Find it. 


13 . A bookseller sold 10 books at a certain price, and afterwards 
15 more at the same price, and at the latter time received Rs.17. 8 a. 
more than at the former : what was the price per book ? 

14 . divide 87 into three parts, such that the first may exceed 
the second by 7, and the third by 17. 

' 15 * Find a number such that if increased by 10, it will become 
five times as great as the third part of tfie original number. 

16 . Find a number such that, if 10 be taken from its double, 
and^ from the double of the remainder, there may be 40 left. 

'""^' 17 . Find a number whose half ii as much less than 100 as its 
double is greater than 99. 

>18. Find a nuijiber such that, when diminished by 3, one-fourth 
of the remainder may be greater by 2 than one-fifth of the original 
number. 

'”^ 19 . The sum of two numbers is 35 and their (difference exceeds 
one-fifth of the smaller nurpber by 2. Find„the numbers. 
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20 . Find two consecutive numbers, such that one-half and 
one-fifth of the first taken together are equal to one-third and one- 
fourth of the second taken together. 

\ 21 . A is twice as old as B ; twenty-two years ago he was three 
times as old. Required A’s present age. V 

22 . A and B began to play with equal sums ; A won Us. 30* 
and then 7 limes A’s money was equal to 13 times B’s*: what had 
each at first ? 

23 A spent in oranges, and says, that 3 of them cost 

as much under 8a., as 9 of them cost over 8a. ; how many did he buy 

24 . A market woman being asked how many eggs she had, 
replied, if I had as many more, half as many more, and one egg 
and a half, I should have 104 eggs ; how many had she ? 

25. A and B play together for a stake of ^j.5 ; if A win, he 
will have thrice as much as B, but if he lose, he will have only twice 
as much. What has each at first ? 

26 . A is twice as old as B, and seven years ago their united 
ages amounted to as many years as now represent the age of A. 
F'lnd the ages of A and B respectively. 

27. The sum of the a><es of two persons is^now 46 jears, and 
the difference of their ages 10 years ago was *12 years. Find the 
present age of each. 

28 - A father is 30, and his son 2 years old. In ho^ many ycais 
will the father be eight times as old as his son 

29. How much money have I in my purse when a fourth and 
fifth of it together make a guinea ? 

.30 'I’wo boys have 240 marbles between them ; one arrange 
his in heaps of six, and the other- in heaps of nine ; the whole numbei 
of heaps thus got is 36. How many marbles has each boy ? i 

31 . Divide jRs.6^o among three persons, so that the first may 
have three times as much as the second, and the third, one-third as. 
much as the first and second together 

32 . Two sums, of money are together equal to ;^54. i2j., and 
there are as many pounds in the one as shillings in the other. What 
are the sums ? (c. E. 1885 and E. *1895.) 

33. Divide >?j.iooo among A, B and C, so that B shall have 
Ms.ioo more than A, and A four times as much as C. 

34. A had20 more than B, and after e^ch has spent5, 
A has five times as much as B. What had A and B at first ? 

35 A house and garden cost 10,000, and ten times the price 
of the house was equal to fifty time's the pr^e of the garden. Find, 
the price of each. 
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36 > The sum of j^7. jj. bd, is made up of a number of half- 
sovereigns, three times as many florins, twice as many shillings, and 
five times as many six-pences. Find how many coins there are in all 

37 . A person buys four horses, for the second of which he gives 
120 more than for the first, for the third A’jfio more than for 
the second, and for the fourth A*x.20 more than for the thi>d. The 
sum paid for all was ■^j,2300. How much did each cost ? 

^ 38 . If I subtract from the double of my present age, the treble 
of my age six years ago, the result is my present age. What is my 
present age ? (A K. 1893.) 

' 39. A is twice as old as B and 4 years older than C. The sum 
of the ages of A, B and C is 96 years. Find B’s age. (c. E. 1866.) 

40 . I bought 25 yards of cloth for Rs.it.i. Sa.; for a part I 
paid Rs. 8 . 8 a. a yard, and for the rest Rs.g. 8 a. a yard ; how many 
yards of each were there ? (c. E. 1859.) 

41 . A labourer is eqgaged for 30 days, on condition that he. 


receives 2J.per ,.eaph day he works, and jo 8S & u^for each day 
he is idle ;'he receives'^2. ys. in all. ilow many days’Tie works and 
how many days is he idle ? (C. E. 1869, B. Ai. 1893.) 

42 . A sum hiRs.b^. 41. was paid in Rupees and two-anna 
pieces. The total number of coins being 100, how many of each 
kind.were used ? (m. m. 1890.)^ 

43 . A p6st is a fourth of its length in the mud, a third of its 
length in the water and 10 feet above the water ? What is its 
[cngth ? (c. E. 1863.). 

44 . A person bought a picture at a certain price and paid the 
same price for the frame; if the frame had cost less and the 
picture 15J. more, the price of the frame would have been only, half 
that of the picture. Find the cost of the picture, (c. E. i860.) 

45 . From two towns 561 miles apart, two men start, one from 
each, at the same time, with a design to meet ; one goes 24 and the 
other 27 miles a day ; in how many days will they meet ? (c. E. 1879.) 

46 . A, who travels 3^ miles an hour, starts 2^ hours before 

B who goes the same road at 4J miles an hour ; when will he ov'er- 
take A ? (a. E. 1889.) • 

Z 47. A father’s age is 40 and his son’s 8 ; in how many years 
will the father’s age be triple of the son’s r 

48 . What was’the total amount of a person’s debts, who when 
he had paid a half, and then a third, and then a twelfth of them 
had still ^j.15.’ i2«. to pay ?■ 

49 . A and B have together /?j.8, A and C have B,and 

C have ^j,i2. What have they each f 
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SO. A and B compared their monthly incomes and found that 
A’s income was to that of B as 7 to 9, and that the third of A’s- 
income was Rs.y) greater than the difference of their incomes. 
Find what each received. (C. E. 1871.) 

y 51 . A person bought 166 mangoes for 10 Rupees; some he 
bought at the rate of 18 per Rupee, and the rest at 15 per Rupee. 
How many did he buy of each sort ? (M. M. 1889.) 

52 A person bought 20 yards of cloth for 10 guineas, for part 
of which he gave lu. 6d. a yard, and for the rest 7j. 6d. a. yard. 
How many yards of each did he buy ? 

53 . Two coaches start at the same time from Calcutta and 
Rajknahal, a distance of 200 miles, travelling one at 9^ miles an 
hour, the other at 9}^ ; where will they meet, and in what time from 
starting ? 

54. A workman is engaged for 28 days Sit Re.i. 4a. per day^ 
but instead of receiving anything, is to pay 8rt. per day, on all days 
upon which he is idle : he receives altogether Rs.26. 4a. ; for how 
many idle days did he pay ? 

55 . A cistern is filled in 20 min. by 3 pipes, one of which 
conveys 10 gallons more and another 5 gallons less than the third 
per minute. The cistern holds 820 gallons., ‘How much flows 
through each pipe in a minute ?* 

56 . A garrison of 1500 men was victualled for 36 days ; after 
16 days it was- reinforced, and then the provisions were exhausted 
in 12 days. Find the number of men in the reinforcement. 

(R. M. i 87 o.> 

5% A starts upon a walk at the rate of 4 miles an hour, and 
after 15 minutes, B starts at the rate of 4% miles an hour j when and 
where will he overtake A ? 

58 . How much tea at Rs.2. 4a. per ft. must be mixed wftli. 
50 lbs. at/?J.3 per ft., that the mixture may be sold^t Rs.2. 12a. 
per ft. ? 

59 . Abillofj^i. 104. 6^. is paid with 13 coins, partly in half- 
crowns and partly in florins. How many coins were there of each ? 

60 . Divide a yard into two parts such that half of one part 
with 22 inches may be double the other part. 

61 . A is now 12 years older than B ; twelve years ago he was 
twice as old as B then was. How old- is A now and how many 
years ago is it since he was three times as old as B then was ? 

62 . A, B and O have /?jr.66 divided among them in such a way 

that for every Rs.t, which A receives, B receives /?j.2, and the share 
of C is Rs.6 more than the difference of the shares of A and B- 
Find the share of each. * 
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03 . The sum of three consecutive numbers is 159 ; find them. 

64 . A, travelling half as fast again as B, and starting 9 miles 
behind him, catches him up in 6 hours ; find their rates of travelling. 

65 . In a cricket match A made 35 runS| C half as many as B, 
and D one-third ^ many as B, and B’s score was just as much below 
A’s as C’s above^s. Find the scores of B, C and D. 

66. A man walks one-half of a journey at the rate of 4 miles 
an hour, bicycles one-third at 12 miles an hour and rides the 
remainder on horseback at 9 miles an hour, completing the journey 
in 6 hours and 10 minutes. Find the length of the journey.^ 

67 . A starts at noon to travel from P to Q at the rate of 6 miles 
an hour, and B starts at i p. m. to travel from Q to P at the rate of 
5 miles an hour. If they meet at 4-30 p. M., find the dislancfe 
from P to Q. 

68 . I bought a certain number of apples at 4 a penny, and 
three-fifths of that number at 3 a penny; by selling them at 16 for 
five pence I gained 4<f.; how many apples did I buy ? 

69 . How many sheep must a person buy at each that, after 
paying one shilli^ a score for folding them at night, he may gain 
;^79. i6j. by selling them at each ? 

70 . A person meeting a company of beggars gave 4 pice to 
each, and bad 4a. left; he found that he should have required 3a. 
more to enable him to give the beggars 6 pice each : how many 
beggars were there ? 

^ 71 . The numerator of a fraction is 4 less than the denominator; 
if 10 be subtracted from the numerator, or if 30 be added to the 
denominator, the resulting fractions are equal. Find the original 
fraction. 


72 . Two men invest A!.r.ioooin a boat. Their claim of the 
profit is proportionate to the capital invested by each. They make 
a profit of of which one gets Rs.^ more than the other. What 
did each contribute ? * 


Five-sixths of the fish in a pond weigh i seer each, ten 
weigh 8 seers each, and the remainder i6 seers'each, the total weight 
being‘40 maunds. Find the number. 

74 . Find two numbers, whose sum is 72, such that their product 
increased by the square of the smaller number is 864. 

75 . A and B can perform a task in 30 days working together. 
After 11 days, however, B is called away, and A finished it by him¬ 
self 28 days after. How long would it take A to do the whole of the 
work by himself? * 
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VII. USE OF saUABED PAPER. 

165 . The following Solutions will serve as specimens of the 
methods to be employed in using squared paper. The paper is 
ruled with faint horizontal and vertical lines which divide the sheet 
into a number of equal small squares. The most convenient paper 
for beginners.is that ruled to show inches and tenths of an inch. 

Ez. 1 . A man travels g miles west, then ii miles south, and 
finally 4 miles east ; how far from the starting point, to the nearest 
mile, is he at the finish ? 



Fiy. I. 


(!)n squared paper, take each side of a'square to represent one 
mile, and O the starting point. Then 

9///. west brings hiqpi from O to A, 


nw south.A to B, 

and 4m. east.B to C. 


Join OC. It is required to find the length of OC. (Fig. i.) 

With centre O and radius OC describe an arc cutting OW, the 
horizontal line through O, at D. The reqd. distance*OC=sOD- 
12 miles, to the nearest mile, as shewn in Fig.^ 1. 
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Ex. 2 . Two vertical posts, 6 ft. and 9 ft. high, are 4 ft. apart; 
'find the length of the straight line joining their upper ends. 



Fig. 


t)n squared paper, lake 3 sides of A square to represent one foot. 
Then mark the points A and B 12 sides of a square apart, also the 
point C 18 sides of a square vertically above A, and the point D 27 
sides of a square vertically above B. Join CD. It is required to 
find the length of CD. (Fig. 2.) 

With centre C and radius CD describe an arc of a circle cut- 
ing the horizontal line through C at E. 

Then CD»tCEaBi5 sides of a square, as shewn in Fig. 2. 

Hence CDnsi^ ft. 
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Ez. 3 . A ladder with its foot at a horizontal distance of 20 ft. 
from a vertical wall, just reaches a point on the wall 15 ft* from the 
ground ; find the length of the ladder. 



Take a side of a square to represent one foot. (Fig. 3^ 

Let A be the foot of the iadder. Take a point B 20 sides of a 
square in a horizontal line from A, so that B is the foot of the wall. 
Mark the point C 15 sides of a square vertically above B. 

t 

Join AC. It is required to find the length of AC. 

With centre A and radius AC describe an arc cutting the 
horizontal line through A at D. 

Then AC-aAD = 25 sides of a square, .as shewn in Fig. 3. 

Hence AC5SS25 ft. 
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Ex. 4. On a base of 3 inches, describe a triangle whose other 
sides are 4 inches and 4^ inches long ; find the altitude of the triangle 
*0 the nearest tenth of an inch. 

Let 5 sides of a square represent one inch. 



Take two points A and 15 sides of a square apart. With 
centre A and radius 20 sides of a square describe an arc ; also with 
centre B and radius 22^ sides of a square describe an arc cutting 
the former arc in C. Join AB, AC, 0C Then ACB is the required 
triangle. From C draw CE pt^rpendicular to AB. It is required to 
find the lengtn of CE. (Fig. 4.) 

With centre E and radius EC describe an arc cutting the 
horizontal line through AB at D. 

Then CEasED — iqj sides of a square, as shewn in Fig. 4. 

Hence OE«(i9.J X2-f*To) in.=»3-9 in. 
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Ex- 5 - A travels east at 12 miles an hour, and B, starting 
.itrthe same time from the same place, travels north-east at 20 miles 
an hour. Find, to the nearest mile, their distance apart at the 
end of one hour. 

Take one-tenth of an inrh to represent one mile. 
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Fig. 5. 


Let O be the starting point. Along the horizontal line through 
O'take OA=--r2 inches (representing 12 miles) and OB =*2 inches 
(representing 20 miles). With centre O and radius OB describe an 
arc cutting the diagonal of the square on OB at D. Then 00 = 2 
inches (representing 20 miles in the north-east direction). Join AD. 
It is required to find the length of AD. (Fig. 5.) 


With centre A and radius AD describe an arc cutting the 
liorizontal line through O at E. 

Then AD*>AE = i-4 inches, as shewn in Fig. 5. 

f 

Hence AD= 14 miles. 
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Ex. 6. Multiply 2*3 by by means of squared paper. 
Let OA be the unit (5 sides of a square). (Fig. 6.) 



I 

Take OBa»2'3 and OC = 3’5. Join AB and through C draw CD 
parallel to AB meeting the horizontal line through O at D. 


Since 


OA 09 
OB “ OD ’ 


OA X OD —OB X OC »«2*3 x 3*5. 
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Hence, unit x OD represents the required product. 

By measurement, we find OD=s8i'c units, as shewn in Fig. 6. 
Hence the reqd. product ■»8*05. 


Exercise LXXI. 

1 . A man travels 12 miles due east, then 15 miles north, then 
20 miles west and &tially 22 miles south. Find to the nearest half- 
mile his distance alfS^l^nish from the starting point. 

2 . Two vertical posts, 24 ft. and 39 ft. high, are 20 ft. apart 
Find the length of the straight line joining their upper ends. 

3 . A ship steaming at the rate of 8 miles an hour due east, and 
drifting due north with a current is found to be 17 miles from its 
starting point in 2 hours. Find the rate at which the current flows. 

4 . Two sides of a right-angled triangle containing the right 
angle are 2'4 ft. and 3'2 ft. Find, without actual measurement, the 
length of the third side. 

5 . A ladder 40 ft. long being placed at the opposite side of a 
street 24 ft. wide, just reaches the top of a hoiase ; how high 
is the house ? 

6. A room is 3‘6 feet long and 27 feet broad. Required the 
length of a line drawn diagonally through it. 

7 . A ^all rolls 6 ft. east, then 10 ft. north, then 2 ft. west and 
lastly 6 ft. in a direct line towards its starting point. How far is it 
then from its starting point ? 

8 . A tower is 96 feet high, and a ladder 100 feet long slopes 
to the top of it ; how far is the foot of the ladder from ^e bottom 
of the wall ? 

9 . A man walks 4 miles east, then 6 miles north-east ; how 
far is he then from his starting 9oint ? 

10 . A man walks 37 miles south, and then in a direction due 
west, until he is 5 miles in a straight line from his starting point. 
Find, Mfithout actual measurement, the distance he walked in a 
westerly direction, to the nearest tenth of a mile. 

11 . A man rides 27 miles east, and then 3*4 miles north ; how 
far is he then from his starting point to the nearest half-mile ? 

18 . The height of a wall was 31 ft., and the breadth of a ditch 
surrounding it was 24 ft. ; what must be the length of a ladder that 
will reach from the edge of the ditch to the top of the wall ? 
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13 . A room is 5*6 ft. long and 3*4 ft. wide ; find the distance 
between two opposite corners, as accurately as you can. 

14 . A straight wire joins the top ends of two vertical posts, 
17 ft. and 24 ft. high respectively, 35 feet apart. Find the length 
of the wire to the nearest foot, without actual measurement. 


15 . A man walks 8 miles west, then 6*8 miles north and then 
straight towards his starting point until he is two miles from it. 
How far has he walked ? 


16 A cow tethered to a post can graze oJR^:ircle of 40 feet 
radius. The shortest distance from the post to a Straight hedge is 
25 feet. Over what length of hedge can the cttw graze ? 

2*6 miles west, then 3*5 miles north, and 
How far is he then from his starting point ? 

18 . Multiply the following by means of squared paper :— 

(i) 3*6 by 2*4. , (ii) 4*5 by 3*6. (iii) 3*4 by 4 ’7- 


17 . A man walks 
then 2 miles south-east. 


19 . Divide the following by means of squared paper :— 

(i) 975 by 3*9. (ii) 19*08 by 5*3. (iii) 15-98 by 4*7. 

20 . A traveli? west at 12 miles an hour, and B, starting at the 
same timef'from the same place, travels north-west at 20 miles an 
hour. Find, to the nearest mile, their distance apart at the end of 
2 hours. j 


21 . Draw two circles of radii 3 in. and 3I in., with centres 
4I in. apart. Find the length of the line joining their points of 
intersection. 


22 . A man, having walked a certain distance in a north-easterly 
direction, finds that he is 30 miles east of his starting point ; how 
far has he walked ? 


23 . A man walks 5 miles east, then 6 miles north. He then 
walks due south-west until he is due north of his starting point. 
How far is he then from home ? and how'far has he walked ? 

24 . A man walks due east from a town P which lies 6 miles 
north of a town Q. How far fromi Q is he when he has walked 
7 l miles? 

25 . A and B are two places 9 miles apart, B lying due east of 
A. One man walks at 3 miles an hour from A towards north-east, 
another man, starting at the same time, walks north-west from B at 
41 ^ miles an hour. Find their distance apart to the nearest tenth of 
a mile in one hour. 



CHAPTER VI. 

INVOLUTION AND EVOLUTION. 


r I. INVOLUTION. 

166 . Involntiou is the name given to the operation by which 
we hnd the powers of quantities ; but all cases of Involution are 
merely examples of multiplication, where the factors are all the xa/z/c. 

167 . The following remarks are evident from the of S/](fztx. 

(i) Since any C 7 vzi number of like signs, whether all + or all —, 

will give + in Multiplication, it follows that any power of 

a quantity is positive, whether that quantity be taken positively or 
negatively. 

Thus, (+«;* and f -a)*, are each = +a*, and -.Y+.r*)^ is the 
same as {-U-.Y+x*J}^ or (-1 

(ii) No power of any quantity can be ne};othze. 

(iii) Any odd power of a quantity will have th^ xnme sti^n as the 
quantity itself. 

188 ? By the Rules of Multiplication, we have 
xci* xrt®=«*■*■*+* 

(-.a 4 ) 3 *(_^ 4 )x(-a+jx 

Hence, any power of a powet of a quantity is obtained by multi' 
plying together the indices of the. two powers. 

I 

169 . To obtain any power of a simple expression we have the 
following Rule. 

Halo. Multiply the index of every factor in the expression by 
the imntber denoting the power^ and the pzoper si^Jt to the result. 

Ex. 1 . (2;i;^jf*)*=s2*af6^*=*4:r6yL 

Ex. 2 . (- 2 -■ — 2^x^y^se'^ «■ — Bx^y^s^. 

^ 81 a^b* 

cr) . 



Ex. 3. 
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Exercise LXXII. 


1 . 

5. 


Write down the square of each of the following :— 


zab*, 2. 

3 ^* ft ^ 


3. 


7. - 


5«!, 

yb^f:‘ 


4. 


8 . 


- sx^j^. 

3 ^*£i 

$/i^x 


9. 


13. 


Write down the cube of each 

2a*b^c*. 10 . - 2a^b*c^. 


2X* 

ub*c^ 


14. 



of the following ;— 


11 . 


15. 


— 3a*^*c*. 
• 



- 

\ 


Write down the value of each of the following :— 

"■ (-?■)•■ “■(-'•?•)' »• (s*)'(-/i)' 

•21. (-xy*)i. 22. 23. (-2a^V)6 24. (-2rt»)^. 


170. VV^e have already had occasion to notice the square and 
•cube of a binomial. (See Arts. 91 and 100.) 

Thus, (i) (a + &)*-f«* + 2 a 6 + 6*. 

(ii) {a — b)* — a^- 2 ah + f>*. 

(iii) (ce + ft)3 - a3 4 . 3^*6 + 3«fta + *3 = + 3aft'a + ft)+ft*. 

(iv) (a-ft)3«a3-3«*ft + 3rtft*-ft^ = €f3-3aft(a-ft)- ft* 

'1 be student may, for exercise, obtain the fourth, fifth, &c., 
powers of a + ^. It will be found that 

(rt + ft)^ = + 4 « *ft + 6a*ft® + 4 « ft* + ft**, 

and {a + ft^s = a* + 5 a+ft + 10 tt*ft* + lOrt'ft* + 5 aft+ + ft*. 

171. Since (rt*)*=fl6 =*(«*)*, it follows that the square of the cube 
•of any quantity is the same as the cube of the square. 

Similarly, (a*)*s=rt**=(«^)*, , 

- ^)*} * = (tf - ^)6 = {(a - bf\^^ and so on. 

Hence, we may shorten the operation of finding the 4th power of 
a quantity by squaring its square ; and similarly, to find the 6th, 
8th, &c., powers, we may square the 3rd, 4th, &c. So also to find the 
cube, or 3rd power, we may take the product of the first and 2nd, r>., of 
the quantity itself and its square ; to find the 5th, we may take that 
of the square and cube ; to find the 7th, of the cube and 4th ; 
■and so on. 


M.A.—10 



146 


MATRICULATION ALGEBRA. 


Thus, we shall have 

(a 4* a* + lah + 3*)* = «♦ + 4a^6 + 6a*6* + 4«&* + 

(<* + &)*=»( a* + 7.ah + 3® j(a* + 3 ^*^+ 3 a^* + ^ ^ 1 

= a* + 6 a^& + 10 a^ft* + 10a*&3+6a6* + 6 *, 
and (a + 6)6 = ^«^ + 3 rt®^ + 3 a^* + ^^)* 

= + 6 a *6 +15«‘*5® + 20fe^&® + 15a*6* + 6«65 + j[>6. 

In like manner, the expansion of may be obtained. 

Putting^ —b for b in the above lesulls, we have 
(a- 6 *,^=a+- 4 «^& + 6«®ft* - 4 rt&* + ft+ { Signs alternately —). 

(a-ft)5 = as -5a^& + lOa^fr*- + 5«&*- &s, 

and (a - 6 )® = _ Ba** + 15a*6* - +15«*6* - Bwft® + ft®. 

172 . The above results should be committed to memory and 
applied in the solution of similar Examples, The expansions of' 
higher powers are generally best obtained ]jy the Binomial Theorem 
without the labour of actual multiplication. 

Ex. Plxpand ( 2 ;r - 3 '/. 

( 2 ;r- 3 )^ = (2;r)‘*-4.3.(2.r)3 + 6.3®.(2r)®-4.2^t2,r) + 3 + 

= 1 6 j:^ — <) 6 x ^ + 21- 216:r + 81. 

173 . We have already noticed in Art. 93 , how to find the sgitare 
of any trinomial expression. We now proceed to find the cube of the* 
trinomial « + i+ c. 

(rt 4 -^ + c)* + + 

= a3 + 3 a*(d + (£r) + 3 a(^+ i:)* + (^ + <:)*, Art. 100 . 

=s + 3a®(^ + ^) + 3a(^* + ibc + c^) + ^ * + + 3^f* + 

= + c’ + 3 a*;^ + f) + 3 ^® .V + rt) + 3 C^a + b) + (iabc. 

or (fl + ^+^)^ = {'« + ^) + ^P 

= {a + b)^ + $(iii + byc+3',a + b)c*+c^y Art. 100 . 

’^a^ + 3ab(a+b)+b^ + 3{a -i-b)^c + 3{a + b)c* + c^, 

==a^ + b^ + c^ + 3{a + b){ab + (a + b)c+c*) 

’k‘b^+c* + 3{a + b)ia + c){b + c). 

Thus, (a+ft + c)*=a3 4 . + 3 a*(ft + c) + 3 ft*(c + a) + 3 c®(a+ft}, 

+ 6 aftc .(i) 

« a* + ft^++ 3 (ft+c)(c + a){a + ft).(ii) 

an important formula, which should be committed to memor\'. 

4 
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Ez. Expand (i-3;ir+3^*)®. 

(* “ 3*^+3^*)* “ I ^+(- 3^)* + ( 3 ^*)^ + 3-* *( - 3^ + 3^*)+3( - 3^)* 

(3^* +1) + 3(3^*)*(i - 3-*^)+6.i( - 3^)3-»^* 

= I - 27;r* + 27;rfi - + <)x* + 8 i-r^ + lyx^ + 27;r* 

— 8i;rS —54;r* 

= I - 9^ + 36;r* - 8i;r^ + io8;t+- 8i.r s + 27x^6 

Exercise LXZIII. 

Write down the expansions of ;— 

1. f.r+ 2 '^ 2. (:r- 2 )+ 3. {x + 5)S. 4 . (i+2ir)S. 

5. ( 2 «-i )6 6 . ( 3 jr+i)* 7. i 2 x-a)^. 8 . ( 32 : + 2 a)^ 

9. (4a-33)6. 10 . {ax-y*}^. 11. (ajr+,r*)+. 12 . (2«^-3*)S. 

13. + li. (a-d-c)^. lb. {t ~x+x*)^. 10. (l+ 2 :+;r*)^ 

17. {a-vbx-^rcx*)^. 18. (i- 22 r+ 2 ;*)^ 19. (i - 22 : + 3 .^*)*. 

20. (a-23 + c)*. * 21. (i - 2:-2:*)^. 22. (i + 32 r + 2,r®)*. 

Find the value of 

23. (2 + 32 :+ 4 -^*)* +( 2 - 32 :+ 42 :*)*. 21. (I- 2 :+ 2 :*;^(i+ 2 r+ 2 ;*,^. 

25. ( 2 + 3 .r + 4.^*)^-(3-32r + 42 :*)^. 26. (i+ 2 r)Sfi- 2 r+ 2 :*)*. 

174. The following result is worthy of notice, as it exhibits the 
form of the square of any Multinomial. 

(a + ^+4;+<f+&c.)*=aa* + 2a'^ + ^4-rf+-&c.) + (3+tf+«?+&c.)*. Art. 91. 
Again, in like manner, 

(3 + f+//+&c.)*=3* + 23(f+&c.) + (<f++ &c.)*, 
(^r+rf+&c.)*=r* + 2^(</+&c.)4'(rf+&c.)*, and so on. 

.r, ('#+ 6 +c + ri+&c.)*-a*+ 2 a(ft + c+<f + &c.) 

+ 6 *M-2d(c + <1+&C.) 

+c* + 2 c(rf + &c.) 

+ri*+&C. 

» 

Thus, we see that the square of any multinomial may be formed 
by setting dowm the square of each term and then the product of the 
double of each term by the sum of all the terms that follow it. 

Ex. 1 . (i+22: + 32?*)*-l* + (22r)*+(32r*)* + 2.l(2x+3r*)+2.2x(32r*) 

— I + 42:* + 92:++42: + 62:* + 122?^ 

^==1 +4.r+102:*+ I22r3+9;t:4. 
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Ex. 2. U-6xA-i2x*-8x^)*=i* + 2.i(-6x+i2x*-8x^) 

+( — 6x)^ + 2i-6xXi2x^-“8x^) 

+ ( 1 2X^y + 2 . 1 2X*i, - 8x*) 

+ (- 8 ;r 3 )» 

s= I - I2r 4-24r* - i6x^+^6x^ - I44;t^ +96 jc^ + I44a:^- I92:r5+64;r* 
*= J - i2J»: + 6oAr® — i6ojc3 4.24oj:+— i922'* + 64;»r6. 

Ez. 3 . Find the coefficient of x* in (i — 2^ + 32:*— 4;r* + 5;r+)*. 
Evidently, of the square quantities, we must take f3:r*)*, which only 
contains x* ; of the products, we must take 2.1 and 2.( — 2;r).( - 4:r*) 
which are the only terms involving x^. 

Hence coefficient reqd. = 9 +10 +16=35. 

Exercise LXXIY. 

Find the expansions of :— 

1 . {i-2ax-a^x*)*. 2 . (2d*-a-2)*. 3 . (d*-2ad + 3^*)*. 

4 . (i-;r+;r*-;r^)*. 5 . (a'^- 2.r* + 3;r + 4)2. 0. (i + - 3:1:* + 4;^*)*. 

7 . (i+;r)®. 8. (i+22:)6. 9 . .Cd-.r)«. 

10. (d^ —2a*^ + 2a^*--^^;*. 11. (i — 2.r+ 3;!:* - 2^:^+;r+)*. 

12 . (d+-2d3;r+d*2:*-2d*-^+2:‘^)*. 13 . (i+4:r + 6;r*+4^:^+.r‘*)*. 

14 . Find the coefficient of x* in (2 — 3^:+4.^* - 5.^^)*. 

15 . t'ind the coefficient of in (i - 2j; + 3^:* -42:* +5;r*)*. 

II. EVOLUTION. 

175 . -Evolution is the name given to the ope^tion by which 
wc find the roots of quantities. It is the inverse of Involution. 

176 . It follows from Art. 167, that 

10 

(i) Any even root of a 'positive quantity may be either positive 
or nei^ativc^ i.c.^ will have a double sign ±. 

(ii) There can be no even roof of a negative quantity. 

(iii) Any odd root of a quantity will have the same sign as the 
quantity itself. 

177 . To obtain any root of a simple expression, we have the 
following Rule. 

Rule. Divide the index of every factor in the expression by the 
index of the proposed root and give the proper.sign to the result. 
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Ex. 1 . 
Ex. 2 . 

Ex. 3 . 


Ex. 4 . 


x/(4«*^)= ,y( 2 *rt* 3 ^)=: ±2a^*. 
3 r(- 8 ;i: 3 j; 6 )= y( - 2*:;/* 

V \9^V V \3*^V“* 3^‘ 

/ ^ 5 ^:^\ _ ♦// 5 +a+v«\ 

V V 8u4 ;-v v"?i4-;- 




3 '^ 


178 . If, however, the index of the quantity cannot be exactly 
divided by that of the root (as e. g. in the 5th root of a®, where the 
2 cannot be divided by 5), then we cannot find the root of it; but can 
only indicate .that the root is to be extracted^ by writing down the 
quantity, and the sign d before it, w'ith the index of the root in 
question ; as, Such quantities are called Surds or Irra¬ 

tional quantities. 


Exercise LXXV. 


1 . 

5 . 

9 . 


Find the square roots of the following :— 

2. 121^6^4. 3. i44/»4(56^8. 

49;r4j^6^». 0. loo<i*^**^*6. 7. 

1ft 11 

2SS* ' 64a®d» ‘ i6a*^4 • 


4 . 4aH*c^. 

8 . 

49 «'W 

^ i 6 .r* 4 y« 6 - 


Extract the cube roots of the following :— 


13 8 ;r 6 j /9 

17 - 

27 X 9 • 


14 . “ 270.^6^. 


18 . 


64 b 6 c 9 
I25fl** * 


16 . Sx^ 7 , 16 . 


19 . 


343 ^® 




Write down the values of each qf the following :— 

21 . ir{a*x*j^^). 22 . 23 . 7/(128^**). 24 . 

8 i/i 4 ^V®' 


“■ y(ss)- 

* 7 (^)- 


26 


■y( 


2 i6x 
6 / / 644 r**>® 


s)' ”'7 


7293 


^6V 
ig'y • 


30 . 




179 . To find the square root of a compound expression. 

We know that the square of « + ^ is rt*+2a^+ d* ; let us see then 
how from a*+-2«^ + ^*, we might deduce its square root a^-b. 
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Arranging the terms in descending o^-^2.ah^b* ia-\-b 

powers of we see that the first term a* \ 

is a*, and its square root is <i, which we 2a + 6\ + 

set down as the first term of the root on )2ad-i-d* 

the right. Subtract a* from the whole '- 

expression, and bring down the 

remainder 2 ab + b*. If we now divide by 2a, we get +b, the 
other term in the root ; lastly, if we add this d to the 2a, multiply 
the 2a+A thus formed, by b, and subtract the product 2 t4b + b*^ there 
is no remainder. 

Now we may follow this plan in any other case, and if we find 
no remainder, the root will be exactly obtained. 

£z. 1. Find the square root of gx* +txj'+jy*. 

gx * + 6 x_y +^* 

_\ 

6 x + y \ bxjf 

/ 6 xy+V* 

Ex. 2 . Find the square root of i6a* — 56a^ + 49 ^*. 

16a* - 56a(J+49^* / 4'* - 7 / 1 - 
16a* \ 

8 a — 7b\ — sbab + 49 ^* 




56a^ + 49^* 


180 . If the root consist of more than two terms, a similar 
process will enable us to find it, as in the following Example ; where 
It will be seen that the divi.sor at any step is obtained by doubling the 
expression already found in the root, or (which amounts to the same 
thing and is more convenient in practice) by doubling^he last term 
of the preceding divisor^ and then annexing the new term of the root. 

Ex. 3 . Find the square root of j6.r6 —24;rS + 25.»^-2o;«r*+io;r* 

— 4X+1. 

The expression is arrangedlaccording to the descending powers 


of X. 


8x^-S^*\ -24 xS + 2Sa^ 


i6x^ — 24X^+2SX* -20.1'* + JO.t* -4'i'+ I / 4^^ --sx* + 2x - I 
}6x^ 


} ~24y *+ 9; t‘*_ 

8x^ — bx'^ + 2X\ i6.r* - 20jr* + lor* 
J 16;r* — 1 2x^ -f 4x* 


8 .*“* —6ji:* + 4a'-I \ “ 8 a* 4 - 6 jr*- 44 :^i 

/ ~~ '~ 4 '^ 4 -l 



EVOLUTION. 


ist 

In the above work, having obtained two terms in the root, 

— 3;r*, we have a remainder 

I 6 jc+ - 20 x^ + lo^r* - 4^r +1. 

Double the terms of the root already obtained and place the 
result 8r* —6jr*, as the first part of the divisor. Divide the first 
term of the remainder, by 8:*:*, the first term of the divisor | we thus 
:get +2Xy which we annex both to the root and divisor. Now multiply 
the complete divisor by 2x and subtract. There is still a remainder 

— 8;r^+6jr* -4^+1. 

Proceed as before, and we find — i as the last term in the root 
-and there is no remainder. Thus the root is found. 

k 

181 . It should be noticed Jis in Art. 176 that all cifen roots have 
.double sign.'!. 

Thus, the square ropt of + may be — (rt + d', that is 

-rt as well as a + : and, in fact, the first term in the root, which 
we found by taking the square root of a*, might have been - « as well 
4is +rt, and by using this we should have obtained also —b. 

.So in Art. 17^, Kx. i, the root may also be -~^x—y ; in Art. 180, 
Ex. 3, - + 3.r* - 2:1: +1 ; and in all these cases we should get 

ihc two roots by giving a double sign to the first term in the root. 


Exercise L 2 XVI. 

Kind the square roots of:— 

1 . 4v* + 4xy+y\ 2. 2S(d - $oab-h(.)b^. 3 . 2Sx*-h 3ox^y + gx*y*. 

4 . 49a*^*-I4a ^^5 i6x^y*+40xy’z+2$y^s^. 

6 . 25a*^*6*+tOa®^cS + £ 8 . , 7 . i+4:r +iojr* +12.1:*+ 9.1 ♦. 

8. gx* + i2X^ +22x^+ t2x + g. 4«*“'I2a^ + 25a*-24a+16. 

•^ 0 . 9 a* +i 2 a^ + 4 ^*+ 6 <nr-t- 4 ^tf+c*. 

11. Sx^y+ 24 .r*^'* - 32 xy^ + t V*- 

12. i6.t* - i6rf^.r*+ i6^*jr* +411*^* — 8^^^ +4^*. 

13. A 6 - 4 .rS + iot+- 2 or^ + 25.t*-24;r+16. 

14 . .t6 + 8jr^-2,»^4-i6.r*-84r+r. (c. E. 1867.) 

15 . - 2«jr3 + 5rt*jir* —4<i*jr+4rt^. (M. M. 1885.) 

16 . 4x^ + Bax^ + 4a^x^ + 16^*.r* +1 6ab^x +1 6b*. (C. K. 1870.) 
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17 . 1--4x+iox*-2ox^ + 2^x*’~24x^ + i 6 x^. (a. e. 1893.) 

18 . ga^ — 6ad + $oac+6ad-{-&*- \ohc-2hd->r2^c^ •\-\ocd-\-d}. 

19. — 4 x^y + Bx*y^ - l ox^y^ + - 4A^'S +^®. 

20. T-6a+ i5A*-20A^ +i5.r‘*--6Ai+A®. 

21 . 4 A®- I2aS + I3.r* -22A* 4 - 25 A*- 8 r+16. (c.E. 1893) 

21 . A®-I 2 .irS+ 6 oA+- i6oA^+240A*- 192A + 64. (a. E. 1891.) 

23 . x^(x^+y^+s^) + 2 xiy+s){y 3 -x^)+y*z*. (M. M. 1890.) 

24 . + 2 pq X•\‘{ 2 pr-\-q'^)x^ + 2(/>5 +qr)x^ + { 2 qs + 2 rsx^ + J*a®. 

25 . 4 “ I2rt + 5a* + i 4 <i 3 - iia+- 4 rt 5 4.4<,6. 

26 . ^♦ + 2 y+z)x^+(}y* + 2 yz + 3 z*)x* + 2 (y^+y^z+yz^ + z^)x+y* 

+2y*z^ + s*. (c. K. 1888 ) 


182 . To find the square root of fractional exft essions. 

Rale. Proceed exactly as in Arts. 179 and 180. 

Ex. 1 . Find the square root of 2^* - V'''^* + 4 a*'*'-2A + 4. 

Arrange the expression according to the descending powers of 
x ; thus • 

4A^ + 2X^ - V - 2A + 4 / 2A* + ^A - 2 

* _ \ 

4 A* + ^A l2A^-V’* 

/2X^^ 

4t*+A-2i“ 8r*-2,1+4 
8A*-2r + 4 

183 . As the fourth power of a quantity is the square of its. 
square (Art. 171 so the fourth rt/ot of a quantity is the square root 
of its square root, and may therefore be found by the preceding Rule. 
Similarly, the eijifhth root may be found by extracting the square rou^ 
of the fourth root, and so on. 

« 

Thus, if it be required to find the fourth root of Qp Ar i,a}x A-(ia*x* 
+ 4aA*+A+, the square root will be found to be a*+2ar+A*, and the 
square root of this to be a+ a, which is therefore the fourth root of 
the given expression. 

184 . Sometimes we meet with algebraical expressions whose' 
square root cannot be found exactly. In such cases an approximation' 
to the root can only be obtained to any degree ^f accuracy. 
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Ez- Find to four terms the square root of i +x. 

( X x^ o 

V+;- 8 + 76-*='^- 


1 + x\ 

I 

x\x 

■*■2/ 

x-\- - 


2 + Ar 


x»\ 


ooj 

'■ 4 


X^ X^ 

4 8 64 


2 + X- + 

4 


X* 

16/ 8 64 


x^ x*^ x^ 

8 ^ 16 64^ 256 

_ 5 ^^ , 

64 64 ” 256 

Thus the square root of i +x to four terms is i + 
and there is a remainder + 


• Exercise LXXVII. 

Find the square roots of:— 


« ■* . 9 

!• — 4- «+2. 


2 . K+K+i. 


3. ^-2+ 


9 X’ - ~ ■ X’ ■ - - 9i‘ 

^ (m. m. 1886.) 

5. 9 x*- 2 x^y + ^-xy^-2xj'^ + gy*. (c. E. 1874.) 

6. I-xy--\^xy^ + 2r^y^ + 4x*j^*. (m. M. 1889.) 

7 - ^X^ — a^X^ + — t’ s^^x + • 




X* 


+ 3- 


9 . 9 ^r*_ 24 -r + i9-^^ 


4 x^ 


10. .ar* + 4jr+io+ ^ 


X X 

,3 


3 • 


. X* 2x ^ 2a , a* 

«• „-+3-7+J5,: 


(C. E. 1871.) 

« 

(c. E. i8go.) 
(M. M. 1880.) 
(B. M. 1890.) 




9 ^* 

2 $a^ 
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12 . 

13 . 


U. 


,r 


ax* 


i6x'* 


9 


— 2X^ — 


i^ax 


o 


(C. E. 1889.) 


9 _y» 


X 

s 


* 4 “ 

I sy^ 16 s 


9^* , 6rj^ , 16^* 




5s* 25s* 


(X* y*\ , 


Extract the fourth roots of the following :— 

15 . I-4.r+6jr* —4^^+.r+, 16 . —8£i* + 24a* —32-’z + i6. 

17 . i6a* —96a^(^ + 2i6rt*^* — 2i6rt^^ + 8i/*. 

.8. I -4.r+io.r*- i6;r^ + i9r^- i6r5+io;r®-4;ir7 ^^8. 


Extract the eighth roots of the following : — 

19 . .** - i6-r^+ 1 i 2 ;r®- 448 ^ 5 + I i2o;i:+ - 1792;?^+ 1792;!?*- 10242:+256. 
“20. a* -8a^^ + 28<^®<5* — 56a5^^ + 7oa*^ — + 28 a*d^ — Sa3^+d*. 


Find the square root of each of the following to four terms :— 

21. 1 -*2.v. 23 . fl*+2r*. (c. K. 1877.) 

23. a^ — b. 24 . i—2r-2:*. (c. E. 1885.) 


183. Square Roots by luspection. When an Algebraical 
•expression can be put into the form of a square of a binomial, its 
•square root can be obtained by inspection alone. 

Ex. 1 . Find the square root of 2ac - 2bc. 

Arrange in powers of a, and the expression 

s= a* - 2a'b - c) + 3 * — 2bc +(:*=• - 2a{b -c)+{b-~ <r)* 

Hence the square root=a-{b-c) — a-b + c. 


Ex. 2 . Find the square root of ^.1:*+ 

(c. E. 1866.) 

The given expression = (^x^+ — 4 + 2 + +12 

Hence the square roots* — 2^x* - 2 + . 
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Exercise LXXVIII. 


Kind {by inspection) the square root of the following : 


1. 


(P.E. 1887 ; c E 

1907.) 

2. 

b* 

4 -^ 4 c 4-'2.b \ c* - be 4- . 

4 

(C.E. 1876) 


3. 

a* b* 2rt 2b 

Ti + “2 + 3 + i' + ~ • 
b* a 6 a 

(.a.E 1890.) 


4. 

X* y* X y 3 

a+-a - - + - - I’’ . 

y* X* y X 4 

(B.M. 1893.) 


5. 

X* +x*yz + iy^s^ - 2x*z* 

-ys^+z*. (D..M. 

1892.) 


6. ;r+-4.r^+6.r*-4r+ I. (m.m. 1880.) 

7 . {ab-\rnC-^biY ~\abc{a^C). (C.E. 1888.) 

8. + + + (C.E. 1868.) 

9 . + + - 2 rt*+f*Jl^*+^if*) + 2aV* + 2W*. (C.E. 1867.) 

10. (a* + b* +<:“'* }(x*%y^ + s*) - {bs - cy- {cx — as)* - {ay - bx)*. 

(C.E. 1878.) 


11 . 

12 . 

13 

II. 

15 . 


{a-b)*\{a^-b)* ~ 2 {a* ■{•b*)\-\‘2{a^^b^). (BM. 1887.) 
4O* - b*)cd^- ab{c* - fi*,)* +{{a* - b* ){c*-d*)- ^abcd\*. 
3 ' 3 rt*“ 2 a^+^*,(«* + 3 ^*l + ^*(« + 4 ^^*- 'MM- 1898.) 

<!“♦ + 2(23 - c)n^ + 4a*b* + ^a*c* + 4abc* - 4a*be + c*- lac^. 


186 . 7 'fl find the cube root of a cc^npound expression. 

Let us consider the expression +3'»*^ + 3'»^*+^*, which wc 
know to be the cube of a + ^, and see how we may get the root from it. 

Arranging the terms in descending powers of a, we see that the 
first term is «i*, of which the cube root is a, and this we set down as 
the first term of the root. Subtract from the given expression and 
the remainder is 

3a*^+ 3<»^*+^* or {yx* Ar'^ab-k-b*)Y,h. 

, Now dividing the first term of this remainder by 3 a*, f.^,by 
three times the square of^he term already found, we get the other 
term in the root. Having found b^ we can complete the divisor thus : 
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To three times add the new term in the root, and thus we 
get 3rt+^. We then multiply this quantity by and add the product 
to 3<i* i,e.^ to three times the square of the root already found. 

The work may be arranged as follows in three columns :— 

+ 3 a*<5 + 3^3* + b^ ^a + b 

Sa + b 3 a* ^a*b 4- 3 «^* + b^ 

+ (^a + b'‘b 

3rt* + 3«^ + <>* •\a*b-\-^ab*-¥b^ 

Pursuing the same course in any other case, if there be no 
remainder, we conclude that we have obtained the exact cube root. 
This process may be extended so as to find the cube root of any 
multinomial expression consisting of more than four terms. 


Ez. 1. Find the cube root of 8:r^ + i 2 T*^ + 6.rj*+j/3. 


8;r^ +1 2x^y + 6xy^ +_y * (ixAry 




6x+y\ 


12X^ 


+6xy +y' 


I2x^ + 6xy+y‘ 


1+ 6xy^ +y^ 
I2jr*y + 6rv* + y^ 




3 ^*- X 


Ex. 2. Find the cube root of ,1®-32:* - 32:^ + I i;r*+6;r*--i2;r —8. 

2*- 3 ;r 5 —32'*+f i 2 X — S/x*—x 

\ -2 


_ -2t 

3jr* - 3.t - 2 


ix'* jl* 

— 3r^+.'r*'v 
3;r+-3;r*+jr* \ 

_ x^j 

^x^ - 6x^ + 3r* 

- 6 r* 4 - 6 :r + 4 


- 3 a ^ - 32 ^ + I i;r^ 
- 3 arS + 3 a'^ —.r^ 


3;r‘^ ~ 6x^ — ^x* +6x+4 


- 6 x*+ 12x^+6x* - \2X — S 

% 

— fiT^+ I 2 ,r^ + 6 a:* - T 2 ,r —8 


187. Cube Boots by Inspection When an expression, which 
is arranged in descending powers of some letter, consists of four 
terms and is a perfect cube, its cube root will be the algebraical 
sum of the cube roots of the firs^ and last terms. 

Ez. 1. Find the cube root of 2'jx^— 135«Mr*+225/1*2:— I25a5. 

Observing that <^(272^)+ V(-125/2^)■>32:-5a, we have the given 
Exp. “(32:)* - 3 - 3 ^- 5 «( 3 ^ - 5 «) - “ 5 «)^' 

the cube root «= 32:— 5a. 

188. The above process can easily be extended to the case 
in which the cube root consists of more than two terms. 
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Ex. 2. Find the cube root of — ^a^x — a®. 

Here, Vx^^x^ and y( —a®)=»—a*. Also -^lax^ divided by 
three times the square of ;c*, 1. e. 3;^*, gives — twr. 

Hence, the cube root, if there be one =;«:* —ax— a*. 

On verification, we find that the cube of x^ — ax — a^ is equal to 
the given expression. 


Exercise LXXIX. 


1 . 

3. 


b. 

6. 

7. 

8 . 

9 

10 . 


11 . 

12 . 

13. 

14. 


16. 


16. 

18. 


Find by inspection, or otherwise, the cube root of : — 

+6.r*j/ +I2;ry*+8y^. 2. a*-9a* + 27a-27. 

:r^ + i 2 Jt* + 48 ;r + 64 . 4. 8 a^- 36 a*^ + 54 a^*- 27 ^*. 

+ 24a*^ + I92a^* + 51 2b^. 

8 jc* - 84;*:*^ + 29^* “^343J'^- 

- I zm^nx + 48 w«*jr* - 64 «^jr*. 
a}x^ - I ^a*bx^ + 7 ^ab^x^ — 12 
a® + 6aS + I5tt+ + 20rt* + I5a* + 6a+ i. 

,t® - 12jr5 + 54jr‘* - 112jr^ +1 o8.r* - 482: + 8. 

jr® + 6;rS+2U-+4-44r^+63;r* + 54;r + 27. (C. E. 1866 .) 

a® - 3rt*^ 4- 6a^b* - - '^ab^ + ^®. 


8jr® + 48;r +6o.r^_y* - So.r^y^ - gox^jf* + i o8jr^* - 27^/®. 

,r9-3i*+6 j »:7 - iOAr® + I2.rs - i2,r^ + io;r^ -6x^ + 2^- i. 
x^ + 3^:*(a + ^) + 3 x[a* + zab + ^*; + («* + 3 a* b + 3rt^* + 3*). 

a} b 8(5^ 2a, I rid. *\. /* 'N 

277» + ‘‘a- “‘+^6 + 6(“*+ -,4 ) +'5(«* + -a) +20. 


ei3 _ ^3 ^ ^ 3(a*^ - a^c — aV^ — ac^ — b'^c + bc^) — (iabc. 


19. I “ 6 ,v + 2i;t*-56:r^ + iii.ir*- i74;«rS+2i9;r®-204;r^ + i44A:*—64;r®. 

20. (i + 3;rV-2r*.3+;r*;*. 2l! 2ri(2r*+ay*}® “J'*(3^*+>'*)*• 

22. b^{a^-^-b^-c^)-\- 3 b^'y^a-cY <\‘ 3 b^[b*-ac){a — €). (M. F. a. 1887 .) 


Find the sixth root of the following expressions :— 

23 . 1 + i2jr + 6o;»r®+ i6or*+24o;r^-}- 192.VS + 642:®. 

24. 2r® - I zax^ + 6oa^x* — 1 6oa^.r * + 24oa‘*.jr* - i gza^x + 64a®. 



CHAPTER VII. 

MEASURES AND MULTIPEES. 

I. EIOHESI COMXOir FACTOR. 

189. When one quantity divides another without remainder, it. 
is said to measaie it, and is called a measure of it. 

Thus, 3, a, 3rt, ab^ «*, &c., are all measures of yx^b. 

190 A Common Measure of two or more quantities is one 
which divides each of them without remainder. 

Thus, fl, 3^, 3^, ab^ ytb, are all common measures of 
and lytbc. 

191. The Greatest Common Measure of two or mure 
expressions is the expression of highest or greatest dimensions or 
degree which divides each of them without remainder. 

Thus, ^ab is the greatest common measure of yi*b and i^abc. 

193. The term Greatest Common Measure (briefly c. c. m.) 
is not very appropriate in Algebra, for the terms greater and less^ 
are seldom applicable to those algebraical expressions in which 
definite numerical values have not been assigned to the various 
letters which occur. It would be better to speak of the Highest 
Common Factor (briefly h. c. ic), or of the Highest Common 
Divisor (briefly H. c. D.j 

■»193. To find, by inspection^ the H. c. E. of two or more simple 
expressions. 

Buie. Find by Arithmetic^ the il. c. !-'. of the numerical coe- 
Jlcienisj after this number write the lowest powers of the letters 
common to all the expressions. ^ 

Ex. 1. Find the h. c. v. of ()ab^c^ and 12 a*b^c*. 

Here, the H. C F. of Q and 12 is 3 . The letters common to both 
expressions are a, b, and c. The lowest power of a\s a ; the lowest 
power of b is ^*, and the lowest power of c is c^. 

Hence, the required H. c. Fi^vtb*c^. 

Ex. 2 . Find the H. c. F. of gab*c^x*y, I2a^bc^y* and i$a*bh*. 

Here, the H. C. f. of 9, 12 and 15 is 3. The letters common to 
all the expressions arc a, b and c, and the indices of their lowest 
powers are respectively, i, i and 2. 

Hence, the required h. c. F.-^abc*. 
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Exercise LXZX- 

Find the H. c. f. of:— 

1 . and aH. 2. ax^y* and x*y^s. 3. i 2 x*jf. 

4. and —5. - i 2 x*^^z* and 6. and 

7. and i8a*^*r^. 8. Zab'^x^y^ —\2a^x^z^. 

9. Sax, 6a*y and ioab*x^. 10. a^b^c^j a^b*c^ and a^b^c^. 

11. Za^bc^j 120*b^c and 4a*b*c*. 18. I5a*^, 6oa5^*f^ and 25a*<;* 

13 . 1 ^x*y*z* and 2ox^z^. 14. I2x*y*z^, 1 and 24j'^ar*^ 

16. 77x^y^z*j 33.r*^^s’*, I42xy*z^, and iix^y*z*. 

194 With the aid of the preceding Article, we may sometimes- 
find by inspection the H. c. F. of two or more compound expressions,, 
if it happens to be easy to separate them into their component factors. 

Ex. 1. Find the H. c. F. o^ 6a*b*-%a^b and 2a*c*-^S'-^^bc. 

6a*b* -• 8rt^^=2«*^(3^ — 4a*), 
and 2a*c* ■^$a*bc^a*c{2c-\-ib). 

Hence, a*, which is the h. c. f. of 2a*b and a*c is the reqd. H.C.F.. 

Ex. 2 . Find tllfe h. C. f. of 6a*A'*(a*-.r*) and 4a^x{a+x)*. 
6a*x*io* -x*) = 2a*x.‘^x[a + A)(a — at), 

.and 4a^A:(a + Ar)*=*2a*,r 2a{a+x){a+x). 

/, H. C. F.=*2a*Ar(«+A). 

Ex. 3. Find the h.c.f. of a*{a*x* - 3{i.r^ +2A'+) and - 4 rt*Ar*;. 

a*{a*x* - 3<iAr^ + 2Ar*)=a*Ar*(a* - 3 aA: 4 - 2Ar*)=«*,r*(« - x)(a - 2.V),. 
and x\a‘^ — 4a*x*) = a*x*[a* — 4X*) = a*x*^a +2Ar)(a - 2x). 

H. c. F. = a®.r*(rt-2A-). 

Ex. 4. Find the 11 . c. F. of Ar(a+ 1 )*, Ar*(a*- i)and 2A:(a* — a — 2 ).. 
;»r(a +1)» - A(a +1 )(<^+1), 
x*{a* ^ i)’>*x.x{a+i)io-*i\ . 
and 2Ar(a*-a-2)=s2.Ar(a + i)(«- 2 ). 

H. c. F.»jr(a+i> 

Exercise LXXXI. 

Find the H. c. F. of :— 

1. 3xiy+6xy^ and sxy-gx*y*. 2 . 3^-^^-2a^x and d*x*-sabx^ 
3. 3a* 4 . 2 a^b — ^ab* and 2a*b + 2ab*. 
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4 . a*+<i^ and a* — ah. 5 . 61* — yi^h and 2.ab — 

•6. a* — and a* -d*. 7. a*+:r^ and (a+;«r)*. 

"B- 4x^a+x)* and io{a*x—x^)*. 9 . x*{a*-x^)^ and {a^x+ax^)^. 
10. (a*/>-a^*)*andfl^(a*-^*)*. 11. 6(;«r*-I) and 8(;i:*-3.i:+2). 

12 . (x*+x)* and x^x^-x-2). IZ. 4{x^+a^) and 6{x*-2ax-za% 

^ 14 6x^j^ - 1 2x^jf^ + ^xy^ and ^ax* + -^tixy + 4a*x. 

15 . ,r*+;t:-12 and ;r*-2;ir —3. ' 

16 . x* + 5Ary+6j/* and x*—xjf—i2y*. 

17. a*-2«i.r-3c* and tt* + 3aAr + 2jr*. 18 . I2(a:*+J'*;* and 8(.ar+ 

19. a^(x* +12j: +11) and a*;r* - 1 ia*x — 12«*. 

20. 9(a*.r*-4) and i2(a*A:* + 4ajir + 4). 

.21. a* + 5a+4, a* + 2a-8 and a* + 7a+ 12. 

. 23 . X* -7*, {x +/)* and ,r* + yc_y + 27*. 

23 . x^ —y*i -y^ and x* — "jxy + 6j/*. 

24 a*-2a —3, a* —a —6 and a* —7a + 12. 

26 . a^ - I, a* - I and a* +a - 2. 

26 . a*+d*-c* + 2a^, a*-^*-£* + 2^^ and ac 4 -bc-c*. 


195. But if the H. c. K. of two compound expressions be a com¬ 
pound exj 5 ression, it cannot generally be thus easily found by inspec¬ 
tion, but may always be obtained by a method we are now about to 
explain, the proof of which will be given hereafter. 

"196. An algebraical expression is said to be of so many 
dimensioiLB as is indicated by the highest index of its letter of 
reference. 

Thus X* — 7.r-|-10 is of two dimensions, - 1 -1 three. 

If it also involve other letters, it is said to be of so many dimen¬ 
sions in each of them, according to the highest indices of each If 
the dimensions of each terip are the same^ the expression is said to 
be homogeneoas, and-of so many dimensions as is indicated by the 
xum of the indices in each term. 

Thus, :^y4ryi^y*-^-x^y^ is oitfour dimensions in x, and three in y. 
It is also homogeneous and of five dimensions. 

197. To find the H. c. F. of two compound expressions which 
cannot readily be resolved into their prime factors. 

Bulo. Arrange the expressions according to powers of some 
common letter^ and divide the one of higher dimensions by the other; 
or if the highest index happen to be the same Jn each^ take either of 
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.^hem jor dividend. Take now^ as in Ariik/neiic, ihe remainder after 
ihis division for divisor., and the preceding divisor for dividend, and 
s'O on until there is no remainder: The last divisor luill be the H. c. F. 
required. 


Ex. 1 . P'ind the H. c f. of - 7jr+ io and 4^^ - 25x^ + 2ox+2S. 

- 7 X + lo j4,r3 - 25,t* + 2o^ + 25i 4^ + 3 
y 4.r^ - 28 ,r^+ 40 r \ 

3 ;r* - 20 . 1 : + 25 
3 .r^- 2 fjr + 3 0 

jc- ^\.r^-7x+io/x-2 
_ \ 

II. C. F.=;ir- 5 . -2;f+l0 

— 2;r+ 10 


The above work may be shown in short thus :— 


X I .r* -jx+io 


! X* -^v 


__ 1 


- 2 X+ 10 

- 2 jr+ 10 


^x^ - 2 5 .r* + 2 o,tr + 2 5 
4;r^ -- 28 .r* + 40 ,r 


3;r* - 2o;r + 25 

3 -l*- 2 i.r + 3o 

^-5 


4 x 


/. II. C. F.=;r- 5 . 

• • 

198 . If the given expressions have both or either of them, in 
,iny case, simple factors, as in Art. 193, these must be struck out, 
and the Rule applied to the resulting expressions. Then the H c. f. 
■of these, being found as above, will be the same as that of the given 
ones, except it should happen that we have to strike factors out of 
both of them, and that these factors themselves have a common factor. 
In this case the H. c. F. found, as above, of the rusulting expres¬ 
sions, must be multiplied by this common factor, in order to produce 
that of the. given expressions. 


So also, whenever we convert‘a remainder, according to the 
Rule, into a divisor, we may strike out o^it any simple factor it may 
contain. Here, however, there is no restriction, as in the former case ; 
because no part of such a simple factor can be common also to the 
new dividend, which, being the same as the former divisor, will be 
already clear of simple factors. It is only with the first pair, or 
given expressions, that we shall have to attend to this. 

And, if, moreover, the first term of any such remainder is 
negative, we may, for the sake of neatness, before taking it as a new 
divisor, change the signs of all its terms, which is equivalent to 
dividing it by - i. This can only affect the signs of the H. c. F. 

I 


M.A.—II 
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Ex. 2. Find the H. c. F. of 

2xs — + 1 2x^ — 8a:* + 2a; and — 6 x^ + 2x. 

We have 2 a:^ —8A:+ + i2Ar^-8A:* + 2Ar=2ArU^-4Ar^ + 6A;*-4A;+ij, 
and 3 a:S — 6^:* + 3a: = 3;t-(Ar+ - 2 a:* + i ). 

Also 2Ar and yx have a common factor x. Removing the simple 
factors 2a: and 3^:, and reserving their common factor x, we continue 
as in Art. 193. 

a:* at* -2Ar* +l x*-4X^+6x^-4X + i t 

X *-2X^-h AT* . X* - 2Ar* +1 

2Ar 2Ar3-3Ar* +i “4^1 -4Ar* + 8Ar* 4Ar 

_+ 2 x - 2FTT 

1 a:*-2a + [ 

_ a:* -2Ar+ I /, H. C. F. reqd. «=Ar(A:* —2.r+i). 

199. If now, having first attended to Jthe directions of the above 
Art., we find at any step of our process, that the first term of the 
dividend is not exactly divisible by the first of the divisor, then, in 
order to avoid fractions in the quotient, we may multiply the whole 
dividend by such a simple factor, as will make its first term so 
divisible. 

Ex. 3. h'ind the H. c. f. of 6Ar*_;'+4Ary*-2>'* 

and Zx^ — 4xy^. 

We have 6Ar*_y + 4Ay^* — 2^* = + 2Ay' — 

and 8Ar* + 4Ar*_y - 4A:y* — 4 a:(2a:* + xy —>'*). 

Now, noting that 2y and 4 a: contain the common factor 2 and 
keeping it for the reqd. H. C. F., we proceed with tlj^ remaining 
expressions as follows. 


2Ar 

2 x^ +xy-y* 
2Ar* + 2xy 

yc*4r2xy-y* 

*2 

-y 

-ATj-y 

-a:j^-7* 

6x* ■¥ 4 xy - 2 y^ 
6x* + sxy - 3 y* 



y xy + y* 



x-yy 


/, H. c. F. required—2(Ar+y). 


Ex. 4 . Find the H. c. F. of 

fiAT*+33Af*+36A: - 27 and 6Ar++JI at* + 33A:* -1 qA? - 3. 

We have 6Af* +33Ar*+36Ar - 27 — 3(2Ar* + n at* + 12Ar - 9). 



HIGHEST COMMON FACTOR. 


163 


Rejecting 3, we proceed as follows :— 


X 

22:* 4 -112:* 4 -122:-9 
22:* 4 - Sx^— 32: 

62:+ + 312:* 4 -332:*- i9i:-3 
62:^ 4 -3 32^ * 4 -362:* — 2 72: 

3 

62:* 4-152: - 9 

- 22:*- 31:* 4- 82:-3 


6r* + I 52: — 9 

- 22* - 112:* - 122:4-9 



4 8r* 4-202:-12 



22:* 4 - 52: - 3 


/, H. c. F. reqd. = + 5 ;r - 3. 


Exercise LZZXII. 

Find the H. c. F. of:— 

1. 3;r®+;r-2 and 3.i:*+44r“4. ' 2. 6.r* + 7;r-3 and 122:* +i62r-3. 
3. 9;r* —25 and 9;r* + 3jr'-20. ’ 4 . 6r*+i3;i:+6 and 8jf*+6;r —9. 

5 . I5;r*—:r—6 and 9;r*-32: —2. 0 . 6r* — :r-2 and 2i;«:*- 26;r*+8;r. 
7. 8 ,t:* +14:1: - 15 and 8;r^ + 3o;r* +13jr - 30. 

8 4;r* + 3:r-10 and 4;ir*+7;r* - 3;r—15, 

9 . + 6;r*+ 6x*+ 2 and 6x^ + 6;r* -6x — 6. 

10. 2v® “ io_y* +12^' and - i $y^ +247* - 24. 

11. x^ — 6aX^ +12a* r — 8a* and ;i ♦ — 4a*;r*. 

12. 2^* + io;r* + i4.ir+6 and ;r*+^* + 7;r+3g. 

13 . 6 . 3 r*- 6 ^*+ 22 r -2 and I2.r*-i5;r + 3. 

14 . 3.** - 22;t - 15 and 52r‘^+:r*-54:1:* +i8;ir. 

15. 3 :r* - yc^y+xy* ~y* and 42:* - x*y - 327*. 

10. 2r*-82r+3 and ar^ +32:*+2r+3. 17. 2:*-52:-2 and 22:*+ 32:*-8. 

18 . 32r* + 32:* - 152:+9 and 32:^ + 32:* - 212r* - 92:. 

19. 2:*+.t*j'+2ry* +y^ and x*+x^y^xy^ 

20. 2«^ + — 4a*^* — 30^* and 4a^+a*^»- 2a*d*+a6^, 

21. 52:* 4-22:*-152:—6 and —72:*+42:*+212:-12. 

22 . 2r*+62f*+1 i2r+6 and 2:*+ 92:*4,272:+ 27. (c.E, 1866 & b.m. 1893.) 

23 . 2:* — 72:* -802:4-576 and 32:* -142:—80. (c. E. 1882.) 

24 . x*~-$ax*’^7a^X’^2a* and 3 .r*—ioa 2 : 4 - 7 a*. (C. E. 1880.) 

25 . 2:*-82:*-122:4-144 and 32:*-162:-112. U. e. 1889.) 

86. 2:*4-32:* — 92:4-5 and 2:* - 192:4-30. (c. E. 1859.) 

27 . 2:*+42:* - 5 and 2:* —34:-h2. (c. E. 1868.) 

28 . 22:* —5r-39 and 2:*a-2i2:-18. 
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29 . ;»r 3 -^*- 8 ;r+i 2 and 3i'*-2;r-8. (a. E. 1892.) 

30 . i5;r*-4;»:*-53;f + 30 and 15. (c. F. A. 1882.) 

31 . 2x* 2ox^ - 7;r + 24 and 2x^ +3^* - i ‘^x^ -jx+i 5. 

32. 3a6 + i5aS<j-.3a3^»-I5a*^3 and ioaS-3oa*i-ioa‘'*d* + 3oa^3, 

33 . x^ — 2x^y + 2xy^ —y^ and x^ — 2x^y + 2x*y* — 2xy^ +y*. 

34 . x*+ 6 x^ + iix^+4x-~4 and x*+2x^ — Sx^ — i2x—4. 

35. 2ox^+x^ — i and 2 Sx* + Sx^ - (p* e. 1896.) 

36 . — 2 ax* —^a*x-I 2 a^ and —yax*+ i;ia*x — 4 a^. (a. E. 1891 .) 

37. 2x^ + gjT* + 4JC — 15 and 4x^ + Sx* + ^x+ 20. (c. E. 1867.) 

38 . 4x^ — S'iX^ - 2oa*x + 24a* and 6 x^ + 24a.r* + 6 a^x — 3613^. 

(C. K. 1888.) 

V 39 . 3J«r^ — 173:* +19^+11 and 6 ;«r 3 — 253^®+I73r —22. (C. E. 1872.) 

40 . —93:* +133:—5 and 7 jr 3 - I93r* + I73r--5. (m. M, 1889.) 

41 . x^+x* + i and x^- 2 x* 4 -x^ -I. (c. E. 1890.) 

43 . 6«^ + 72:®—92: + 2 and 82:+ + 6 a '3 —I53r®+9r — 2. (M. M. 1890.) 

43. 3 r*- 63 r* + 7 jr®+ 63:-8 and 23 r^-iijir* + ii 3 r + 4. (M. M. 1887.) 

44 . 23 :^ + 33:*+ 2.J:-2 and 43.'^-23;^+ 23:-I. (C. E. 1876.) 

45 . X* - ()a^x'^ + i oa^x and ax^ — a*x* — 44*. (C. K. 1 873.) 

» 

46 . 3Ar^-53:* + 52:-2 and 2 .r*- 23 r® + 3jr*-jr+i. (C. E. 1893.) 

47 . x{bx* - 8_y®) -j'( 3 ^* - 4 y^) and 2 xy( 2 y - x) + 4 x^ — 2 y*. (c.E. 1883.) 

48 . 3:^ - 23 r* - 4A'*-553: and 3 rS + 83 r++253:^ + 523:® - I i^r. (c. f:. 1S94.) 

49. “ 3 ,r+ 20 and S^r*-33:3+64. (k. M. 1882.) 

50 . 3 :* + ; 3 : + i and A® + § 3 r + iV (c. E. 1879.) 

51 . 63 r*+ 3 ; 3 _ 6 _t-**- 5 *: —2 and 23:^ + 33:^ + 23:* — 73: — 6 . (c. E. 1875.) 

52 . 3^ + 3:3 - I ix^ - g,if +18 and 3:* - i 03:3 + 35;^* - 503: + 24. 

^ (c. E. 1877.) 

53 - 204 ^ —3433+^ and 64a‘*’-34^3+ 5^, (C. E. 1891.) 

54. 3:*-83:3+283:*-533:+.42 and 3:^+63:3-423:* +1293:- 

(M. M. 1891.) 

55 . 23:^ - 23:3 4 .^x -~6 and 4:^'+ - 23:* + 33: -9. (a. e. i893.) 

56 . 3:^- 23:3 + 3 :* —83 :+8 and 43 : 3 - 123:*+93: - I. 

57. 6 x* - x^y - Zx*y^ + 33:^3 —yf and 93:+ - 33:3^ « 23 :*_y* + ^xy^ -y*. 

58 . 123:3 _ 1 2 j: 3 ^* + 123 :*^* _ and 1 2 X^ + 83:^^^ - I Sx^y* — 6 x^y* + 

43:^. 

59. 33:^ — iox^y+22x*y* — 223 :j '3 +15^ and 23:^ - yx^y +163:*^* 

•^iyxy^-\ri2y*. (M. M. 1882.) , 
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60 . 7.v^ - To<*jr^ + and Zx^ — i ‘^ax^ + 5a*;r* - ^aKv + 

3a+. (B. M. 1884.) 

61 . 2 ;»r 5 -and 4;«rS + ii;t+ + Si. (c. E. 1865-66 & P. E. 1890 & 

A. E. 1S98.) 

% 62 . 4;»f5-209;ir*+ 15 and I 5 ;ir^-209.^r^ + 4. (M. F. A. 1891.) 

63 . x^ + ^x* + 46x^+8gx* + i27x + i64. and ;ir6 + 3r*-l-46A:^ + 89;r*-l- 
i32A:*-f-i69;ir+20S. (c E. 1895.) 

61 . What value other than zero must bo given to a in order that 
x^ — x — a and .t*+x-ft may have a common factor, and 
what is their ll. C. F. when a has this value ? 

65 . Find the value of y which will make the expressions +j’)x^ 
+ {iiy — 2)x + 4 and 2()X^ + {i — 2}')x^+ \y* + Sy)x 
+ :y—i have a common measure other than unity. 


200 . To find the II. c. F. of more than two expressions which 
cannot easily be resolved into their prime factors. 

Bnle. Find the H. C. f. of any two of them. Then the H C.F. o] 
this answer and the third.^ and so on. The last H. c. F. will be the 
required H. C. F. ^ . 

Ex. Find the H. c. F. of - 5.r*-H i.r-15 and 

2 x^ -7ji*+ i6.r- 15. 

By the*usual process, it will he found that the H. C. F. of x^-x'^ 
-h3JH-5 and — 5;t*-h i ix- I5=.r*“ 2r-i-5. 

Proceeding as before, it will be found that theH.C.F. of .r® — 2 ,i'-h 5 
and 2x^ ~7 x^ + i 6 x - is—x^- 2 x+s- 

H. C. F. of the three expressions=,r*-2j: + 5 . 

Exercise LXXXIII. 

Find the h. c. f. of 

1. ;r* —4;c*-l-9.;r- 10, -h 2.r* - 3.1: ih20 and ;r^ +5;r*-9.r+ 35. 

2. .r+- 4 - 2 jr“+r, .t6+;r+ - jjT* - I and I. (c. E. 1869.) 

3 . 20.r^-h;r®-1 , 25;i-++5;r*-jr-i and 25.r+- io;r* + i. 

4 . x^ — 2 x*— igx + 20 y’t^ + 2 x* — ‘^^.x — 6 oandx^ + 7 x^ - ^x*— 52;r + 48. 

5. 3 .r 3 -i4jr* + i 6 jr, ;r 3 - 7 ;r*-n 6 .r-12 and 5^*-io.v* + 7.r-14. 

6. 8.r*-H4Jr-h3, 2o;r*-|-9;r* —3.*:—i and 12.;r*- 5;r*-h2.r-h i. 

7 . 3.r^ — 8;r*-|-7,r-2, -4^^*-h 5.r- 2 and 2,r^-4;r* + 3.z:-1. 

8. x^+x* — 4 x^+ 2 x* + 6x-‘gj,x^ — x‘^ + 6x-g and .jc+ + 2.r3 — 5 r*- 

6 ;H- 9 . (b. M. 1886.) 
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201 . In order to prove the Rule given above, it will be necessary 
to shew first the truth of the following statements. 

(1) If P be a measure or factor of it will be a measure or 
factor of »iA. 

For let a denote the quotient when A is divided by P'j then 
'A=aaP ; therefore m^^jnaP^ so that P is a factor or measure 
of wA, 

(2) If ^ be a common measure or factor of fK and B, it will also 
be a factor of the sum or difference of any multiples of A and B, as 

wA±«B. 

For let P be contained p times in A, and q times in B ; then 
Abb/P and B=^P, and jn^±nB — mpP±nqP^{mp^nq)P . hence 
P is contained mp-kng times in and therefore P is a factor 

of »«A±«B. 


202 . To prove the Rule for finding the H. C. F. of two compound 
Algebraical expressions. ' 

Firsf let the two given expressions, denoted by A and B, have 
neither of them any simple factor. 


Let A be that which is not of lower 
dimensions than the other ; and suppose A 
divided by B, with quotient / and remainder 

C, B by C, with quotient q and remainder 

D, and C by D, with quotient r and no 
remainder. 


B)A(p 

pB 

~C)B(q 

£P 

D)C (r 

rD 


Thu^, we have the following results :— 
As^pB +C, Bs=yC + D, C — rD. 


Then, by Art. 2or, all the common factors of A and*B are also 
factors of A -~pB or C, and are therefore common factors of B and 
C ; and, conversely, all the common factors of B and C are also 
factors of ^B 4-0 or A and are therefore common factors of A and 
B. Hence it is plain that B and C have precisely th^ same common 
factors as A and B. 


In like manner, it may be shev^n that C and D have the same 
common factors as B and C, and therefore the same as A and B. 

And so we might proceed if there were more remainders, the 
quantities A, B, C, D, &c., getting lower and lower, yet still being 
such that A and B, B and C, C and D, &c., have the same common 
factors. 

But, here, since D divides C without remainder, then D is itself 
the greatest expression that divides both C an(i D, (for no quantity 
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higher than D will divide D), that is, D is greatest of the common 
factors of C and D, and therefore is the Highest Common Factor of 

A and B. 

203 . let and/? have simple factors, and let 

where a denotes the product of ail the simple factors in Ay 
and d of those in By and A, B are the resulting expressions, when 
these simple factors are struck out : then A,B having neither of them 
any simple factor, will have no factor in common with a or 6. Now 
A or aA is made up only of the factors in a and A, and B or ^B 
only of those in b and B. Hence, if a be prime to by (that is, if a 
have no factor in common with b)y the only factors which A can have 
in common with B must be those which A may have in common with 
B, that is, the H. c. F of A and B will be the same as that of A and 
B. But, if a and b have any common factor, then this will also be 
common to A and By besides what may be common to A and B, 
that is, the H. c. F. of A and B will be obtained by multiplying the 
H. c. F. of A and B by the common factor of a and b. 

Hence, this case also* is reduced to finding the H c. F. of two 
expressions A and B, which have no simple factors. And, of course, 
the above reasoning holds if either aox b be unity, that is, if one 
only of the given expressions have a simple factor to be struck out. 

201 . Having shewn that we may strike any simple factors out 
of the original expressions, we shall now shew that we may strike 
them also out of any of the remainders. 

Let then A, B, represent expressions having no simple factors, 
(either the original expressions A, B, if they have no simple factor, 
or else A, B reduced, as above); and let us apply the Rule to A, B 
dividing A by B, and obtain the first remainder C : then we know 
that the H. c. f. of A and B is the same as that of B and C. Suppose 
now that CirC, where f is a simple factor, and C a compound 
expression, having no simple factor Then C is made up of the 
factors in c and C ; and B (having no simple factor) can have no factor 
in common with Cy and therefore can have none in common with 
C but such as it may have in common with C ; that is, the H. C. f. 
of B and C is th»same as that of B and 6. And, of course, the same 
reasoning holds with the other remainders. 

205 . Lastlyy if, at any step (su{)posing simple factors struck out) 
the first term of the dividend should not be exactly divisible by 
the first of the divisor, as, for instance, in the case of A and B, 
we may multithe dividend A by any simple factor which will 
make it so divisible: for, since the divisor B has no simple factor, 
it can have no factor in common with nor therefore any in com¬ 
mon with the dividend a'A, but what it may have in common with 
A, that is, the H. c. F. of A and B will be the same as that of oiA 
and B. • 
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206 . Every common factor oj two expressions is a factor oy 
their ll. c. F. 

Let A and B be the two expressions, and D ihcir H. c. f. Let 
d be any common factor of A and B, so that 

A = md and B =* 

Thon A -pB = md-pnd {7n -pn'd. \ \rArr 

also D = B - -- nd- g{m -‘pn)d= {n - mq ■\-pqn)d ; J ^ ‘ 

and therefore is a factor of D. 

Also, since D cannot contain a factor which is not in common 
with A and B, (for then it will not divide them exactly), therefore D 
contains all the common factors of A and B and nothing^ more. 

207 . To prove the Rule for Jindiitq the H. C. F. of more than 
two expressions 

Let A, B and C be the three expressions and suppose the 
H. c. F. of A and B to be D : then the H.C.F. of D and C will be the 
H c F. of A, B and C. 

For, since D contains all the factors common to A and B, 
and nothing more (Art. 206), tlicrefore all the common factors of 
D and C must contain all the factors common to A, B and C, 
and nothing more. Hence the H. c. F. of D and C is the same as 
the H. c F. of A, B and C. * 

In the same manner, whatever be the number of exprossiouF^ 
their 11 c. F. will be determined by a continuation of this process 

Or*we may obt.iin the H.c F. of A, B, C, and D, by finding X 
the H. c. F. of A and B, and Y the H C.F. of C and D ; then the H c.r. 
of X and Y will be that required : and so in other cases. 

208 . Nomenclature We have already noticed in Art. 19J 
that the term G. C. M. is not appropriate in Algebra. The reason for 
this will appear from the following consideration. 

The u. c. f. of 3.r* + 7Ji^- 6 and 3;r*+ 13.^ - 10 is 3:^ - 2 ; but if we 
put :r=r 3, these quantities become 42 and 56, whose G, c. M. is [4. 
whereas the numerical value of 3.r-2 would be 7. The fiict is that 
3tr’+ 7 .r -6«(3A' —2)f:f 4-3), and 31'* + I3r- io=( 3A'-2)(.r4-5 ) ; anil 
here, besides the common factor ^x— 2, the two factors a -* 3 andjr + 5, 
which algebraically have no common factor, will have the common 
factor 2, whenever we give.* the value of any odd number. 

209 . The principle explained in Art. 201 can often be employed 
to shorten the work of finding the H. c. F. 

Ex. 1 h'ind the h. c. f. of x^+ 6x^-f Sx'-y and + 

iojr+2i. 
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The common factor must be a factor of 
${x^ + 6x^~~Sx — 7) + {x^ + Sx* + \ox + 2i)^ 
i.e. of 4;r3 + 26;r*- I4.r, or 2r(2jr* +I3jr —7), 
i.e. of 2;r(2-r- i)(;r + 7). 

Now 2;r is not a common factor, nor is 2X— i, as is evident. 

. x■\‘^ must be the H. c. F. if there is one. 

Ex- 2 . Find the H. c. f. of 2x^ — 5r+6 and 4;r^ ^x* — I7A' + 4 
The common factor must be a factor of 
4 ;i- 3 +;r*-i 2 r + 4~2(2r^-5.r + 6\ 
i.e. of X* — 2^: — 8, or {x + 2)(-r - 4). 

Now r — 4 is not a common factor, for 4 will not divide eKaclly 
both 6 and 4. 

/, ;r +2 must be the H. c. F. if there is one. 

11 . LOWEST COMMON MULTIPLE. 

210 . When one quantity cotiiain.s another, as a divisor without 
remainder, it is s^jid to be a Multiple of 'it ; and a Common 
Multiple of two or more quantities is one that contains each of 
them w'ithout remainder'. 

Thus, bx^y is a Common Multiple of 2;r*, ^xy, 6;r^, &c., and any 
quantity is a multiple of any of its measures. 

211 . The Lowest Common Multiple fbriefly i.. c. m.) of 

two or more expressions is the low’est expressions that can be formed, 
so as thus to contain each of them. 

Thus, 6 x^y is the L. c. M. of 2.r*, ^xy and 6 .v^. 

212 . T he ternr Least Common Multiple., as Greatest Common 
Measure is objected to in Algebra, as being inappropriate, for reasons 
similar to those said in Art, 192. It would he better to speak of 
Lo'iK'est Common Multiple^ and we shtfll U!i,e this expression. 

213 . To find, by inspection., the L. c. m. of two or more simple 
expressions. 

Rule. Find by Arithmetic., the l. c. m. of the numericid coe- 
Jlh ients ; after this nutnber write the highest fwivers of all the letters 
that occur in the given expressions. 

Ex. 1 . Find the T.. c. M. of 4a*d*tf* and 

Here, the L. c. M. of the numerical coefficients 4 and 6 is 12. 
The letters which occur are a, and c. The highest power of a 
is rt*, of b is and of ^^s <P. 

/, the L. C. m. required— 
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£z. 2 . Find the L. c. m. of and 

Here, the l.c.m. of the numerical coefficients is 36. The letters 
which occur are a, by c and d ; and the indices of their highest powers 
are respectively 3, 3, 3 and 2. 

Hence the required L. c. 

Exercise LXXXIV. 

Find the L. c. M. of ;— 

1. ^>i^bc axidtab^c, 2. gx^jf and )2xy^. 

3 . and 4 . 20xyZf 5a;r*y and loa^y^z^. 

.5. a^b^y b^c and a^c^. 6 . and dbc^. 

7. 2b*Xy 6 abx^y and ^01^cx. 8 . 8 n*y loa^^and I2a*b*. 

9 . a*, Sa*by loa^b^y loa^b^, 5«^ and b^. 

10. gr®, 6 aXy 8rt*, 36:r*, 3a;r*, ^oa*x and 2/a^. 

11. i2a^b*c*x^, 2Sa^bc^xy* and yjab^c^x^y, 

12 . ^^a*b^(^x^y gia^b^c^x^ and I 43 a 3 ^*r*;r+. 

214 . With the aid of the preceding Ariticle, we may sometimes 
find by inspection the L. C. M of two or more compound expressions, 
if it happens to be easy to separate them into their component 
factors. 

£^. 1. Find the L C. M. of and aPb^ — a^b^. 

We have a *2 + ab* = ob{a + b)y 
and a^b^ - a^b^ = a*b*{a* — b*) = a^b*{a + b){a — b). 

Here, the highest power of a is «*, of b is ^*, of is and 
of a — ^ is « — 

Hence the L. C. M. — 

Ex. 2 . Find the L. C. M. of 2<**(a+A:), ^ax^a^-x) and (>x\a-¥x). 

Here, the L. C. M. of the simple factors 2a®, 4a;ir and 62:® is r2a®2r® ; 
that of the compound factors is {U-\-x){a—x) =a®—Jf®. 

Hence, reqd. L. C. M. - I2a*jr®ta®-2r®). 

% 

Ex. 3 . Find the L. C. M. of 3^2:®+4;r —5), 6'2r® + 2jr—15) and 
jr* -42r + 3. 

We have 3 (tf*+ 4 ^—5)=3'-^-OU + 5), 

6(^* + 2 x-iS)^ 2.3{x - 3)(2r + 5), 
and .a;*-4;r + 3«=(2r-i)(2r-3). * 
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Select the highest power of each factor, 

/, L. C. M. = 2,3(^-i)(;r-3)(;r + 5)-6(.r3+;r*-i7.jr + i5). 

Exercise LXXXiT 

Find the L. C. M. of :— 

1. and 2. ab-^ad 2LXi^ ab-ad. 

3. 2(a+i5) and 3(a* 4. 4(<**-«) and 6'<i®+a) 

5 . a*+^^andrt + ^. 6. .k*-2:-2o and 12. 

7 . .ar* —3Jf —4 and 12. 8 rt* - i, a* + i and <t*- i. 

9. 6(;r*+.;r/\ 8(ry-j/*) and io{x*-y*). 

10. 4(rt^-a*^), I2(«^* + ^*) and 8(<|3-a^*;. 

H. 6 {x^y + xy^ \g{x^- xy*) and 4(y3 + xy*). 

12. ;r®+Ar--30, 4r*-jr-3o and ;ir* - iiAr + 30. 

13. a^b — ab^y a^+ab ^ 23* and a* — ab- 23*. 

14. X*- r2.r+35, at* - io;ir + 2i and x* - 84r+15. 

15. «* + 5«+4, rt* - « + ! and a^ + 1 . 

16. xy, x-y andy^»-xy. (c. e. i866*and b. m. 1893.) 

17. rt* - 2'*, a* 4* 3«;r + 2;r* and a* -»4r*. 

18. .af*-9, jf3-27, jr-3 and A:*+3jr+9. 

19. (3a* - 3«3'/*, I Sfa^b* - ab*) and 24(a33* - 3®). 

20. i8(a + 3)*(a3-<53), 24Ca-3)*(a3+^3)and 36(a*-3*)*. 

21. 5flr(.jr*4-2jr+iOji:*f;t:* - i), and I5f.r+i)(jr*-2;r+1>. 

22. 2(:r-2)* 2jc*-8, j:^ + 2;«r and 2;r*-4;p (C. E. 1871.) 

23. x^ + a*, ;r* - a*, :r*++ /i* and jr*+ a*. (A. E, 1889 ) 

84 ;r*-i, ;r* + i, (2:-1)*, (;r:l-i)*, i and 4r*+i. (c. e. 1885.) 

25. 6.*:*-;r-1, 3.ar* + 7jir+2 and 2.ar*4 3.*‘-2. (C. E. 1869.) 

26. a*+6a3+s3*, a*-a*3-<i3*+3^ and rt*jh5a3-63 *. (b. m. 1885.) 

27. x^+x^y+xy^+y^ and x^-x^y+xy^’-y^. (c. e. 1870.) 

28. I+4ji: + 4Ji:*--i6A4and i+2;r-8jr*-i6;r^. (c.E. 1874 & P-E- 1888.) 

29. 9x*-28;ir* + 3, 272r+-l2;r* + i, 27i'*+6jt*-i and :i:+-6;r*+9. 

(C. E. 1886.) 

80. x^-~3x^+3x~- j, x^-x^'-x+i and ;r*-2;r*+2jr-1. (M.M.1890.) 
31. X* - 4a*, x^ + 2ax* +4rt*jr+ 8 a^ and x^ - 2ax* + 4 a*x - 8a^. 

82 . X* - (a+b)x+abf x^+ 3 ax-~ Sab-b* and x^-(2a+b)x-ab-sa^. 
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215 . To find the L. C. M. of two compound expressions which 
cannot easily be resolved into factors. 

Let A and B represent the two expressions, and D their H. C. F. 
found according to the Rule of Art. 197. Since each of the expres¬ 
sions A and B is exactly divisible by D, let them be divided by D 
and let a and <5 denote the quotients respectively. Then 

A«sflD and B = / 5 D. 


Now it is clear that a and b have no common factor. Therefore 
the lowest expression which contains n and b is ab, and therefore the 
lowest expression which contains aO and is abD, which is conse¬ 
quently the L. C. M. required of A and B. 


Thus, the T,. C. M. — abO 


ttD X A X B 
D “ b“ 


Hence, we obtain the following Rule :— 

Rule. Divide the product of the two^expressions by their H.C.F. ; 
or^ lohich is more simple in practice^ divide either of them by their 
M. C. F. and multiply the quotient by the other. 


216 . Since L. c". M. of two expressions 


their product 
H. c. F. 


L. C. H. xH. C. F. => Product of the two expressions. 


Ex. 1 . Find the L. C. M. of 9^:^ — ;r — 2 and — yx - 4. 

The H.C.F. of the two expressions will be found to be ^x^ + 2 x+i . 

Hy\livision, we shall find that 

{gr^-x — 2)-i-(^x^ + 2x+ i) = 3i:-2, 

and (sx^— lO.*'® — 7 ;r- 4 ) + (3;t:*4.2;r-h i) = ;r —4. 

L. c. M. required = ( 3 ,r — 2 )( 4 r —4)(3.ar*-l-2.r-l-1). 

217. To find the l. c. m. of three or more expressions which 
cannot easily be resolved into factors. 

Let A, B and C be the proposed expressions, and let M be the 
L. C. M. of A and B ; then the l. c. m. of IVI and C will be the 
L. c. M. of A, B and C. 

For, since M is the L. c. m. of A and B, therefore M contains all 
the factors that occur in A and B, raised each to the highest power 
it has in any of them, and nothing more. Hence the l. c. m. of 
M and C must contain all the factors in A, B and C, raised each 
to the highest power it has in any of them and nothing more, and is 
therefore the L. c. M. of A, B and C. 

Similarly, for four or more expressions* 
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Hence, we obtain the following Rule :— 

Rule. Find the L. c. M. of any two of the expressions^ and then 
the L. c. M. of this answer and the third atid so on. The last result w 
obtained will be the required L. c. M. 

Ez. 2 . Find the L. C. M. of 2;r*+jir/-6>'*, 31:*+ 8r^ + 4y* and 
62 ;* — ^xy - 6 y^. 

First, find the L. c. M. of 2X^ •\‘Xy — Qy* and 3;r* + 8;rj/+4ar*. 

TheirH. C. h\—x-\-2y. 

Hence, their L. c. m. = { 2 X— 2 y){}x + 2 yyx + 2y) 

■= 6 x^ + yx^y — I (>xy^ - 1 2 y^. 

Next, to find the l. c. m. of this expression and 6 x^ — sxy- 6 y^. 
Their H. c. F.=s 6 x* — $xy — 6 y^. 

L. c. M. required=6;r^+ 7 ;r*j—- 12y*. 

This question may also be easily worked out by resolving the 
expressions into factors. Thus, 

22:*+ xy^ 6 y*=i( 2 x — ^y)(x + 2 y), 

3r* + 8 xy + 4y* «(3^+ 2y)(x + 2 r), 

and 6 x* - ^xy - 6 y^ = (3;r + 2/)(2 r - 37). 

Hence, the L. c. M. required =*(2,r-3/)(3;r+2_y)(;r + 2j). 

Exercise LXXXVI. 

V , 

f Find the L. C. M. of :— 

r 

1 . 32:^ —;«f* + 3;r—I and 4;r^—;*r^ + 4;r-I.' 

2 . x^ + 9X^ + 23r+i^ and ;r* + io;r* + 33^4-36. 

3 . + 2a^b — ab^ — 2b^ and — 2 a*b — ab* + 2b^. 

4 . 32:* — ioax-\- 7 a^ and x^ - 5ajr* +7a*jr - 3a*. (c. E. 1880.) 

, 5 . 6a:^+7j:* —9jir+2 and 8^*+62r*—15;*:*+9.r-2. (M. m. 1890.) 

i 6. 6x^ + yx^ - 2yx^ +17.^ - 3 and 3.r+*+17«r* + 27x* +7.r - 6. 

(M. M. 1888.) 

7 . .arS-5;r*+2r*+42r’-4 and +.2:*-6;r*-42:4-8. (c. E. 1868.} 

8. 2:*—62:* + !i.r—6, 2:^ —92:*-f-262: —24 and x^ -82:* + i92:— 12. 

9 . 2:^-4-72:*-t-16, 2:*-P32: + 4 and 2r*-H32r-4. (B. M. 1892.) 

10 . 2:*-72:*-802: -I- 576, 32:*-142:-80 and 32:*+ 172:-90. (C.E. 1882.) 

11 . 2 r*+ 72 :*-f 82:— 16, 2:*- I32:-H2 and 32:* + 132:*- 16. 

12. x^ - 22:* — 192:-H 20, x* + 22:* — 232: “ 60 and 

2r^4-72:*-42:*-522:-H48. (B. M. 1891.) 

9 
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13 - x^+x* — 4x^ + 2x* + 6x’-g, x*-x^ + 6x-'g and x^+2x^ 

^6x+g. (B. M. 1886.) 

14 . The H. c. F. of two expressions is x — iy and their L. c. M. 

is xS+4x*+6x^+x*-6x — 6. One of the expressions is 
:r*+;r*-2. Find the other. 

15 . The H. c. F. of two expressions is a—i and their l. c. m. is 

a® — 4aS + So* — 4a* + 2« - i. One of the expressions is a* — 3a* 
+ 2«*+« —I- Find the other. 


318 . Eve^ common multiple of two or more expressions is a 
multiple of their L. C. M. 

Let m be any common multiple of the expressions A and B, and 
M their L. C. M. ; and letcontain M (if possible) r times with re¬ 
mainder j, which will of course be less tha:i the divisor M ; hence we 
should have 

+5, and, s=am — rM : 

but since A and B meosure both m and M, they^ would also measure 
m — rM, or s (Art. 201) ; /. e. j, which is less than M, would be a 
common multiple of A and B, contrary to our supposition that M was 
their L. c. m. Hence m will contain M with no remainder, and will 
therefore be a multiple of M, 


III. SEMAINDEB THEOBEEL 


219. If px*-¥qx4rr is divided by x — a until the remainder is 
independent of x^ that remainder will bepa^4rqa-\-r. 

First Method. Performing the actual division, 



*{pa^rq)x4rr 
{ pa-y g'^x - {pa 4 r q)a 

Pa*4rga^rr 


This proves the theorem. 

Here, we observe that the remainder is of the same form as th& 
dividend with a in the place of x. 

Second Method. Let Q denote the quotient, and R the remainder,, 
which is independent of x^ when px^’hrqx-hrry^ divided by jr-a. 
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Then ;)r*+yAr+r»(jir-a)xQ + R.(i) 

Since the above is uienticaUy true, and R does not contain it 
remains the same, whatever value we assign to x. 

Let x = a. Then the equation (i) becomes 

^a* + 9’a + r«sR, for {x ~-a)Q — {a-‘a)Q=o. 

This proves the theorem. 

(i) When 3;r* — 5;r + 7 is divided by x — 2, 
the remainder — jx2* — 5x2 + 7 

«12- 10 + 7=9. 

(ii) When 5;«r* —9;ir + 6 is divided by Jr+4, 
the remainder * 5( - 4)* - 9( - 4) + 6, 

= 80+36 + 6= 122. 

220 . If px^ +^;r* + /'^+j is divided by x —a until the remainder 
is independent of x^ that remainder will be 

Pa^ + qa^ + 

First Method. •Performing the actual division, 

X- a \px^ + qx*+rx+st px"^ + (/« + ^);ir+(/a* + + r) 

Jpx^pax^ V 

(pa+q)x* + rx 
lpa-\-q)x* -(Pa + q)ax 
{pa"^+ qa + r)x+s 
{pa^+qa + r)x-(pa^+qa+r)a 
Pa^+qa* + ra+s 

This proves the theorem. 

As before, the remainder is of the same form as the dividend 
with a in the place of x. 

Second Method. Let Q denote the qfuotient and R the remain¬ 
der, which is independent of x.^ when px*'^qx^-\‘rx-\-s is divided 
by x — a. 

« 

Then ^>;if*+}';r*+rj?+5=(2:-rt)xQ + R..(i) 

Since the above is identically true, and R does not contain x^ it 
remains the same, whatever value we assign to x. 

Let x^a. Then the equation (1) becomes 

^<»*+^a* + m+j» R, for (;ir-a)Q = (a-<»)Q=o. 

This proves the theorem. 
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(i) When 2^:* + 7;ir* — 9.r + 2 is divided by ;r-2, 
the remainder = 2x2*+ 7x2*- 9x2 + 2 
=■16 + 28-18 + 2 = 28. 

221 . If any expression in x vanishes identically when x = a, then 
will the expression be exactly divisible by x —a. 

Thus, when 3.r3 + 7.a:* — 2;r + 12 is divided by jr + 3, 
the remainder=3'— 3)^ + 7(-3)*-2( —3)+i2 
S3 -81 +63 + 6-1-12=0. 

3r^ + 7-r* —2 a: + I2 is exactly divisible by a-+ 3. 

£x. 1. For what value of a is .r* -(rt + 5)2:+14 divisible by .r- 2 
without remainder ? 

When the division is performed the remainder,.(Art. 219) 

= 2*-(« + 5) X 2 + 14= i8-2'a + 5). 

.*, the required value of a is obtained by equating this remainder 
to zero, in which case 

i8-2:^i + 5) = o ; /. 2(rt+5)=i8; 

« + 5='9 ; and /. « = 4- * 

Ex. 3. For what value of a is 3,1;^— yj:*—rt.r +9 divisible by 
,r — 3 without remainder ? • 

We have 3x3* —7 X 3* —3a+ 9 = 0, (.Art. 220) 

81-63-3/1 + 9=0; 27 - 3 '**o; 

3« = 27 ; and /. ^ = 9. 

Exercise LXXXVII. 

Without actual division, find the remainder when 

1. .f*-7;r + i2 is divided by jr-5. 

2. 42r* + 7;r +15 is divided by + 3. 

3. 8.a;* + i3.jr-5 is divided by .r-2. 

4 . 2.r* —13;!:*+ lyur-16 is divided by 

5. 4^* —5.r* + iijr—19 is divided by 2r+9. 

6. 2x^ —x* + ^x—ii is divided by 2ur — 3. 

7. —24-*^* + 58;r-25 is divided by 7X-3, 

8. 4 x* “ 33 X* + 8jtr - 5 is divided by + 3. 

9* 4x* - 3 x *+8 is divided by x*— 3 . 



REMAINDER THEOREM. 


177 


10 . For what value of a is Ar*-ajr+i20 divisible by r-15 without 

remainder ? 

11 . For what value of d is +rf divisible by +12 without 

remainder ? 

12 . For what value of a is ;r 3 -(« + 6)jr* + (6a + 5)jr + 3o divisible by 

x — a without remainder ? 

Without actual division show that the following expressions are 
xactly divisible :— 

13 . 2^* + 3;r-2 by ^ + 2. 14 . 5;r*-7;r-6 by Ar~2. 

15 . 3rt*-8a + 4 by 3a--2. 16 . .r^-3Jir —2 by jr+i. 

17 . 3a^ - 2 c^b — 1 3 rt 3 * +1 oh^ by a — ib. 

18 . I2.jr+- I 7 :r^ + 2i;ir*-3iji:+i4 by 3jir-2. 

Find for what value of a the following are exactly divisible 

19 . .t^ + 3.**-a;i:+35 by ;f+ 7 . 

20. -42r*+6;r-a by ;r —2. 

21. ;r*+/>j:+40 and ;i:*-;r-20 have a common factor, find the 

possible values of p. 

22 . If jr+a be the H.C.F. of ;r*+/4r+^ and x*^rp^x-^-q'^ shew that 

(p-f)a=^q-q\ 

23 . If:r* + ^.*'+i and + I have a common measure of 

the form ;r+€i, shew that 

24 . If x-\-b be the h c.f. of x*^\‘ax^rab and x*-^rcx^rbc, their L.C.M. 

will be 2:*+(a + tf);r*+atf;r. 

25 . Find the relation between b and r, so that :r*+Ar+^ and 

x^-^cx-^rb may have a common divisor. (p.E. 1891.) 

• 

26 . If ^ be the.H.C.D. and / the L.C.M. of t^^o quantities x andj/, and 

if x^y^h-\‘l^ prove that (P.E. 1891.) 

27. Find the condition that x^’\-^-\‘q')x^a may be divisible by 

xJ^p-^-q. (P.E. 1895.) 

28 . If x-^p be the H.C.F. of ax*^rhx^rc and ex^^bx-Va^ prove that 

either or 


M.A.-—12 



178 


MATRICULATION ALGEBRA. 


REVISION PAPERS II. 


Paper I. 


1 . Divide the product of —I2j/+i6 and ^^ — 12^ — 16 by 

y*-i 6. (B. M. 1872.) 

2 . Resolve into elementary factors :— 

(x) Sx^ ^72()y^. (B. M. 1890). (ii) Ar* + 324. (B. M. 1895). 

(iii) 562r® + 52ry-99j/*. (B. M. 1895). 

3. Simplify 

{6 + c~a){c-\-a-dya-k- 6 -c) + {ft + d + c){a* + d*+c* ~- 2 dc- 2 ca-^ 2 a 6 ). 


4 . If rt + ^=aI, prove that — + (b. M. 1889). 

5 . Simplify — —!(.*:-ii)I ; and sab- 

. (x^+ 7 x+x 2 yx*-x- 6 ) , . 00 ,. 

tract the result from-. (b. M. 1886.) 

x-l 


6 Shew that(4;r* —5r + 7j* —'5^*+r4ji:+2)* is divisible by x'^-\‘X 
+ 1, and find the quotient. (M. m. 1893). 


7 . Find the G. C. M. of 


62:^ - 42:+ - 112^ - 32* - 32 - I and 4.2+ + 22* - 182* + 32-5. 

(M. M. 1893.) 

8. Extract the square root of 

^7a+2^^^3m+i _ I02*’"'*'‘y’"**+94?*"* — 302”‘y’"**+25y*”*"'*. 

* (M.M. 1893.) 

9. Solve the following equations : — 


(i) ^-S; 3 *- 4 ) 

(ii) K^- 3 )+K-if- 8 ) + K^“ 4 ) = 2 /K. (c. E. 1901.) 


10 . A boy bought a itumber of oranges' for 2 Rupees. Had he 
bought 8 more for the same money, he would have paid 4 pies less 
for each. How many did he bu^ ? (m. m. 1893.) 


Paper II. 

1 . Divide the product of a( 5 ( 2 * +i) + (a* + d*)2 and 2* + i by that 
of 2+1 and ax-\-b. (M. m. 1894.) 

2 . Multiply 2* + (3rt- 2^)2 -(idb by 2* + {2a - 3^)2- 6 <i 3 . 

(M.M. 1899). 
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3 . Find the it. C. f. of + 2 x* + 8 and - 7.** + I2ji: - 10, 

<M. M. 1898). 

4. Extract the square root of 

^*(a + 4^/ + 3'3a*-2a^+^*}(/j* + 3^*). (M. M. 1898). 

5 Solve the equations :— 

(i^ K-^-4) + t(2^-7)-Ki + 5^) = 4(i-'1^)- (m. m. 1897). 
(ii) -l( 2 .r- 3 ) + Tfl( 3 -’^ + 8) = 5 ^ + K 4 ^-i 9 )- (M. M. 1899). 

6. Simplify 2 (z^+x^)-[(x+j/)(xj/-x* -_y*)-i2(x+j^+2r) x 

(yz+zx+xjf-x^ -y^ - 5*) - (;r - y)(jr* -^xy +^*)}]. 

(M. M. 1894). 

7. Find the L. c. M. of;r-a, x^—a^, (x^+a^)^. 

(M. M. 1894). 

8. Shew that (4jr* —8j*r-i)* — (2;*:* - 5A' + 7^* is divisible by 
‘2:*r®-3Ar —8 ; and exprcss^the quotient as the product of two factors. 
(M. M. 1895). 

9 . If rt, c be three quantities whose sum is zero, shew that 

+ + + (M. M. 189^' 

10 . The number of months in the age of a man, on his birth¬ 
day in the year 1875, was exactly half of the number denoting the 
year in which he was born In what year was he born ? (A. E. 1898). 

Paper III. 

1 . Divide (.r* - i)+-3(j;*-i)*-p I by 2:* - 3 .r* -H. (M. M. 1898). 

2 . Resolve into factors :— 

(i) i6:r*-i. (M. M. 1897). fii) ;r 3 4-4.r®+4jr. (a. E. 1895). 

'Sc (hi) (22:*-5 a: + 3)(22:*-52:-}-4)-2. 

3 . Find the ll. c. F. of , 

+ 22:” +192:*+ 82:+21 and 4x*-‘2X^ + iox^+x+i$, 

(m. m. 1896). 

4. Find the L. c. M. of « 

x^ + a^f x^ — a^, x*+a*x*+a* and x^-ax-ta^, (m. M. 1896). 

5 . Extract the square root of 

x*{x-a)* + 4a^x*+a‘*{2x •^a)^- 2 a^x^{x + a). (M. M. 1894) 

VC. If x*=sad + dc + caj show that (a^ +x*){ 6 * +x^)(c^+x^) is a 
perfect square. (M. M. 1889).* 
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7 . Divide the difference of {x* -bx-V a —b) and 

{x* — ax-\’a*){x — a-{‘b) by a-‘b. (M. M. 1872). 


8 . Find what term is wanting to make the following expression* 
a complete square 

rtV^ + 64^* —4(<iA'* + 8^)(rt-^)r. (M. M. 1875). 


9 . 


Solve the equations :— 

4 7 3 


(ii) 


2 XA-a 

b 


X ~ b 
a 


“^ax -hia — b)^ 
ab 


10 . The gross income of a certain man was ^40 more in the 
second of two particular years than in the first, but in consequence- 
of the income tax rising from 4^. in the £ to bd in the in the 
second year his net income after paying the tax was unaltered. Find 
his income in each year. (b. m. 1891). 


Paper IV. 

1 . From + + + subtract 

(a + b){a - c)(b -c) + {b + c){a - b){a -c)-(a-^ c){a - b)(b - c). 

i^M. M. 1893).. 

2 . Multiply together the expressions i + ax^a(» - i)x^ + 
^a[a-»\){a-2)x^ and i-k-bx+ \b{b-i ,x* + ib{b-i){b- 2 )x^' as far as- 
the term involving x^ and resolve into factors the coefficient of x* in 
the product. (B M. 1897). 

3 . Find what quantity not involving higher powers of x beyond 
the second should be added to x^-^x^- ^x^ + 2x^ +4.r* +1 to- 
make it exactly divisible by .r^ + 2.r— i. (b. m. 1897). 

i. Resolve into factors :— 

(i) x*~ iix*jy^+y*. (b. m. 1897). 

(ii) ^{ac+bd)^-'{a^ — b* + c* — fP)*. (m. M. 1897). 

6. Find the expression of lowest dimensions which is exactly 
divisible by — tf)*,at* — a(a — ^)* and {a+a^c—b’c. (b.m. 1890). 

6. Find Xr when {x—a)(x—2a){x+a){x+$a)+k is a perfect 
square, (b. m. 1890). 

7. Given ax+by = mf bx-^ay^n, a* + 3*-"i ; 

shew that »;;/* + «*. (B. 1890). 
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8 . l^xlract the square root of 

(i) l 2 X + l)( 2 X + 3 ){ 2 X + S){ 2 X + 7 )+l 6 . (B. M. 1890), 

484 

(W) X^ + 2X^ + 4X^ + X* + 4X-- -3+ g. (M. M. 189s). 

X X 

9. Solve the equation 

'I5;r+r2-■875Ar + -375 - •o625A' = o. (p. e. 1897). 

10 . 'I'wo men leave two places A and B, distant d miles from 
•each other, and travel a and b miles a day respectively in the same 
straight line AB. What is their distance apart at the end of t days, 
and after what time will they come together? (P. K. 1895). 


Paper V. 

1 . Kind the difference between (1 +r)^+(i •\-x */ + (i 
and 3x(x + 1) +_yl y +1' + 29 rj' +1, and show by what expression this 
difference must be multiplied that the product may be 

(A E. 1899). 

2 Simplify (a*-/^ + c)^ +(<* + 3 —(A. E. 1901}. 

3. Find the H. c D of -4r^-x^ + 2 x+P and x^-x^ ~2x + 2 
.and find such.a value of x as will make both the expressions vanish. 
(a. e. 1899). 

■ 

4 . Find the L. C M. of 4;ir* — fiyar-(9_y*+s*), 

9>'* + 4 jr 5 ’-( 4 r* + 5 ’*) and 5*-i 24 ’_y-( 4 Ar* + 9 j/*). (b.M. 1896). 


5. Resolve into factors :— 

(i) 4x*-gjf* - 6 x-gjf. (b. m. 1902). (li) x*-~x*j'^ + i 6 j^. 

(iii) I02r*-f 9. (iv) 5 i 2 (jr-*i)«-( 8 a 4 r-rt)* 


6. Find the square root of • 

(i) + 6 abx^ - 2 acx^ + gb^x^ - 6 b^x +c*. 


(b.m. 1902). 
(B. M. 1895). 


7. Find the cube root of 


•■v . 8 - 48 loa 

W)^*+j 3 -I 24 r* -55+542:+-. -I12. (B.M. 1893.) 


l8 


108 

X 
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8 . Solve the equation 
j ogjif+io i-35;c-2 i 18 ^ 3 

50 20 ” 10 ^ 15 


1854. (liM. 1902). 


9 - Shew that if a number of two digits is four times the sum- 
of its digits, the number formed by interchanging the digits is seven 
times their sum. (r*. M. 1889J. 


10 . A number has three digits which increase by 1 from left to 
right. The quotient of the number divided by the sum of the digits 
is 26. What is the number ? (a. e. 1901). 


Paper VI. 


1 . If a number is equal to the sum of two perfect squares, shew 
by an algebraical relation that the square of the number is itself the 
sum of two other perfect-squares. (b. m. 14896). 

(rt) Express (34)* as the sum of two perfect squares, (li M. 1896). 
3 . Resolve into factors 

(i) .jr*+6jr-187. 7i5. M. 1901). (ii) + 4. 

(iii) a*(a + d~-c + (a. e. 1899). 


3 . Find the L. c. M. of ix^ - 20x^ + 17;r - 4, 2x^ - i + 3 Lf - 12 
and 4^:3 - i6;r* + i3jr-3. (B M. 1902). 


4., Divide (f 7 +iyx^ + (a + i)x^ + a*(a-l)x-a^ by («+i).r-n®,. 
and find the value of the quotient when a= — ^ and x— —21. 

(m. m. 1899). 

5 . Extract the square root of 

(i) (a* + 3^®)®+ioa^(a + ^)(a—3^) + 33rt®^*. (B. 1899b 

(ii) a^ix^ + 2-t:^ +1) + 2ad{xS+x* +x^-hx) + + 2;r^ 

(P. E. 1895)- 

« 

0 . Find an expression containing no higher power of x than- 
the first, which added to 4?^ + 6.jr^ + 13jir* + 6,v +1 will make it a. 
complete square, (b. M. iSqfi&'P. E. 1899). 


7 . 

8 . 


9 . 


Exhibit + as the sum of two squares. 

(P. E. 1894). 

Find the G. c. m. of 

.*^ + 5 jr 3 - 36ar® + 5ojr+48 and x*+x^ — l2x^-2x + 8 o. 

(B M. 1900).. 


Solve the equation :— ^ 

l;c-{3.¥ + 6-l(;r+io)}-2l-ii(9-T5^). (b. M. 1901). 
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1B3 

10. A certain number of two digits is equal to seven times the 
sum of the digits. If the digit in the units’ place be decreased by 
2 and that.in the tens’ place by i, and the number thus found be 
divided by the sum of its digits, the quotient is 10. Find the 
number. (R. M. 1896.) 


Paper VII. 

1 . Substitute J/ +3 for x in x*-x^ +2x^-3 and arrange the 
result, (b. m. 1868). 

2 . Divide rt 3 (i+7)+53 (i+7) hya(i-x) + 3 (i 
(M. M. i898». 

3 Find the H. c. f. of 6 .j :5 + 35jir+ + 59^3 + i9t*-i7;r-6 and 
6 x^-5 x*~-4Ix^+7ix*-37x + 6 . (r. m. 1897). 

4 . Extract the square ^oot of 

(i) a*x^ + 6ac+ •^^+4^(ax + ^)+^2 . (B M. 1890) 

(ii) (fl+ ^^+ ^)(^+ ^ 4“2/r)(rt+ d + sO"1" i^‘ 

5 . Find the cube root of 

(i) jr6+ ^^- 6 ^x*+ +21 (^x*+ -44. (B. M. 1902). 

(ii) 8 + 36.ar4.424r*-9^r3-2lJc'^+9.i'^-A®- (B. M. 1901). 

6. Resolve into factors :— 

(i) I2:ir*+.ar —35. (b. M. 1900). (ii) 8;r*+6.ir-27. (A. E. 1896). 
(iii) 8lrt‘* + 64^*. (C. E. 1898). (iv) x^- 3 a^x-\r 2 a^. 


7. Transform (;r* +^* +-^* + 2xy)* — 2 (r +jF)*2*into the sum of two 

perfect squares, (m. m. 1879). . 

8 . Find the value of {ma — nb'\{mh-nc){vic—na)\{na — mh)'X 
{nd-mc){nc—ma\ when a — d=o. (M. M. 1883). 

« 

9 . Solve the equation 


21 / 2 x q \ 7.r - _ 19 

4 \ J 18/ 12 ^144 


14- I 


. (b. m. 1900). 


10 . A person bought a certain number of eggs, half of them at 
2 a penny and half at 3 a penny. He sold them again at 5 for 2if. 
and lost a penny by the transaction. What was the number of 
eggs? (c. e. 1900). * 
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Paper VIII. 

1 . Simplify ix--y+z)(vi-y-s)-{x + y + z){x-y-^z)-4yz. 

(a e. 1891). 

2 . Find the ii.C.F. of 6x^ — 2ar* + 9.r* + 9*“ - 4 and 9^^ + Box* — 9 ; 
and find such a value of x as will make both these expressions 
vanish, (u. m. 1895). 


3 . Find the square root of 
(i) x^ - lx* + + ^%x* - Jr + w- 


/in 


6* 


* 9 ^ 1 * 

1. y _4* 2 


(B M. 1901). 

(M M. 1892). 


4 . Find the G. c. M. and l. c. m of ^x* + iyx^ + 27x* + 7v^6 
and 6jr* + 7 ^ 3 -27r*+17^-3. (m. M. 1888). 

5 . Find the cube root of 8r^ - 12r® + 6 x^ - 37;r6 + ^(ix^ - 9r+ + 

S 4 r 3 - 27 ar*- 27 . tii. M. 1876-96). c 

0 . A ladder with its foot at a horizontal distance of 20 ft. from 
a vertical wall, just reaches a point on the wall 30 ft. from the 
ground ; find, by means of squared paper, to tlj,e nearest tenth of a 
foot, the length of the ladder. 

7. Divide (a*--ir)*+8^M by (c E. 1899). 

C 

8. Show by means of a formula that {at + by + cz)^+{cx-‘dy 
-fas-)*'is divisible by (a+-r)'jf +£') (B. M. 1887). 


Solve 


(in 


3 

x-^ 


5 


7 

6 


AT* 4-6 - r + I 

+ 3 


.r^ — 2 


=.ri4'26. 


10 . Find the value of x which will make the expression — 8jf* 
+ iij»r* + 7jr-1789 exactly divisible by 2r» + 7;r--1. (b. p. e. 1887). 


CHAPTER VIII. 

ELEMENTARY FRACTIONS. 

232 . Algebraical Fractions are for the most part precisely 
similar both in their nature and treatment to common Arithmetical 
Fractions. We shall have therefore to repeat much of wh.at has been 
said in Arithmetic ; but the Rules which were there shewn to be true 
only in the particular examples given, will here, by the use of letters, 
which stand for any quantities, be proved to^e true in all cases. 
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233 . A Fraotion is a quantity which represents a part 01 parts 
of a unit or whole. 

It consists of two members, the numerator and denominator, 
the former placed over the latter with a line between them. Now we 
have already agreed (Art. 13) that such an expression shall denote 
that the upper quantity is divided by the lower ; and, in accordance 
with this, it will be seen presently that a fraction does also express 
the quotient of the numerator divided by the denominator. 

23 t. The numerator and denominator are the terms of the 
fraction. The denominator shews into how many equal parts the 
•unit is divided, and the numerator the number taken of such parts. 

Thus, ^ means that the unit is divided into b equal parts, a of 
avhich are taken. 

235 . Kvery integral quantity may be considered as a fraction 

whose denomiimtor is i ;Mius « is -. 

i 

226. To multiply a fraction by an integer, we may either 
multiply the numerator or divide the denominator by it; and coti' 
versely^ to divide S. fraction by any integer, we may either divide the 
numerator or multiply the denominator by it. 

Thus, ~K 1=^^ ; for in each of the fractions - , , the unit is 

DO 00 

■divided into b equal parts, and x times as many of them are taken in 

the latter as in the former ; hence the latter fraction is x times the 

former, that is, = 7 xjr ; and, by similar reasoning, -r • 

0 b b 0 


.. a a 

Again, — 

^ ' b bx 


; for in each of the fractions r» ir 1 the same 
„ 0 bx 

number of parts is taken, but each of the parts in the latter is -th of 

X 

each in the former, since the unit in fhe letter case is divided into x 
limes as many parts as in the former ; hence the latter fraction is ^th 

of the former, that is, ; and, similarly, 


227. If any quantity be both multiplied and divided by the 
same quantity, its value will, of course, remain unaltered. Hence, if 
the numerator and denominator of a fraction be both multiplied or 
divided by the same quantity, its value will remain unaltered. 



ax 

bx^ 


~ « &c. and 
ab * 


aH 

a^bc 
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228 . Since = ~ 225), and therefore, a divided by ~-f- 

(Art. 226), it follows, as stated in (Art. 223', that a fraction re¬ 
presents the quotient of the numerator by the denominator. 

In fact, we may get jth of a units, (or a-f-d), by taking ^th part 
of each of the a units, and this is the same as a such parts of one unit, 
which is expressed by ^ (Art. 224). Hence it is that, in Arithmetic, ^ 
of /?r.3 is the same as J of &c. 


229 To reduce an integer to a fract'on with a given denomi¬ 
nator, multiply it by the given denominator, and the product will be 
the numerator of the required fraction. 

fix 

Thus, expressed as a fraction with*denominator .r, is —; or,. 

X 


with denominator b — c^ is 


nb — ac 
b ~c 


The truth of this is evident from Art. 227. 


230 . The signs of all the terms in both the numerator and 
denominator of a fraction may be changed without altering its value. 


Tlm», ■■ 


b* — 2nb — 


yib — rt* 


is identical with 


- yib 


This follows also from Art. 227, as the process is equivalent to 


that of multiplying both numerator and denominator by — i. 


Thus, 


3 -^ 


- I ^ ^^ a— b ^b — a ^ a — b_^ 

;c -3 ;r-3*a—^ c-a* * c a 


a 


a-c 


I. BEDUCTION OF FRACTIONS. 

231 . To reduce a fraction to*its lowest terms. 

Rule. Divide the mimerator and denominator by their H. c. F. 


Ex. 1. 


Reduce to their lowest terms and -« —~. 

2 $a^b^c* a^xy -h axy* 


(i) The H. c. F. of the numerator and denominator is ^a^b'^c*. 

, I <,a^b^c^ 1+ ^a^b*€* ^ac^ 





REDUCTION OF FRACTIONS. 


187' 


(ii) The denominator=a;ry(a+j'). 

The H. c. F. of this and the numerator clearly is axy. 

, + axy axy 

’’a^xy + axy* uxy(a+y)-}-aty a+y ’ 

Note. The operation of dividing out any common factor is called the 
cancelling of that factor. 


232 . When the numerator and denominator can, on inspection,, 
be resolved into factors, then any common factors can be cancelled* 
out and the fraction will thus be reduced to its lowest terms. 

Ex. 2 . Reduce to its lowest terms ^- i . 

x* + Sx + 6 


The fraction - - ^ on dividing both numerator 

^ + 3K^+2} X+2* ^ 

and denominator by the H. C. F. ;r + 3. 

(ji - 4 * 

Ex. 3. Reduce to iis lowest terms ^ . 

f* — X 


The fraction = 


-rtr+;r*) a*-ax+x 


ia + x){a — x) a — x 

numerator and denominator by the H. c. F. a+x. 


on dividing botlv 


Exercise LXXXVIIl. 


Reduce the following fractions to their lowest terms :— 


1 . 

T ^a}b*Ct1 


3. 

J 4$a^x^y^x^ 
^la^x*y^z^ 

4. 

1 iaH^x 

2ia^d^y * 


6 . 

2Ja^b^c^x^y^ 
$yi,*b^c*Jt^y^ * 

7 

axy+xy^ 


0 

1 IW*+22W,r 


axy 



33(w*-4.ar*) * 

10 . 

J4x* — 7xy 

Sa^b— \ Sa^b* 

12 . 

6jr* - 

loetx —say 


6x*y- i2xy^ * 

13. 



1 R 

gx^y^ - 15 ;rj^+ 


2m*n + 2fKn* 

a^bC"\rab'^c4rabc^ 

I2x*y* -2\xy^ 

16. 

abc + ()bc^ 5tf* 

17 

ac\-hy-\-ay-\‘hc 

20adaf^iUfi/- \ocdf 

af4r2bx’\-2axy bf' 
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18 . 


X*-~ I 

ax-\-a ' 


31. 


. r J - h*x _ 
x"^ + ^bx + b* ' 


19 . 


X* - «'*• 

x^ —a^x^ 



20 . 

23 . 


a^~b^ 

fl* - ab + ax— bx 
+ab + ax+bx * 


U 9 . 

32. 

35. 

37. 


X*— (a-b'ix -ab 
X*-(a+ cx + ac ’ 


x^ - ar + 'l 


27 . 


.r'-2jr-3 

6rt* - ij^av^fix^ 

10 a* - — ■ 

acx*-\‘Uiff—bc 'Sx - bfi 
a*x^ ~ b*‘ 

X*~X^-X+f 


.r* + 2 r - 
X^ + S t *6 


25 . 

28 . 


a* + 2 a (5 + 
a* -b* - 2bc - c* ' 

a* - ab - 2b* ' 
rt* - 3 4 - 2^* ' 


30 . 


6 'i*^^yax- X* 
64 *+ I lax-t- 3 .r* 

x*-7x -\-10 


31 . 


33 . 


'2a^h'\* — c* 
4a* -ib+Cl*. 

£i* +27 


2x* - jr - 6 ' 

8jrj/- 3r* - - 
7r*j/* - 2A ^ 4 - 4 ^^ 


34 . 


3 « + 9 


r 4 x v 3 *.-T- (^‘ *867)- 38 . ^ ^ . (M. M. 1886). 

.T^+A-*—AT— I 7 r*i/* — T 1-4 4- I 


+ 7 +- 6 aA* 4 - 9 (i^‘ 


39 . 


(x-y)* -1 

(Ar+ I)* -j/* * 


233 t If no common factor can be found by inspection, the 
H. C. F. must be obtained by the method of Art. 197. 


£z. 1 . Reduce - ^ -=-- to its lowest term^ 

A:*~4Ar+3 

The H. c. F. of the numerator and denominator is x— r. 

Dividing both numerator and denominator by at - r, 

x^ 4 -x* 4-3X- ^ (x^-k-x* 4 - '^x-'^) - *-(x - I ) x*4-2x *■ S 

A:*-4Ar + 3 “ (at*-^ + 3)4-(a?-1) “ a:-3 

Sz. 2 . Reduce to its lowest terms. 

2A^-9r* - 14A + 3 

Here the h. c. f. of the numerator and denominator is 
AT*-54? +1. 

.. the fraction ^2>*-gxi-nx+3)Hi*-sx+ir 2x*+x+3 * 
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Reduce to their lowest terms 
x*+x- 12 2 

2X+ 2 . 

X* -t 4 x^ - 5 * 

x* + a^ x^ + a* 0 

X*+etx^ - a^x - a* ‘ 


7x* -2yxy+6v^ 

Sx^ - iix*y+ I i;ry* - 6y* * 


^a*x* — 2ar* - t 
4 a^x^ - 2a^x* — yix* +1 


- 5rtS + loa ^x + ^/t ^x* 
a^x + 2a*X* + 2ax* + x* * 

y^ + SX *-4 

®* “]r 3 Trr“- 

0, . (C E. 1869). 

4.T^ - 2X* -2X+1 


x*-AX + 3 , 00 V lA :r^-6;r*-37;ir + 2io , \ 

-“ - -■ 5 _. (M.M. ,885). 10 . —p- -.(C.E. 1865)* 

\x> - iix*-g ^ x^ + 4x*-47x-21o ' 


2 x^ 4 -ax* 4 - 4 a*x- 7 a} , oz x 

11 . —5—-— g — Q g -(C. F. A. 1862). 

x^ - Tax* + 8a*r - 2a3 ' 


joxi + } 9 x*-q 
2Sx^-\9x +6' 


12 + 

.v3 + 3^f* + 5r + 3 


14 . ^ ,3 

2.r* + lOftjc* - 4a*jr - 48a* 


2£^ + n^r - 5 

7^*-19.1:*+i7jr-5 

2;g^ + I f 4 ^ 4 i;r* + 99;r - 45 
2;r^ - yx* - 52.ar + 2i ' 

xS - 4v* 4 .gx - 10 
x^ + 2x*-yc+20 ' 


(C. E. 1870). 


17 ^*-2^^-2 5^^ + 26jr+ 120 
■ ^^ 4 .t:*- 19 A:*+ 46 A: + i20*‘ 

_ a* + Iia+ 12 , . 

19 . -r-. -» ■ • (m.M. 1884). 

rt^ + iia^-54 ' 


234 . If the numerator be of lower dimensions than the deno¬ 
minator, the fraction may be considered in the light of a Proper 
fraction in Arithmetic; if greater, in that of an improper 
fraction. 

235 . To reduce an improper fraction to a mixed fraction. 

Bnle. Divide the numerator by the denominator., as far as 
the division is possible, and annex to the quotient the remainder for 
numerator and the divisor for denominator in the fotm of a fraction. 
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Ex. 1. 
Ex. 3. 


2^ 

"8 


a 

3 «+^- 


2X^ + 2X* +\ 

x*-x + 4 


Ex. 2. 


a* - yid 
a — b 


= a 


2ab 

a-b' 


- 7 j:- 19 

3^+5+i^^+~4=3^+5 


7 Ji:+i 9 

x^-x-^A,' 


236 . To reduce a mixed fraction to an improper fraction. 

Buie. Multiply the integral part by the denominator; to this 
J>roduct add th^^ numerator and under this result write the deno¬ 
minator. * “ 


£x. 1. 


b 

3 '* 


4 / 1 ^+ 3 6ab — {^ab-\r'i) 2 ab—'S 
2b ~ 2b 2b 


Ex. 2. x^-^x+i + 

X -1 


(.*■*+:*■+ I l)+2 

X- I 


- I + 2 _ X^ + I 
jr- 1 ~~ X— i ‘ 


237 . Sometimes it is convenient to express a single fraction 
as a group of fractions. ’ 

4a*b + 6a^b^ — i ^b^ 4a^b 6^/5* ^ ! ^b^ 

™ I2a^b*^ \2 hH* \2a*b* 

30 2 4a* ■ 


Exercise XC. 


Reduce the following to mixed fractions :— 

a^-b^ 


, 26r „ 8a*+ 5^ 

X* ' • W» 

7 4 « 


3 . 


3r*+6Ar + 5 


a 


a* - ax-{-x^ 

5 . - 

a-i-x 


6 . 


2jr*+ S 
■ x -3 


8 . 


i6f3Ar* + !^ 


9 . ^ 


7. 

10 . 


.r + 4 

loa*- I7ai‘+ lojr* 
5a-.a: 

,1 * - 62 : + 14 


4 .r -1 ^ x^-x+i‘ x*~ 3 x +4 

Reduce the following to improper fractions :— 


11. 4^- • 12. ^ + 13. 2r -3r- 


X-2 


^-3 

16. *-«+,+ 

x-f-a 


. 15. a* — 2 a 2 r+ 42 :* — 


6jr^ 
a + 2.iif 


17. x+y-- 


2y^ 


x*-xy+y 


a * 
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238 . To reduce fractions to a common denominator. 

Rule. Multiply the numerator of each fraction by all the 
denominators except its own^ for the neiv numerator corresponding 
to that fraction^ ami all the denominators together for the common 
denominator. 

The truth of this Rule is obvious ; since, the numerator and 
denominator of each fraction being both multiplied by the same 
quantities, viz.^ the denominators of the ot,^fer 'fractions, its value 
will not be altered, though all the fractions will now^ilp^ear with the 
same denominator. 


Ex. 


Reduce 7 
b 



c 

d 


to a common denominator. 


For the numerators, a>iC'xd=ftcd 

bxbxd= b^d and the required fractions are 
rxbx c= bc^ acd b*d bc^ 

F^or the denominator, bxcxd-^bed ; bed ’ bed ’ bed ’ 


239. If, however, the original denominators of the fractions 
have, any of them, common factors, this process will not give them 
their lowest common denominator, which, as in Arithmetic, will 
be found by forming the 1. c. M. of the given denominators ; and 
the numerator corresponding to any one of the given fractions will 
be obtained, by multiplying its numerator by that quotient, which is 
obtained by cfividing the L. c. M. by its denominator. 


£x. 1 . Reduce 
denominator. 


a c b 
2 bx ’ habxy ’ ^acx 


to their lowest common 


Here, the L. c. M. of the denominators is 6abcxy. 


Then, 6abcxy 2 bx~ lacy ; 
6abcxy-^6abxy=c ; 
6abcxy + ^acx — iby ; 


*’ 2bx~ babexy' 

, c* r* 

“ babxy bubexy * 

• ^ 

* • lacx babexy * 


Hence the required fractions are 


babexy ’ babexy 


2b*y 
babexy * 


Ex. 2 . Reduce > 

2(a+^; 

(non denominator. 


xy 


to their least com- 
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The L. c. M. of the denominators = — 

Then, i2(a*-^*)-r2(<i+^)=6(a-^) ; 

, 3.r* ^ i 8 x*(a- 3 ) 

2{a + d) 2{a + fi)^ — \.2a*-^ b*)‘ 

i2(a*-^*) + 3 (a- 3 ) = 4(a + d); 

• 4 (rt + ^) + 

3(rt-<J) 4{u+b) i2(u*-d^)‘ 

i 2 (<i*-^*)-f- 4 (rt *-^*)-3 ; 

• "^y* M _3^* -v3= 

•• 4^.1 *3 


Exercise ZCI- 


Reduce the following fractions to their lowest common deno¬ 
minator. 


1 . 


X y z 


y* S’* 


b' c' 2ab^ lac' 4bc 

. 2x*y 3sr* AV^ , S^ry* 

*• la^ ' 4 «*^’ 5 «^’ ■ 

yi — b In-b 2a —b 


6 . 


8 . 


4 ^ 

4sr® 


2 ) 


22:3 ’ ' 

xy 


+ 6(«*-^*)‘ 


9 . 


7 . 


3 l£ 

5a ’ IX ’ as: * 
a + sr a-x 

a-x ’ a + s: ’ 
t-a «a 


a*+^*’ a*-/J»* 


10 . 


ax 


3 ‘J' 


4a3(a + 2 -j ’ 4a3(a-2:)’ 2a*(a* —s:*)' 
4 b 5 


ST- I ’ (ST- l)* ’ ST+l ’ (2:+l)* ’ ,r*- 1 * 


II. ADDITION OR SUBTRACTION OF FRACTIONS. 


240 . To add or subtract fractions. 

c 

Rule. Reduce the fractions to a common denominator^ and add 
or subtract the numerators for a new numerator^ retainin^^. the 
common denominator, 

Ez. 1 . Add together ~and ^. 

a b c 

Here, the common denominator is abc. 

• ^ % y X ^ — bcx 4 rafy 4 -abz 
•• a'^b^c"’ IfFc • 
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IBz. 2. Add together ^ and . 

7 8 

3a-4 . S-ya 24^-32 . 3^-4ga 
7 8 56 56 

^ a4<»-3^-*‘3S-49a 3--2Sa 

56 " 5 ^ • 


«Ez. 3. From ^ take-——. 

6 5 

3^:i5_ « + *5 a~2S 6a + ]r2 j*^jirl2S-f6g4-i3) 

^ 5 30 " 39 A 30 

^ 15 ^- 25 - 64 1*^1 


\ 


TSZ 4 Add - 


l+:r 


I +X+X 




1 -X 


x+x 


■* ■ 


Here, the 1 . c. d ‘•{t+x4-x*}{t r-x+x*)^i + t*+x*. 
Hence the Exp.* - "+'>('-£±£!Hii:=£Xl±i+»*), 

^ I 4!X* + X* 

^ (r+ ;r^) + (i -~x^\ _S' 

" i+2r* + t+ **i4.jr*+^‘ 


Bx. 6 . F.om take ^ . 

Here, the L.C.D.-(i+4:+4r»)(i-jc+jr*)-.i+4r*4.;r* 

Hence the Exp.- (l±£)' Lz£±*?)- C 

I-f.ar^-ft 2 ;r* 

“ l+x*4*jr^ ** t 4‘xf+x^i ~ i+lf'Ti.'i* 

's ^ 

Ex. 6 . Find the value of +^. 

a a+ff T 

' / 

“Were, the LC,D.*=a*-^*. ^ J 

Hence, the Exp.-‘2!±*!>=§^^±*<2^' 

a* 4 -^*--(a*- 2 a^+ 4 *)+2a*—a^* 2(a* 4 -ad-~ 

M, A.—13 ♦ 
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Exercise XCII 


Reduce the following to a single fraction — 

X.XX •« 2 a 5 ^ Zc 

+ +— 3 . —+ — + 3 . — • 

234 2r 3;r 4r 3^ I 2 y az 

x+l 2X’~i - ;r -3 x^^ * 


2. -+ -+ 

2 r 3;r AX 


X+l 2 X’~ I 

3 ~ 4 


5;f ” 6ir ■ 


8;t: . ' 


t-;-23 5a-7^ 8g + 2^ g 3a-. ^5^-4^ 

10a 2Ca ' ' 2 12 


3^-4;^^ i5y-4g _ 2x-y^z 
2 12 3 ■ 

2a* + $at 5a*^ - 2a3* Aa** - 3 a*^ 
a* ah* *" « 4 ^A“ • 


-- a-x a + T 4a*+a* 
ajr ;r* 40** 


a a + d_ 
2^**" 3^-^)' 


a^b 


14 + --- 

a-b 

„ a*+^* a-^ 


a-b ab an " 2a* - 2 xy+y* x 

aArb^ a*—b*' x*-xy x—y 

i+$x^i^Sx 20 a (afi-bc)x 
i + sx’ ' £ c\f^dx) 


12 

2^ 2la+^j • 


a-b a-\-b' 

a* + d*__ a-^ 
a*-b* aArb’ 


a -7 a-3 

it. \+ 

a* a(a 4 -ir) 


£. <»+.r 

a*” a(a-ir)’ 

* 2,1 

t -- A* — 

X-l X x+l 


a—b c—a . b—c 

+ zr + “TT • * 


26. * + — - ^ . i*k 

X IT—I jr + 2 

^ lia — xf"^ 2{,a+xj^ a*+a* 


864 ). 30. 


2(2r-i)“ 2(2:+i) j? 


3 « 

2 a+ 3 ^ 2a —^ 4a* —^* 


29 * — * I X—l 

{x*+-i*'^ X* + h’ 


x^+3^ _ y_ _xi *- a (a* - b*)x , a(a*- 3*V 

x*-y* x-y^ x+y' b'^ b* b'^\b+ax) 

X*-y*,X*+3^ aa X X* . je* 

^“x^+y*^ fTi" (i^;r)*'*' (T^* * 


.(B.M. 64). 
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3« ^ 

a ' 2 fuc . 

'38. ^ — 

a+x ' 

a^x a*-x»' 

a~4 

x*+^* 

ix* y* 

40. 

xy 

xj'+y* x^+xy' 


X- 

I 2(X' + 2) 



j. 1 JL 


241 . Sometimes the denominators'of the fractions have to be 
resolved into factors either by inspection or by the method of finding 

the L. c. M. . 

BZ. 1. Simplify ' 

^ ';c*-5;ir+6 ;r*-3r+2 j:»- 4 ;r +3 

The first Denr.-*f4r-2)(jr-3l ; the second =»(;r—i)(;r-2); and 
the third««(;c-i)(jr— 3 ); of.these the L. C. D. = (;r-i)(;r —2)(;r—3). 

,r T- 3^-2 2 X+3 5^+2 

^ (jf-2)(jf-3) (;r-.i)(jr-2) C2f-iA^-3) 

• (pe — 2^fr — I) + {2 X + ^ ^( X—^)’ -($X + 2)(X'^ 2) 

^^i)(jf- 2 Kar- 3 i 

• « (3J?*- 2) +(2;r* -3r-9>-f5.y* -~8x -4) 

* -3 ^ 

(jr-iKjr,-2)(^-3) ’ 

• 

242 . Sometimes it would t)e convenient to combine two of the' 
fractions together, instead of finding the L. c. M. of all the denomina* 
tors at a time. 

- 5 4 2 21^+6 

. to. 8. . Simplify—+ . 

The L. c. D. of the first two*-92* -4. 

. ^ S(3^-H2)+2(3^-2) 2fA:+6 

Hence the first two terms— ^ ^ ;-" * ; . 

9* ” A V* "* 4 

Therefi^e the whole expression • 

3ijr<4-6 21^+6 ,1 . f * ^ 1 

” =(*'*+*) 19 ^*^" ^i*+ 4 f 

___ 8(2ijr+6> 24f7X+2) 

-^2i2r+0ix 8i:c^r-i6 ^ 8l**-i6 8i;r+-.i6 * 


V 
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Bx.a ■ 

The Exp.+ j - 

(re-arranging the terms) 

_a» + 2-a«+2 / a»-i-a»-i \ 4 J _4_ 

a*-4 \ a**-! / a^-4 

^ / 1 _i_\ ^ 4^0*-1-a*+4) ^_«_ 

'"^\«a*-4'’a*-i/“ (a*-i)(a*-4) ""a*-5«*-l-4 ' 

243. Sometimes the work may be simplified by first reducing 
the fractions to their lowest terms. 

a o- i-r a*-3a^ + 2A*' 6rt*-5a^-6i* 6a*+a^-2^* 

' £z. 4. Simplify -*' .-+-?—r--—r—• 

^ ^ a-zb 2a-^ yt^zb 

rr-u £ a r *• {a-b'ta-zb) ■ . 

The first fraction *-.— ^a — b. 

a —2b 

The second. 

2 a —y 

... { 2 a-b'',i\a-¥ 2 b) . 

3 «+ 2 ^ ‘ 

Hence the expression=(a--^)+(3a-|-2^) —(2a—^)-'2(a+^). 

Jb 

244. By applying the principle of Art. 230, fractions may often 
be cl^anged to simpler form for addition or subtraction. 

Bz. 6. Simplify ~ ^ 

a—b b—a 

Since b — a^ — {a-b)y the above fractions may be written thus :— 
g ^ b OL—b'' 
a — b a-b^a-b *’ 

Ez. a Simplify ^ . 

Since i*—;r* — — (jr* — b*\ therefore we have 

X? 2b—a b- 2 a , '%x(a-b) 

the Exp.«- - + + --3-ryi 

^ x.-b x+b x^-b* 

{ 2 b-a){x^b)’¥ib-^'Yx-b)-¥%x{a — b) 
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(2Ar -oar+2^* “« 3 )+( 3 jf - 2 ivc-b* + 2 ab) + - jjbx 

ab-^b* bla'^b) 


jr* -b* X*- b* 

f 


Exercise ZCIII. 


1 . 

& 

& 

7. 

a 

10. 

IL 

13. 

15. 

la 


^the values of \ 

-I . ^*-6Ar-7 \ J_. 


Findjhe values of :— 

I 

3 *+ 2 ^(^+^*^ (3^+2;* 

_L_1 j 

2:*-7;c + I2 ;t*-jr-i2* 

J_ 1 -+ _1_ 

x-i z~2 .r*-3jr^2' 


x-j^ 


_ 2y-2y* » 


4 4. _?£ri. 


x-'+x x^—x+i 

ft 


2jr*-~ 11 

;^+T 

8 


x-i .r+3 2r*+22f-3 


2 a 


x-~a 


2 


{x — 2af X* - Sat +6tf* jc - 3a * 


3 « 


9 a* -30^ + ^* 27a2 + ^-* ‘ 


9. 


jr + l 


.r -5 


jr*- 3 Ar -28 j:* + 2j:-35 


(2a-$ 3 )* 7-4a* (3a-2^)*~4^* 

4a-53 3 <*” 4 ^ 


+ 


+ 


2(a-r) 2 {,a+x) a*+x*' 

_2__ a+6 

a-2 2+a ^+4’ 


13. I— 


x*-y*'*' x^ty* * 


U. 


1-2: 


8(i-r) 8(i+jrj 4(*+2f*) 


i+x 


4 x 


$x 


I -X I +x 


*"*" I -‘X*'“ 1 


I 


4 fl* 3 * 


2a’ 


+x 

a 


a*+ 3 *’*’a +3 b-~a‘ 

17. ■*'" 2f4»4a f.r+4a)fjr-*3a) , 

a:— 4 a x+ja -ax - 12a* * 


a* a 


a*—I a+i l-a' 


19. 


»+3*** i* -32r+9'“ 2f*+27 

lour-II lojr-i jr*—zr+5 


;»r+i 


2:r*+2r+i2 


. ^C. E. i860). 


3(2r*-I) 3(2r*+4r+i)^ -!)(* +0’ 
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^198 

23. 

23. 

25. 

26. 

t 

2t. 

r 

28 

20 . 

30. 

31. 
33 

33. 

34. 
35 

36. 

37. 

sa 


X-2 


jf- 4 . 


c<.T- 3 ) 


{,x^ZXx-S) ix-i){S-x)' 

y~x x^iy ^(x-y) 

f 

_ _ * — + -i- 

x^- 3 X -28 .r*+;r-i2^!ji:*-HKr4-2i 


24 I . »_ 3 ^ 

*';r-1 2-j||Lr 2x*+2 * 


I 


3 

X- 

a-*-3b 


46* 


a-~b 2{a + b) 2,a*-^-b*) a*-l^' 


I 


I j 


rt* + 2ab - 3b* + 2ab — 3a* 3a* + 3b* + \oab 

a*+a£ a-c 2c . „ ,q4.«\ 

*+y ^-2:_x-+y* „ , 862 ).' 

x — y v 4 ry x^-y^ 

*+ ’ + .. (B.M. 1893). 

;*■ x-\ x+i X*-1 x{x* -1) • 


(a. £. 1897). 


x 4 -y 

y 


X -(c. k. 1863) 

x-^y x*y-y^ 


“+*4. (C. 1 S. 1874 ). 

a^b 2b' 2b[a-b) ' 


2 a* 


,+« ^- ^ 4. (C E. 187J). 

6 a4-b ab-o* ar-&* 

(C E. 1879'. 

x-ii x-y Kx-y){,x-g) 

a+c . b+c . . „ ,Q, » 

(2-oX*-«) (*-*)(«-*)■ ‘ 

»+JUL_4. , '+»J' _ , . (c E. , 8 ( 56 ). 

4 l»+.yx^+ 2 yr (jr+>'X^+ 3 ^) 4 (A+ayA^+ 3 ^') 

1 1 X““ K I j?“6 . » 

2 jr—I .ar*-7A'+io 2 j;* —9Jr+i8 

a 4 2: , a^x , 2r* i . ,d„«\ 

a*+<MP+2r*'*’a**-<ltr 4 -;c* a*Taf^®T!pf *^ ' 
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m 


2 + X 


2—X 


-* 0 - / _r .+ / %+ a" . (C. E. 1873). 

2 {X+ 1 ) 2 {X- 1 ) X*+l T 


41. 

43 

* 

43 

44 
45. 


47 

43. 

49 

.50. 


-7- + a*’ .+ -5-^ . (C. E. 1883). 

a+.ar a*—Jtr i i(a*+x* ' 


V + 2 


x — 2 


. . a- ^ a- (C. E 1877). 

l + V+X* l-X+X* frXf+X* 


1 

I +X 


* ia’ _ 8^" . 

l-j: i+jr* i+x* i+x* 

t*-(y-g)* y*-f s-x)* s*- (x-y )* 

+ ( 4 r+^>*-g* (j^ + g)*-Ar* 


. (c. E. 1866). 


.T £.9 i4 T 




. <C. F. 1894). 


.. 9^* - i6a»,-(Mr-3/,« 4 ** - (Sy - 4 »)* , „ , 

-(2V + 3y)*,-7 l6g*^ {ly+igi»-4g* ^ (4g + 2^i*-gy* * ‘ 


a* —c* + 2^ —tf* —a* + 2t:fl ^ c*—V —^*+20^ 


I 


I 


464 

-, _ ^ j. — — ^ 4. 

a-26 a — d a a + d a + 26‘ 


!<} i if 


2ir + 9 X X 

t* + 7v+i2 r* + 52:+6 2:* + 3t+2* 

' fli-J# ' »( 2a-^) _ 3(a-^) 

2/** — 11 4* 12 b* ^ ‘44* — 4a^ — 3^* 2a*«- 74^— 4^ ' 

p 

'i. 

III. MtlLTIPLICATlON OF FK4CTI0N8. 

f 

" 94 A To multiply one fraction by another. 

B^Ie Multiply tbe numerators together for a ne7v numerator, 
imi the denomimitork for a ne7u denotftfnator. ^ 

^ ‘ I 

Suppose that we have to multiply | ^ • ' 

Let and •• a^hx, c^dy 2 xA ac^hdxy • 

hence, (dividing each of these equals by bd^, we get 
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• ?£ pro<iuct of numerators _ 

** M b'Kd product of denominators * 
whence the truth of the Rule is manifest. 


Similarly, we may proceed for any number of fi||^tions. 


346. It is always advisable, before multiplying out the factors* 
for the new numerator and denominator, to see if some of them do* 
exist in both the numerator and denominator, in which case they 
may be struck out, and the result will be more simple. 


_ ^ ** V ££ a^'KX ac 

bx bx%d"^ btTkx^ Td' 

* , 

Kx. 2. 5^ X Sf 

3 CV x*+x_y scyxx[x+j^) y’ 

Sz 3 ^ X ***~'^* X - s 4 a^^(a+x){a-x)xb'c+x) 

34 / c*-x* a*-ax^ 3 bjfx{c+x)(c-x)xa{a-~x) 

mm 


Ezeroiie ZCIV. 


Fyid the value of :— 


1 . 


4 . 

6 . 

a 

10. 

IL 

la 


sab I 2 bc* - i 6 bc « (>sa*b^c* 

tb*c iSab ■ ^ 2SC* 8 ^* * qia^Wc* ' 


^x ^x 
a c 2 b ’ 

ax a*-z* 
(a-z)*^ ab ' * 

a *--4 

g*+2a^ o*+3a ’ 

a^b 

a* — 20 ^ + ^* 


ft 3 f 4 _ V 5 «^ 

8a*^* 

'* is»cx» 3abz^^ 8^ ‘ 

Q 

fc. E. i860). 


g*+2g^ ^ ab — 2b* 

a* 4 »gz 4 -z* 
g*-.z* a+2: 


la 

li 


x-y ^x^-y*' 
a*-6a+9 ^a*—5a* 
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20Kt 


15 . 

16 . 


17 . 


la 


(C.E. 1866). 


a*+2a+i 

x*+4X’~5 


«* + 7a+lo 


;r*- 


X*~-X-~6 X*-i’2X+I 

X -5 -^- tX 


2X-3i^ ^*- 4^-5 


;r»-y 


X 


X^+X-2 

x^ — xy 


- yxy + 2 y* X*+xy {x -yf ‘ 


x*-2ax+a * X* - ga* 
x* + 4ax-^ ax + 2a*^ x^~-4ax + 3a^ ‘ 


IV. DIVISION OF FBACTIONS. 

247 . To divide one fraction by another. 

BhIb. Invert the divisor and proceed as in Multiplication. 

c 

Suppose that we have to divide r by ^. 

b a 

€i C 

Let and ^^^y ; /. a^bx^ and c^dy, 

ad bdx X 


Hcsic^ adtmbdx^ bc^bdy^ and 


be hdy y 


But - = jr+j/sa-+ and 


ad a d 


y ' l> d^'‘“'^bc b e' 
whence the truth of the Rule is manifest. 

24 a In division of fractions, as in multiplication, cancel factors: 
common to both numerator and denominator before multiplying. 

_ - iaPb 2 a* 8a^^ ycy* 4 ab x 6a*:iry* 4 a^ 

** iSxy^* 3xy*^ *" iyx6a^xy* ** 

x-y (ar-^)* x^y x*-y* 

«. (x^y)(x-y) ^ X 

“ x^-y ^ ix*+y*){x+yi{x-^y)^ x*+y^ * 


Extreise ZCV. 

Find the value of:— 

t W* , I4^y o • a^+b* . a-b 

7y8* ’ 2qy;8r' * Sx*y* tsxy* a* —d* a+b * 
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4 . 

• 6 . 

B. 

10 . 

11 . 

13. 

14 . 

15. 


+ . a^ — ab-\-b* 

a* — b*' a — b 






a* - 2 ab + b* b{tt - b) 


a* - 2ab ■*■ a^^ab 

- A*-iir+3o 

x*^bx+<) 


x* — xy + v^ 4^*'l Q 

6 x ^ X-jf * x^-v* ‘ ' x^y+xy^ ^ x^+T* ' 


X^Jf+XJf^ 


-r' + y- 


— 3a*d +■ 3a^* — 2 ^b — 2^* a* + nb 

■*■ 3 a-~b 


x* + 2x - , ;y* + 9r + 2o 


12 . 


a*+ ^*4*2a^ a+ 5 +^ 


.r* + 82:-33 ■ .ar* + 7jr-44’ c*^g^- b^•\‘2ab b-^c—a' 

X * - 7r + 6 j:*+ior +;24 j' *+6r 

jr* + 3r-4 a*-i 4 .r+ 48 ^ jr^- 82 r^ ‘ 

x*-b* x*-\-bx x'i-b*x^ x^%-2bx^-^b^x* 

X*~2bx-\-b*^ x-b ^ ^ .r*-^¥ + ^* 


- a* 


x^ +-a 3 




x^^afi X* - 2 a*Jt* + a* ’ (X*-it*x^+a*}(X* »- 2 ax+n*) ’ 


249 . Before applying the Ruleb for multipliration or division, it 
ris necessary to change mi.xed evpressions to a fractional form. 


Ex. 1. Multiply ;r + -^ by--"*^ 

X d 


Here, x-\r 


ax — x*-\-x^ 


ax a X a*^x* 


a’-x 


a — x 


ax 


/, Product =» X 

a-X ax 


a—x X 

X 


ax ^ 


a* — x* ax (a — x)fa-t-x). 


a-x 


ax 


^a+x. . 


Ex. 2. Divide i—^ ^ by ^ 

y y 

<.uotient- (, -^y;) + 

\ ! y y‘ 


- a*x* y 
X . 
y+ax 


Ay-\t axyy -ax)y y -ax 
y*ky^<^xy ' “ > 



/DIVISION OF hHACnONS. 


1 . 

3 . 

5 . 

• 6 . 

8. 

8 . 

10 . 

11 . 

13 . 

13. 

14 . 

15 . 

17. 

19. 

* 20 . 


Exercise ZOVI. 


ax+1 




Find the value of 

K)-(:<) ‘ {-'i'h 

(.•;S).iv 

('*.;)* ('-i)'' (-5)* 

(.r+J-)»+(t-y)* x*-j* ,0.,, 


(x +j^r “ y)^ -j'j 


(M. M. 1887). 


Multiply 

4r*—jc+i by *-+^ + I. (c. K. 1876). 

X X 


•9 *9 

^,+ '+i hy%- ’^+1. ( 15 . M. 1865). 

or a a* a 


ya + i***^a (c\K. 1875). 16 . .r+^+l by;r-i + i. 

Divide ' * 

(B.M. ,895). 

by ^-1'+^*' • (M- M. 1897). 
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y. COMPLEX AND CONTINUED FRACTIONS. 


350. A Complex fraction is one which has a fraction In its 
numerator or in its denominator, or in both. 


a 


b Q 

Thus,-, p 
c 


a 

6 

“ are complex fractions. 


In the last of these forms, the upper and lower quantities,, 
a and d are called the extremes, and the two middle ones, b and c 
are called the means. 


Sometimes the above are conveniently written thus 



261 . Simplification of Complex Iractions. We have, by- 
-definition of fraction. 


a c a c a d ad 
b,~d"" d^ b^c^ be' 

Similarly, and u 


Hence, we observe that when a complex fraction is put into the- 
form of a , the simple expression for it will be found by 


taking the product of the extremes^ for the numerator, and that of 
the means, for the denominator ; and that any factor may be struck 
out from either of the extremes, if it be struck out alfp from one or 
other of the means. 


a X a* — x* 

Thus ^ ^ (eA-x*)yiax (a+xYa’^x) 

’ (a^xSxax " a-x 

x” a ax 


a-¥x. 


Hence the following Rule : — 

263 . To simplify a complex fraction. 

Bnla Multiply both terms of the fraction by the.\^ C. M. of th^ 
denominators in each. 

Ex. 1. Simplify ^ and . 

Here, the h. C. m. of the denrs. in (i) is 2, and in (ii) is I2. 
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Hence, (i) The Exp.= * -=■ • 

2 oX 

/i;x Thr Firn - * 2 ^ 60-3^ _3(20-j:) 

(n) The Exp.- • 


a+l 


Ez. 2 . Simplify 


a— I 


a a— I 

a+7~ a 


Here, the L. c. m. of the dcnrs. — a(a*-. i). 
^ a a+i 


Hence, the Exp.' 


a—I a a(a*-j) 
■ X 


a a — 1 a{a* — I» 
a + l a 


a*(a +1) —(a +1)( a*- i )^ (a+i)(a*—a* + i ) g+i 
***a*(a- i)-(a-!)(«*- 1 )“ {a- i)(a*-a* + i)“a-1 * 

253. The following is an example of a Con tinned V(Aetion. 
The best way to simplify it is to begin from tiie bottom and proceed 
^upwards step by step. 

Ez. Simplify ■ " — ' ' . 


1 + 


i+jr+- 

I —X 


The Exp. I 


I + 


I -x*+2Jr’ 


14 


I I l+£* 

XO-X)^ I+X*+X-X*"* l+X* 


1 +x* 


l+x* 


l-X 


6. 


, Ezerciee ZCVII. 

i 

Simplify the following :— 

^ 2-ix a ^ o 3r^ 4 ve+2\ 

• ■ 5 * ** 5-U ’ * x+2^' 3 ^ 

t. 

A n A ^-|(3^-2) ft 6x-^(sx-^s) 

^ |4r-iV ^•2 |-U* »• 3 • ^ 

t 

iii+TPTr “• AT^-^o '- '*• 


2X 


i+a + 


I —a 
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l+X 


l+X 

a+x ^ 
a-x^a+x 

Oj-Jir 
a—x a+x 


-J__+ 

I'+X i-x 


I-X 1 +.r 

X-Jf 

X - 

l+xjf 

. X(X-V} ' 
1+ . 

l+XJ' 


a*+i» 

2a* a* -^b* 
a* + b* 2a* 

6 

‘»-'+»-r6 

_ - . 3 = 


a —2 + 


a —6 


;ir4-2 


1 -;r+ 


2 :- I +- 


2 ~-x+' 


4-x 


1+X + 


I -jr+jT* 


;r*+y 


e 


n— I + — 


.. £6. — - +——+ -p-. (c.e.i87o.> 

I + — I "" “ I "H g V 

rt-i--v a+.tr a*-*‘X 


4-a 

^ VI. SIMPLIFICATION OF FRACTIONS. 

254. The following are illustrative Examples. 

‘ » \ c- I T . (a*-¥b* . a*-b* \ 

*x. 1 . bimphfy l,55fZ3S+ «ViV ’ 

la - b)* + (a + A'j* a* - 2 ah + + a* + 2 abArh* 

Here, Numr. - - , _ 

2^a*4-b*) 

* • 

^ {a*4-b*)*4‘ ia* -b*)*_ + 2 a*b* + 3* + ^ 

' Dear.- +^*) 

2 'd^+^) 

“(aF-i^'*Xa* + ^^V 

Hence, the 

' " d*-b* ^ 2(rt*+^+) a^+A* *■ 
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Ex 


. 8. • Siniplify ^ 


7 .x 


^r+jf x-y X 

Here, ^ 4 ^ 

• j x*-^y* . x*-yr 

x^y+x 7 x—y 


*_ya)'*' (jr-pjy ;c*-jra) ' 


— xy_ x(2x-y)i^ 
x*-y* • 


Denr.i 


x*-y* x* — y*' 


(’: 


Hence, the Exp.< 


x(2x-y) 25-7 x( 2 x- y)_ 

^ "*** — 2 ft ^ ^ - 

x*—y* 2 x-‘y 


X* —y* *** X* —y^ 


Ex 


• *• (■ +^^ 8 - (3-3^+ • 


Here, ist fractional+ 


45fj:-6)-26fr-8) 


1 + 


i9,r-62 


X* — 14X+48: 


X*-14X+48 + 19X-62 x* + 5x-i4 (x + 7)(x-2) 

. JITT ; _ 8Xjr -1&) “ 8)(x - 6)“ (x- 8X^- 6) ’ 


xnd fraction — 3 

-3 


_/ 65 _ 8 \ _ 6s'x-2)~8fx4-7) 

\x+7 X-2/ \X-^-J)kX-2) 

^x-186 3(x* + 5x~ I4) -(57 x-i8 6) 

x*-i-5x-i4"’ x* + 5x-i4 


• + 3(x* - 14x4-48) ^ 3 (x~ 8 Xx- 6 ) 

"* (x+7Xx-2;“ (x + 7X-^^-2) ^ ix+ 7 A^-V 

TT . T- (.t' + 7Vx-2l 3 (x-8Ux-6) 

Hence, the Exp. — , —at -rrX ———-rr**3* 

’ ^ lx-8Xx-6) (x + 7Xx~2) 


Exercise XCYIII. 

Simplify the following expressions :— 

t ( -' + X -(C. E. 1872). 

V*-a* x-a^x+a/ -. 


I 


('•' nb) ("^+2-:^) “• '*7' 

* T _ 0_ 


T'"'^ I—x}-+ 


X _l_ 

. I ^■*^”1+4: 

‘+x 


& B. M. 1893V 
. (C. £. 1886). 
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, - /a^6,a* + d*\ /a-^ , 

^ *• \<i+^“ «*+^V * 


\/l2. 


i+ — 

6 +c 
et d + c 


d* + c* — a* 


) ^ 7 //-W 

J . 6. ■ ^ ^ . (C. E. 1886). 

(m - «)* (?« - fy* 


.« i+;ir+;»r* i-;r+jr* / ^ j * 

i-j:S + i+;r3 ”\i+ 2 :*^ ;ir * ;ir 


(C. E. 1875). 


■> Kr,i?'» {‘S’* .,;;^-‘:.!i ]■ <■ «■ ■« 


^ a 6 ^ —b^ 

^'^u+b . 

’^ 59 ). 

* a+b ^ a^-hrb* 




jT+a _ x-a 
X X x—a x-\ra 
jr-a” x-^-a" Xj¥a^ x-a 
x — a x-^ra 


. (C. K. 1869]. 


("-:*,-i-,)(p-ia- 

3 -JLV 

\a-2j: x-2af \2a-x a — xf 



CHAPTER IX. 


SIMULTANEOUS EQUATIONS. 

255 . If one equation contain two unknown quantities, there 
Are an infinite number of pairs of valpes of these by which it may 
be satisfied. 


Thus, consider the equation 3Jc + 2>'=i3, which contains two 
unknown quantities. 

Hy transposition, we get 3r= i3-“2y ; 


From this it appears that if we give any value \.oy, we shall 
i^et a corresponding value for jr, by which pair of values the equa¬ 
tion will of course be satisfied. 

If, for example, we take y^i, we shall gel .v = V 5 if 
^=3 1 if J' = 3> “ .1 ; and so on. 

256 . dne equation then between t 7 O 0 unknown quantities 
admits of an infinite number of solutions ; but if we have as many 
different equations, as there are unknown quantities, the number of 
solutions will be limited. 


Thus, while each of the equations 3.r + 2j/= 13, 4r-l-3,v=i8 
separately considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common to both 


Thus, being given the two equations, we must have 


X — 



2 y 


from equation (1) and,r = 


- —- , from equation (2). 


Now, if X is to have the san/e value, in the two given equations 
(1) and (2), we must have * 





Multiplying up, S2-8j'=54-9v; 

.•.9j/- 8;;=54-52, orj/-2. 

' Substituting this value ofin either of the two equiitions, we 
liall obtain the corresponding value of x» Thus from (i) we obtain 

3jr+4-r3; /,3;r=9; ,•,^*= 3 . 


♦ 


M.A. —14 
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Hence the only values of x and y which satisfy both the 
equations (i) and (2;, are 

^*3 and j'a=2. 

267- Equations of this kind, which are to be satisfied by the 
same or pairs of values of xandy are called SimnltaneOTls 

Equations. 

258. If there be three unknowns, there must be three equations^ 
and so on ; and moreover, these equations must all be from 

one another ; / e. must all express different relations between the 
unknown quantities. 

Thus, if we had the equation 3.* + 2j'= 13, it would be of no use 
to join with it the equation 6x+4y=s26, (which is obtained by merely 
doubling it;, or any other, derived, like this, immediately from the 
former ; since this expresses no new relation between x and y, but 
repeats in another form the same as before. 

m It may be observed, that if any two or more equations 
be given, any equations formed by adding or subtracting any 
multiples of these equations, will be also trr/e, though expressiny, 
in reality, no nero relations between the quantities. 

Thus, if x + 2y + 3x=sio, and 2x — 3y-i-s'=‘i; then, .subtracting 
the first from three times the second, we have 5r- 1 ij/— - 7, which 
expresses no new relation. 


I. EaUATIOES INVOLVING TWO UNKNOWNS. 


260. There are generally given three methods for solving 
Sitimltaneous Equations of tAvo unknowns ; bu* the object aimed 
at is the same in each, 7 /is., to combine the two equations in such a 
manner as to expel, or, as the phrase is, eliminate from the result 
one quantity, and so get an equation of one unknown only. 

^ 261. Eiret JN ethod. Multiply, when posiJtle, one equation 
by some nunmer, that may make the coefficient of at or/ in it the 
same as in the other ; then, adding or subtracting the two equations,, 
according as these equal, quantities have different or same signs,, 
these terms will destre/y each other, and the elimination will be 
effected. 


Ex. 1. Solve 


•1^+ 9J'-5i 1 .(i) 

Sx-i3y=^g j .(2) 


Here, it will be convenient to 
Multiply (i) by 2, 
but 


eliminate .r. 

8ar + i8/s= 102 
I3y« 9 , 


from (2) 


/, subtracting, 


93i Jind/, v = 3. 
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To find 2, substitute this value of y in either of the given 
equations. 

Thus, from ( 0 , 4^+27-51 ; /, 4-^-51-27 — 34 ; 

/, jr-6, and>^-3. 

Yeriflcation. When jr—6, and 3, 

4,T+9y=4x6-h9X3=24 + 27-5i. 
equation (i) is satisfied. 

Again, when ;r=>6, and_y = 3, 

8;r-iay=8x6-13x3*48-39 = 9. 


/, equation (3) is satisfied. g. E. T>. 

Ex. 2. Solve 4 ^-y=‘7 } . ( 1 ) 

3jr+4y=29 j. (2) 

Here, it will be convenient to eliminate^. 

Multiply (1) by*4, i6j:-4>'=28, 

. but 3y4-4ji^ —29, from (2) 

adding, igx -57, and /, -1*3. 

Substitute this^value in (i), 


i2->'==7 ; /,y*i2- =5and.r = 3. 

262 . Sometimes we cannot ve the coefficients equal by 
multiplying only one of t^ equaMon but ^hall have to multiply 
both by some numbers, whicn it will he easy to perceive in any case- 


Ex. 3. Solve 7 - i6y=>42l .(i) 

S^+i 7 y = 3 o{ .^2) 

Here, to eliminate .r we S. 'd proceed thus : 

Multiply (i) by 5, 35Jf — 8oy=3io 

(2) by 7, 35A 4- ii9y *3io 

/, subtracting* —*I99>»= o, and ',y=iO. 

Substitute this value of^in (i\ 

and /, t=s 6, and/ = o. 


263. EflfiOnjl Method. Express one of the unknown quan- 
titles in terms oi the otner by means of one of the equations, and ^ 


put this value for it in the other equation. 

Ex. 4. Solve 3 a-+ 3^= 4!. (i) 

3 x- 2 y-- 7 j.(2; 


9 
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Here, from (2), and 2: ■!^(2y-7)... ..(3) 

Substitute this value of in (1), 

5(2j'--7J + a>'=4, 

/. - H + 9/*>2, 13^-26 and /. ^ = 2. 

Hence, from (3b by substitution, —^(4-7)- - 1. 

/, we have —\ and y=2. 

j 

,'" 264 . Third Method- Express the same quantity in terms of 
the other in both'equations, and pul these values equal. 


Ex. 5. Solve 


AX 

lY 


+ 7y = 62 ) 
-2X— 8 J 


From («) 4;t- = 62-7^ and x ^^— 

4 


From (2) 2.rs=3^ —8 and /, .r = 


3 y -8 


(1) 

(2) 

•(3) 


/.from (3) and (4\ , 

4 2 

clearing of fractions, 62 - 7j/ = 6y — 16, 

/. - ny= “78, and /. y = 6. 

.. ^ /, 3x6-8 10 

Hence, from (4), by substitution x^ -» .* 5 - 

2 2 

/. we have .r=5 and >' = 6. 

265 The first of these methods is generally used ; but the 
second may be used with advantage, whenever either x ory has a 
c oefficient umiy in one of the equations. 


Ex. 6. Solve 


3^~y =5 1 

9^-5J'= -45f 


.(0 

.(2) 

.( 3 )* 


From (i) y= 3X — 3 . ... * . 

Substitute this value ofy in (2), 

/. 9 ^“ 5 ( 3 ^“ 3 )'i? “ 45 » or 9ir-i5;r+i5*-45. 

/, -6jir= -60, x-^ 10. 

Hence, from (3)_y=*3x io-3«=27. 

we have ;«:= 10 and >'—27. 

265 . In some cases, the work of solution may be shortened by 
certain arithmetical artifices. 
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fix. 7 - Solve + .(i) 

214 ?+ I9y-s6j.(2) 

Observing that 14 and 21 have a common factor 7, we shall 
ike the coefficients of .r in the two equations equal to the L. c. M. 
14 and 21 if we multiply (i) by 3 and (2) by 2. 

Thus, 424: + 39y=io5 

424 ?+38^'= 112 

Subtracting, y= -7, and x^g. 

267 . In some cases, it will be necessary to simplify the equa¬ 
ls before proceeding to solve them, 

Ex. 8. Solve 7 ' 24 r-j') + 5'3y-44) + 30=ao).(i) 


5(y-v + 3) = 6 (>- 24 ?) J.(2) 

From (i), i4.r-7/+i 5 ^- 204 : + 30=»o ; 

/. -<vr+8y=-30or - 3.^ + 4)'=-15.(3) 

From (3), 5 ;'-5r + I5=»6/- I2.r ; 

.%-J' + 7^= - >5.(4) 

Multiply (4) by 4, -4y+2Sx» -60 

From (3) 4 y- 34 := - 15 

adding, 254?= -75, and 4?= -3. 

From (4) = 15 =.--21+. 15=-6. 

Ex. 9 . Sulve (4r + 5'(y + 7)=(.v+i)(>'“9)+112).(i) 

24 r+io= 3 y+i ^ j .(2) 

From (i), multiplying out, we have ■ 


4r>' + 7'«’ + 5y + 35=’'*y'-9'^+y-9+ ”2 ; 


Reducing and transposing, we have 

i6r + 4y«*68, or 44?+^* 17.(3) 

From (2), 24 ?- 3 y =-9 . (4) 


Multiplying (4) by 2, 44r-6j/=s — 18. 

Subtracting, 7^=35 and 

« 

From (3) 44f + 5*=i7 ; /. 44f»i2 and /. 4:«3. 
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Exercise XCIX. 



Solve the following equations 


1 . 

3 x + 2 y 9 I 
.r + 3 v= loj 

• (c. 1 

K. 1861 .) *• ^+^ = 37| 

X-y=^ ,J 

3. 2 ;r+ 9 >'=-iil 
4X+ J'*' 5J 

4. 

2.r->'-81 

2j/+^-9j 


5. 2X- gy^ 

3X- 12 ^= 

111 6 . 2j:+3^««81 
*5J 7 x- y=si 

7. 

5 .r + 4y«=58l 
3^ + 7 ^= 67 ) 


8 . 4^ + J'“34 

4y+x=i6l 

1 9. 5^ + 6 ^= *371 

1 i3^-4r“ 23 / 

16 

4x+7}'”6^] 
3 j/- 2 r= 8 ] 

1 

1 

11 . 7 ^- 8 >'»- 
I l-V— = 

• 22 ) 

' 4 } 

12 . 

4-ir + ^=lil 
I7.r-5y=ij 

1 

13. I 2 x + i3y=37) 

I74:-I9y«i5) 

14. 8 .r- 2 i>'= 33 1 
6^+35^= *77 J 

15. 

3x-iiy= 4 

II 

1C 38^+i7>'=i27 ) 

17. 4.i^ + a>'=’43l 


Sx-izy^ 12 


i33^' + 7«J=479 1 

3 a'-2 ^ - ir j 

18. 

5A--4y*8ij 
2 jr’t 3 ^- 14 ] 

[ ' 

i 

19 . 8a« 

- 4)'-9^-- 3|'=6. 


20. 5.v-2^'=7jr4-2_y = jtr + y+11. 

21 . %[2x-yy)-{‘lx^‘2^)=\, 7(2;r-3t)') + (2A-+ 3 ^)- U- 

22. 2 ( 3 j:- 4 y)« 5 (j:-j'- 3 ), 9 (^-^+ 7 )“ 4 ( 4 i^“ 3 >')- 

23 * 4(Ar + 4)-7(.r -y- i)= 56(,v - 2), 6y -2)- (3X -2y)=*9J:. 

24 . 3x-2j' + 2=sx-3y+i^t=6 x-y-4^. (b. m. 1892). 

25 .. U + 7 ) 0 '- 3 ) + 7 “(^-i) 0 '+ 3 )+ 5 i 5 ^-»>-F+J 5 =o- (C. E. 1888.) 

26 . r(y+7)=J'(x+i)l 27. U- 1 

2.v4-20**3 ;^+1 J ^ 20 (jr-i)- 5 >-f 5 )*=^ + 2 j 

28 . i2(r-2) —2o(io-jr)= i5(y-10)) 

i 6 ')/ + 2 )- 3 ' 2 jr+^)- 6 (ji:+ 13 ) j 

9 

268 . If the equations are given in fractional form, we should 
first remove the fractions l^fore proceeding to find the solution. 


Sx. 1. .Solve 7 x + ^“~*»i6 .(i) 

3 /- 8 .(2) 

4 ^ 
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■'fo clear of fractions, 

Multiply (i) by 5, 35^:+2^+4-80, 

/. 35^+2y = 76.(3) 

-Multiply (2»by4, }2y — x-2 — $2, 

i 2 y-x = 34 .( 4 ) 

Here, from (4) x=i2y — ^4 .(5) 

-Substituting x in (3), we have 


35(«2J'-34) + 2 j^= 76, or 420^-1190 + 2^-76 ; 
422J' -1266, and y = 3. 

Hence, from (5) .r= 12 x 3-34 —2. 


Ex. 2. 


Solve 


2;r- 3 

'4"^^ 

3 


¥ 


/- 8 _ J + 3'1 

5 4 [ 

I 

II '' j 


(I) 

(2l 


Multiplying (1) by 20, 5<zv“3)-4(}/-8)=*5(j'+3) ; 
io.r- is- 4>'+32 = S>'+i 5 i or Joa:-9/=» -2...(3) 


.Multiplying (2) by 33, ii{.v-7) + 3(4y + i)-99 ; 

/. iia:-77 + I2/+3-99, or ii;r+12>'-173.(4) 


■Multiply (3) by 4 and (4) by 3 ; thus 
40^-36/- -8 
33 -r-H 36 y°«Sl 9 

/. adding 73V -5*», /..r-y. 

Hence, from I3) gy—tor + 2 = 72, j' = 8. 


Exercise C. 

« 

Solve the following equations : - 

1- iA + iy«i 3 \ 2. ^x + iy + ^ -o 1 

B^ + \y ^5 J iy+j^- 7 a=o/ 


(m. m. 1886). 


3. 2.tr ^ 4^ 

5 

. ;r-2 

3 y+--» =9 


UC K. 1863). 


i. 5^ - 


5 y+ 2 , 


32 


. Jr + 2 

31 ;'+ ^ “9 
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(C. K. 1876). 


B. .r- ^ =5 


^ , y I 

14^ Ife ‘ J 

7. t , 

i(3y-2;«r) + i;r=i J ^ 

9. 4 .v- 5 ( 2 j- 3 ). 6 n 
ir-1(3-'^-0 = 7 i 

11. 


r+ 10 


8 

10 


1 

I 

I. A.r 4 -V 7 Ty = 6 > 

igv-^x=^2 J 

i. .\(2jr + 3i/) + jl.r-8 > 


3 4 

4 .r- 5 v 
7 


= x -7 


(C. E 1872). 


12 . 

S 3 
7 3 


13. ;+I ^= 23 . (F E. 1893 ^ 

45 5 4 ■’' 


tM X y 

U. :+<-3« _ - = , 


3 2 


Hr-2F .r-j/ 

C -1 


,e ^ + 2 y-.r 

15. -4--^ - 2 .t -8 

7 4 

2y- 3 ^ 

, -~^+ 2 y-= 3 .r + 4 


r (P. K. 1892). 


16. 


17. 


19. 


7+:r 2x-y 
5 4 ■ 


= %y-S 




V (c. li. 1880;. 


2 x—y 74 -jr 

-+ 1 = '- 

4 5 




18. «-3't3=7 + 3t-^’^ 

4 5 

8 - A' , 2 y +1 

V- J - 741 - 


2 X+y ^ 3 ;r — gy x y v x 

2 ’ 2 3“ 2~ 4 


3 »^"-t-^, .+'^=:-:+8. (P. K. 1888). 


20. 


*3 
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at. ) 23. + 7 

(>l-' 7 9 I. 5 4 

|5 I y±l- 

9 7 63; 23 

3^ + 4;' + 3 3'T-V^..>'”8 I 

^ 10 - ,5 5 + -J- I 

9±_+j £-^_ I 


12 4 ll 


24 . 

26 . 


2.1' 4 -’4^= 1*2 
3 4;r- 02j/=-*oi 


{p K. 1891). 


Ar -2 x+j/_^^jy-i jf+12 'I 

2 r4 “ 8 4 “ I 

3 »c> ■ ’ 7 j 


25 . ■3;ir+ i25>'»*.ir-6 ) 

3r--5jj/-28--25>'j 
» 


(C. K.. 1882). 


27. • 6 .i: + 77 + 3'95tO» . 5 + r^ + io = o. 28. S 1 -^ 6 ;'* *■ 38 ,'^ + ’?^^ 


269 . Fractional Simultaneous Equations, involving the 
reciprocals of cc and j/, may be solved as they stand without clear¬ 
ing them of fractions. 

Ex. .Solve ^+- = 29.(i), --^=2 .(2) 

^ y ^ y 

Multiplying (i) by 5, and (2) by 2, we obtain 

10 21; ^ .47 

X Subtracting, ~ - > 4 « ; 

* 7 ^ . I ivj = 47, and /. y = 

X y f • 

Substitute in (I), ^+21=291 ^ = 8; .r=*| 

X • X 


270 . When the coefficients of x and y are interchanged in the 
two equations, it is advantageous to employ the method of addition 


and subtraction. 

Ex. Solve ii2r+13_/= n8 ) . (i) 

I3jr+ if^=s 122 J .(2) 

Adding (1) and (2), 24^+24j^—240. 

Dividing by 24, x-^y=\o ..(3) 
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Subtracting (i) from (2), 2jr-2j'=»4. 

Dividing by 2, x—y— 2.(4) 

Adding (3) and (4), 2Jtr*» 12, and x^b. 

Subtracting (4) from (3), 2_y=» 8, and .*,^■•4. 


Exercise Cl. 


Solve the following equations :— 


y 2 I 

3.r--^=8^ I 

y I ] 

I y 

' +^=.4 
3 X 1 

X y 

* y 6J 


' 2 . 3 

X 


3.4,5 ] 

X y ’ [ 

4-5 = 6 I 

X y J 


n 

.r y 6 

^+“=5 I 

y X ^ j 


(C. E 1870 ). 


(C. E. 1887). 


(c. K, 1890). 

I 1 I 

2X 6 ^ 


5. -+. - = 2 
.r y 

3 + -= 19 

X y 20 \ 

7. ^+^ = 3 ) 

X y ^ \ 

y 4 J 


9. -^+ —=5 

2 x 3 r ^ 

2 . 3 

X y 


(c. K. 1879). 


;c. K. 1893). 


(M. M. 1881). 


2_ 3 .^ 4 * 
V'^ 35 
3 i__ 

24: y 
x-y = 3 


(B.'M. 1893}. 


*+*=-(*--) I 

X y 3\y^/f 
i5ar + 2i^-79 1 

3i^ + i3y‘"23 J 


U. *5-4-44] 

93). y ^l(n.M. 1886). 

- ^+?=4 I 

^ y J 

13 . 52:+11^-146 \ 

y (C. E. 1864).’ 

I iar + 5>'a>iio J 

^16. 7x-9>^-i7 J 
9 j:- 7>'-31 3 


49 ^- 57 ^'- 

57Jf-49J'- 


- 79 ). u ^ l 6 . 7 ^- 9>'-»7 I 

“23 J j 

-^*1 (M.M. . 89 .).« "■ " 4 ^+« 3 J'-* 3 l 

-252 3 ' ^ ' i 3 x+iij '-25 j 
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IS. 

20 . 


3 .*- + 2o — 4y— 10 


t 


(C. K. 1895 ,) 


7^=65, •^ + 7 -v= 99 ^ 


21 . 


.'*'^19. i.r+j|-y«43 ) 

-^ + 3 Jf- 24 . 


4 * 271 . In .Simultaneous Equations the known quantities may be 


denoted by letters. 

Ez. Solve ax + fiy—mt .|i) 

cx + afy^^nj . ,2) 

Multiply (1) by acxArbcy ^cm .(3) 

», (2) by a, (tcx +at/y=an .(4) 


-Subtract (4) from (3),^ (be - ad)y = cm - a«, 

Divide by coefficient of y, . 

bc-ad 


'Ft) find the value of .r proceed thus :— • 

Multiply (i) by </, adx’\-bdy=dtH .^^5) 

„ (2) by bcx-\rbdy^bn .(6) 


.Subtr.act (6) from (5), {aii—bc)x—dw — btt^ 


Divide by coefficient of jr, 


dm — bn 
aU^bc 


t)f/ieriidse thus : Substitute the value of^ in (i), 


rt.r + 


b{cm-an) 

-- - =///, 

be — ttd 


ax^m— - 


b'yCm — an\ 


x- 


bc'-ad 
— dm dm — bn 


be - ad ad— be 


a!hn — dm'^ 
bc^ ad^ 

, as before. 


Ezercise CII. 


. .Solve the following equations : - 


1. x-^y^a ) 

2. ax-^y^b^ 

3. bx-h-ay^b^ 

ax+by^^b^ J 

\x-^by=>a\ 

ax — by^a) 


4. ax’mby 1 
x+y^e} 



ax+by-¥C’"0 ) 

rt,jr+^,y+^r,«o| 


(C. E 1867 ). 
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v: 


6. ax-\-by=^c 

a*x + b^y 


9 . ax-\rby^c 

bx — ay -=4 


1^*1 (C. E. i88i). 

} 


7 . nx-^my^c 

Px+qy’^d 


} 


8. x+y=a + b ) 
bx-^ay’^iaby 


X y 

10 . --. = m 

a o 

X . y 

•\r j=^n 

c d 


11 

b c 

ax by 
-< =sO 

c a 


J 

12 


14 


x y 

- + ^ = i 
a o 

X y . 


m n 

X I 

px=qy j 


ax-by=a* -b* 


(M. M. 1884 ) 


* 15 . ^+r'^--=5w] 

a 0 —a I 

(C.K. .885). X 

0 a —o J 


(m. m. 1891.) 


16 


18 . 


b' a p Q * 11 

ax-\-by=\-bx- - -Vay- .. 17 . +^^^Oypx^qyx=r. 
a 0 X y 


(M. M. 1883.) 


(b. m. 1885.) 


b a + c 

■ + -s= m 

x y 

a — c b 

- -Ar -x=n 

X y 


r(M. M. 1887.) 


19. + ^ , ct-b 

- cb— - a 

X y 

a b . 

--2rt=« - -\b 

X y 


(a.k. i894.> 


20. 

(a - b)x + (a+b)y — 2 {a* 
ax — by—a* + b^ 

3 *) 1 

(p. p:. 1889.) ♦ 

21. 

{a + b)x + {a-b)y = 2 a 1 
{a-b)x + ia + b)y^ 2 b J 

(A. E 

. 1891). 

22. 

ax + by^c* \ 

« 

1879)- 

23 . x-a 1 


a b j-(B. M. 

c—a c^b 


b-y-y 

x+a y-a 
c ^ a-b^ 


(a k. 1893'. 


JjL a b 
0 ^ + - = »* 


X V 

b a 

.r y 




- (c. E. 1869). 


25 . m . n 
+ -»a 
X y 

X V 


[ (m. m. 1885 and 
a. k. 1892). 
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2 3 

+ / -5 
ax by 


ax by 


1/27. 

a 6 c 

y X V 

-+ r'*i + 
a 0 C ^ 


(M. M. 1893). 


28. {.a^by-{a-b)y = lab I ^ ^ _ 

'ya-k-b)y — {a-b,x = ab J 

29 . {a — b)x + (a + b)y’=2a[a^-b*)\ 

2 ab^x + y, = ia^ +b*,{x-y) j 

30. a[2x -y)+d^2x-\-y)-=(:,2x-y, + (i{ 2 x+y '’^ r. 


II. EUUATIONS INVOLVINa THREE UNKNOWNS. 

272 . Simultaneous Equations of three unknown quantities are 
solved by eliminating one of them by means of any pair of the 
equations, and then the same one by means of another pair ; we shall 
thus have two equations involving the same two unknown quantities, 
which may now be solved by the preceding Rules. 

,Ex. 1 . Solve 2x-^y + 2S = $\ . 


• x + 2 y- 32 ^ 4 y .•.(2) 

^x+y-4>^=7) . 3) 

Take any two of the equations, say, fi) and (2) 

Rring down (i), 2x- 3y + 2z-^S .(4) 

Multiply (2) by 2, 2r 4-4/ —6g -8.(5) 

Subtract (4) from (5), 7y-8g = 3.(6j 

Again, take any pair, say (2) and (3), 

Multiply (2) by 3, 3 r 4 - 6 y - 9?= 12.(7) 

Bringdown (3) 3-*^+ . 


Subtract (8) from (7), 5/~5-— 5.'9^ 

Divide by 5, y- 

Now, the equations (6) and (10) contain only y and g. 


7/- 8 ? = 3 ) .!.(a) 

y- g=*ij.( 5 ) 


Multiply (/ 3 j by 7 and subtract it from (a) ; thus 
7/ -85-3) 

7 y- 73 ^ 7 \ 

/. - g = - 4 and g •= 4. 
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From {lOt y"*z+ (’»5 and by substituting these values for y and 
z in any one of the given equations, x—6. 

Ez. 2. Solve z+y=a'\ (i) 

».( 2 ) 

.(3; 

In this case it would be convenient to add the ihree yiveiv 
equations, and thus deduce the value of .r+^+sr. 

Thus, adding, we have 2x + 2j' + 2z=a+^-i-/: 

Dividing by 2, x+j'+z =^(a4-^ + f).(4) 

Subtracting (2) from (4), ,r + — — 

Similarly,^and + c-a). 


Ez. 3. 


Solve x-\ry=axy'\ .. 

.(0 

y + ^=sbys r. 

.(2) 

3-¥X^C3 x] .. 

. (3) 


Here, dividing (i) by xy, * +• - =a, 

x y 

Similarly, from (2)‘and (3', - + - — d, and * + ’!=/-. 

' y 3 ax 

Now, solving these equations in ^ ^ and * as in the last exam 
pie, we obtain the values of y and s. 


Thus, x— 


a b-\rc' a + ^- 


2 j 2 

and sr= 


b-Vc- a ■ 


Ezercise CHI. 


Solve the following equations :— 

1. r-2_y + 35 —2' 

2x -3y+ ^= I ■ • 

3 ^-y + 2^ = 9 , 

3. .r + 5 y- 4.?=5 1 

3^-2y + 23 '*= 14 ;* (C. E i86>). 

— ior.+ 8^+s'«“6 * 


2. 2 a:+ 3 y+ 4 sr = 2o 
3^ + 4y + 5-=*2b 
3-^ + 5.y + 6sr»3r 


4 . 


^+2: + 22r= 40 
4^ - 5^ - 6y « - 


1 C. E. 1886). 


150 / 


5 - + 

2y-ir-n | 
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6 . 3;r + 2^-sr»20 ') 

2^ + 3 >'+ 63 ’s= 7 o 
x-jf + 6s=4i 


7. Ji+ 

.V —2_y+4sr»8 j- (m- m- 1890'. 
'’^- 3 >'+ 9 S’= 27 - 


8. 3iy+x^2^o 'I 

35' —4i/=.r+15 r *’'• *883'. 

2 r + 7,c--^7 j 

9. 2 jr- 3 / 4 - 3 '+i=o'| 

5 ;r- 3.7 = 6 - fM M. 1888). 

3 r + 2r = 4 ^ 1 

11. .r+-2>' = 7 

J'+2S=2 
3 X + 2 J'^T- I 


\ 


13. A:-2y=5 


3J/ + 4cr -6 

55" + 6.1- s= 21 J 

16. f 12 —*1- ] 

i v + -f.? - ;;.r » 8 
^x4-\s=io ■ 


I (m. ^f. 1880). 


10 x+y+=--s 

x+j'=-z-7 i 
x-3=J' + !r } 

12. 3x + 4y^ 1 1 =0 'i 

5^-60+ 8 = 0 > (c. K 

7-' ~ 8.r - 13-0 J 

U. 2(A'“j^) = 3£r-2 'I 

2 r+i = 3(v + 3 ’) J- 

2-r + 37 = 4 (i-;^) I 


1877) 


(C. K. 1868,'. 


16 


18. 


! 1 l . 

+ + - = 6 

.1* y :: 

.V y s 

^-‘^4- ' =* 10 
X y z 

-+^"==3 
X y z 

ft b c 

+ — -« I 

X y z 

2ft b c 

— - — - -=0 
X y z 


20. x+y+z=i 
etx-i‘by+cx>^o 
a^x + f *5: = abt 


.,0. X 1' \ 

1/. —■-+s '«=7 


I (h. m. 1890). 


2 S 


I' z 

-fi +• + =11 

- 3 

y ^ 

.1 


19. x+y-3Sf= - It 

z+x-3y-- -b 

« 

y+z- 3 t= -c 


(M. M. 1881). 


21. xy=x-^y 1 


(M. m. 1883). 


f 

.rs'-»2(.t + ff) I' 
vs -• 3 ^ r + 5r) ' 
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22 . 

23 . 


x+jr _j/ + s 
xy ys 


* . (P. E 1887). 

SX 3 


a b _^\ a _ I be 1 
xyr xzgyzp 


24 . y + iz-"zX + S ) 

iijr- i)-|()/-2) = ,'6(s- + 3) } 
x-\{2y-^)=\\-^iS J 


25 . x-ay + a^js — a^ "j 
x-by + b*s — b^ J> 
x-cy-\-c^s J 


III. EAST PROBLEMS. 

273 . We shall now solve some problems which lead to Simul¬ 
taneous Equations of one dimension with more than one unknown 
quantity. 


Ex. 1 . The sum of two numbers is 50, and their difference is 
one-third part of the greater number. Find them. 

Let ;r=the greater number and j/ = the less. 


Hy question, x+y-50 ) .(i) 

and x-y = ix j . (2) 


From (2', we obtain 3x—3y = x ; /. 2.r = 2^ ''••■(?) 

.Substitute (3) in (i) ; thus ay+y=50f ^ 

3y + 2y=i joo ; 57= 100 and .'.y=20. 

Then, from(3) x = ^, y = 3o. 

^ Hence the numbers are 30 and 20. 

• 

Ex. 2 . A farmer sold to one person 9 horses and 7 cows for 
AY3000, and to another, at the same prices, 6 horses and 13 cows 
for the same sum. What was the price of each («. m. 1871). 

Let :r = the number of rupees in the price of a horse, 


and y= ..a cow. 

Then 9 horses* cost gx /Y and 7 cows cost yy Rs. 

Hence, 9,r+ 7y^= 3000) .(1) 

.Similarly, 6jtr -f-13y = 3000] .(2) 

Multiply (1) by 2 and (2) by 3 ; thus 

iS^r-f I4y ai6oool.'3) 

i8;r-f39j/*9oooJ.(4) 


Subtract (3) from (4', 257 = 3000, /, 7-120. 
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Subbtituting in (i), 9:1:+ 840=3000, 

9/r*«2i6o, and /. :»ra=240. 

Hence a horse costs ^5.240 and a cow Rs.120. 

Ex. 3 . Find the fraction which becomes equal to i when tlie 
numerator is increased by 4, and equal to ^ when the denominator 
is increased by 7. 

Let jv^thc numerator and >'=tbe dcnominatfii*. 

X 

'Fhen the fraction. 

y 

liy question, ^ and^ ^ 7 “ 

Clear the etjuations of fractions ; thus we obtain 

2 ^ + 8=^ 1 .(I) 

5a- , -j + 7 J .(2) 

Subtract (i) from (2), 3^^- 8=»7 ; /, »5 ^tnd x—$. 

Substitute the value of x in (i) ; 

thus, 104-8=;', or j/= 18. * 

Hence the required fraction is 

274 . To represent algebraically numbers of more than one 
digit, we must remember that 46 means 4 x 104 - 5 , and not 4 x 6 . 
Hence the number, whose tens’ digit is a? and units’ digit ?/, is 
10 ^ 5 - 1 - 2 /, and not for xy denotes xx y. ’ 

Ex. 4. When ;i number consisting of two digits is divided by 
the .sum of its digits the quotient is .|, and if 27 is added to the 
number the number is inverted. Find the number 

Let ,v=the digit in the tens’ place, 

and_y ».units’. 

Then iov 4 -^=thc number require'd, » 
and loj 4 *.;r=the number with the same digits inverted. 

1, icu- 4 -y \ * 

Hy question, 4 I .(r) 

and iojr4->'4-27 = io>'4';r ! .(2) 

F'rom (i), I 02 r 4 -j' = 42r4*4>', or 6 x=s$_y ; 2x=>:y .(3) 

-From (2), gx- 9J'- -27, arx-y^^ -3.(4; 

Substitute (3) in (4), :r-2A-= -3 ; /. x=s 
From (3)^=22f-»6. 
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Hence, the required number—10x3+6 >-36. 

Verification. The sum of the digits is 3 + 6 or 9. 

Thus, V=’4and 36+27=63. g. E. D. 

Ez. 5 . Ten years ago a father was seven times as old as hi^.- 
son, two years hence twice his age will be equal to five times his- 
son*s. What are their present ages ? 

Let ;r=the present age of the father in years, 

and .son in years. 

Ten years ago, the father's age was {x — 10) years and the son’s 
age was (>'- 10) years. 

By question, ;r- io = 7(^- 10).(i). 

Again, two years hence, the father’s age will be {^ + 2) years and 
the son’s (j' + 2) years. 

By question, 2(;ir + 2)— 5(>' + 2). (2) 

From (i), we obtain x -7jr= —60 1 .(3) 

From (2), 2 x-~$y’== 6 j.(4) 

Subtract twice (3) from (4), 9^=126, and /. ^'=14. 

From (3) ;i: = 7y-‘00=98 —60=38. , 

Hence, father’s present age is 38, and son’s 14 years. 

Verification. Ten years ago, the father was 28 and son 4 
years ; and 28 — 7 x 4. 

Again, two years hence, the father will be 40 and son 16 years : 
and 2 X 40=80—5 X 16. Q. E. D. 

^ Ez. 6. A person spent gs. in buying apples at the rate of yd. 
per dozen, and oranges at 20 a shilling. If he had bought two-thirds 
as many apples and twice as many oranges, he would have had to 
pay 13J. 4</. How many of each did he buy ? 

Let .r=the number of apples, ^ 

andj'=.oranges. 

The cost of each apf>le is s^tid the cost of each orange is 
or ^d. Also qj. —108^. and 131. 4^. = 160//. 

By question, Tg-*’+?>'=**08 1. (i) 

and Ti X +1X 2_;/“ 160 J .(2) 

Multiply (i) by 2 and subtract (2) from it ; we thus get 
38^-2x108-160-56 ; /, ;r=72. 

Substituting 4? in (i), we have 

42 + i)'—io8 ; /, Ij/—66and /. no. 

Hence, he bought 72 apples and 110 oranges. 
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Ez. 7 . A sum of money was divided equally among a certain 
number of persons ; had there been six more,' each would have 
received a shilling less, and had there been four fewer, each would 
have received a shilling more than he did ; find the sum of money 
and the number of men. 

Let ;r=the number of persons, 

and_y®=.shillings which each received. 

Then x}f^the number of shillings in the sum of money which 


was divided. 

By question, (Ar+6)(^— i)—x-;/) .(i) 

and(;r-4)(y+i)*x:>'3 .(2) 

From (i), we have xy+6y—x — 6-xy ; 

6^-;r=6.(3) 

From (2), we have xy-~‘4y+x — 4—xy ; 

.\- 4 y +^==4 .( 4 ) 


From (3) and (4), by dtidition, 2y—io ; 

Substitute the value ofy in (3) ; thus 30 —x’* 6 ; .*, jr=24. 

Hence, there were 24 men, 
and sum divided was (24 X 5) shillings = ;^6. 

Ez. 8. Two passengers have together 5 cwt. of luggage, and are 
charged for the excess above the weight allowed sj, 2^. and gs. lod. 
respectively ; if the luggage had all belonged to one of them, he 
would have been charged iqj. 2d. How much luggage is each 
passenger allowed to carry free of charge And how much luggage 
had each passenger ? (c. K. 1877.) 

Let Ar*=the no. of cwt. of luggage the first passenger had ; 

then 5— .*:=.second . 

Also let ^=no. of cwt. of luggage etich passenger is allowed to 

carry free of charge ; 

and let sr=sthe charge per cwt. for excess luggage (in shillings). 

Then, the excess luggage carried by the first passenger is {x —y) 
cwt., for which he has to pay {x—y)z shillings. 

The excess luggage carried by the second passenger is (5 —x—y) 
cwt., for which he has to pcay (5 —x~-y)z shillings. 

If the luggage had all belonged to one passenger, the excess 
^*^g&age carried by him would have been (5-y) cwt., for which he 
would have had to pay shillings. 

By question, (a;5^^ .( 0 » for 2 d.» 5 is. 

(5 - A? - y)« - 9§ !■.(2), for gs. lod. - 

and (5-j^)ars=i9ij.(3) for iqr. 2d»igis. 
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Dividing (2) by (I), ^ ; 

/. .( 4 ) 

Again, dividing (3) by (i), |^= ; 

/. 3»(5-J')=n5(^--J').( 5 ) 

Subtracting (4) from (5), 3i;ir*- 56(;r- y\ 

25^-S6j'=o.(6) 

From (4), 9or - 28>/ - I s 5 ; 

Multiplying by 2, i8o;r —56^=“3io.(7) 


Subtract (6) from (7) ; i5Sjr=*3io, and x^2. 

Therefore from (6), S« " U- 

Hence, the first passenger had 2 cwt. and the second 3 cwt. ; 
and each passenger is allowed to carry free of charge H <'wt. or 
100 tt>s. 


Exercise CIV. * 

1 . The sum of two numbers is 124, artd their difference 20. 
Find them. 

/ 2 . The sum of two numbers is 100, and twice the less exceeds 
jlz-Ae greater by 5. Find the numbers. 

/ 3 . If 7 yards of stuff and 17 yards of silk together cost/? j. 133. 
and 12 yards of stuff and 7 yards of silk cost Rs.g 6 ^ what are the 
prices per yard ? 

4. What fraction is that, to the‘numerator.^f which if 7 be 
added, its value is I ; but if 7 be taken from the denominator, its 
value is It ? 

6. A bill of 25 ^neas was {)aid with .pjrowns and half guineas; 
and twice the" HBSmlT' of half-guineas exceeded three times that of 
the crowns by 17 ; how many were there! of each ? 

6. Find a fraction such * that if 1 be subtracted from its 
numerator, the value will be ^ and if 6 be added to the denominator, 
the valiJie will be 4 * (C. e. 1858.) 

7. A person has two horses and a saddle worth/? j .7 5^; if the 

^ddle be “put on the Jirsi horse,-his value becomes double th^t of the 
second ; but if the saddle be put fin th^ second horse, his valhe will 
not amount to that of the first horse by What is the value 

ofeach?(erKlf?59T^'^''^^ ' ^ 
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8. Rs. 1100 are so divided among A, B and p, that if A were to 
give B ^f.20o, B would then have twice as much as A, and three 
times as much as O. How many rupees did A, B and C each receive 
originally ? (C. E. 1872.) 


^ says to B : Two-fifths of my salary' is iV of yours, and the 
wnerence between our salaries is ^j.6oo. What is A’s salary ? 
(a. E. 1894.) 


bl 

(c 




0 . 


What fracion is that which, if r be added to the numerator, 
r, and if i be added to the denominator, becomes ^ ? 
K. 1862.) 


Jl. A and B received ;^5. I7.y. for their wages, A having been 
employed 15, and B 14 days ;and A received for working four days 
I I.J. more than B did for three days : what were their daily wages ? 

12 . A draper bought two pieces of cloth for 126.8a., one 
being Rx.4 and the other Rs.4. 8a. per yard. He sold them each at 
an advanced price of Re i per yard, and gained by the whole /iV.30. 
What were the lengths of the pieces ? 

'•^'^ 13 . Find three numbers A, B, C, such that A with half ofB, B 
with a third of C, and C with a fourth of A, nmy each be 1000. 

14 . A rectangular bowling-green having been measured, it was 
observed that, if it were 5 feet broader and 4 feet longer, it would 
contain 116 square feet more ; but, if it were 4 feet broader and 
5 feet longer, it would contain 113 square feet more. Find its present 
area. 

\ 15 . The sum of three numbers is 24. The greatest exceeds the 

least by 4, and the other number is half the sum of the ^greatest and 
least. Find the numbers. 

16 . A certain resolution .was carried in a debating society^ by a 

majority which was equal to one-third of the number of votes given 
on the losing side ; but if with the same number of votes, 10 more 
votes had been given to the losing side, the resolution would only 
have been carried by a majority of ond ; f^pd the number of votes 
gi\en on each side., (B. M. 1889.) 1 ^-,.,.. 

17 . A shop-keeper sold to oqje person 30 maunds of rice and 
40 raaunds of oats for ^.r. 135 ; to another person he sold 50 maunds 
of rice and 30 maunds of oats for Rx.170; find the price of rice and 
oats per maund. 

18 . Seven years ago A was three times as old as B was, and 
seven'years hence A will be twice as old as B will be ; find their 
present ages. 

19 . Four timies age exceeds B’s age by 16, and one-fifth of 
A’s age is equal to on^-is^leenth of B’s age. Find their ages. 
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20 . A's age i;§ twice B’s. Four years hence B’s will be twice C’s, 
and 12 years after that A’s will be twice C’s. Find their present ages. 

21 . Divide the numbers So and 90 each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30. 

23 . The sum of the two digits of a certain number is six times 
their difference, and the number itself exceeds six times their sum 
by 3 : find it. 

* 23 . There is a number of two digits, which, when divided by 

their sum, gives the quotient 4 ; but if the digits be inverted, and 
the number thus formed be increased by 12, and then divided by 
their sum, the quotient is 8. Find the number, (m. m. 1858). 

24 . The united ages of a man and his wife are six times the 
united ages of their children. Two years ago, their united ages were 
ten times the united ages of the children, and six years hence their 
united ages will be three times the united ages of the children. How 
many children have they t (B. M. 1891.) 

25. The dimensions of a rectangular court are such that if the 
length were increased by 3 yards, and the breadth diminished by the 
same, its area would be diminished by iS square yards, and if its 
length were increased by 3 yards, and its breadtlf increased by the 
same, its area would be increased by 60 square yards ; find the 
dimensions. (C. E. 1888). 

28 . A person spent Rs.ig in buying mangoes at Rs.6 per 
hundred and apples at Re.t. 8a. per dozen ; if he had bought three 
times as many mangoes and a quarter of the number of apples, he 
wqpld have spent Rs.2g. 8a. How many of each did he buy ? 

27 . There is a number, the sum of whose digits is 5, and if 10 
times the digit in the place of tens be added to four times the digit 
in the place of units, the number will be inverted. What is the 
number ? (c. E. 1868.) 

28 . A certain number consisting of two digits becomes no 
when the number obtained by reversing the digits is added to it ; 
also the first number exceeds unity by five times the excess of the 
second number over unity. What is the number ? (B. M. 1884.} 

' 29 . A number consists of, two digits. When the number is 

divided by the sum of the digits, the quotient is 7. The sum of the 
reciprocals of the digits is nine times the reciprocal of the product 
of the digits. Find the number. (M. M. 1887). 

y: Reverse the digits of a number and it will become five- 

sixths of what it was before ; also the difference between the two 
digits is one. Find the number, (c. E. 1883.) 

31. There are three numbers, such that the mm of the first and 
second divided by their product is ^ ; the sum of the second and 
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third divided by their product is J ; and the sum of the first and third 
divided by their product is Find the numbers, (c. K. 1859.) 

32 . A certain company in a tavern found, when they came to 
pay their bill, that if there had been three more persons to pay the 
hame bill, they would have paid one shilling each less than they did ; 
and if there had been two fewer persons they would have paid one 
shilling each more than they did ; find the number of persons and 
the number of shillings each paid. 

33 A grocer bought tea at lav. per tb. and coffee at 2s 6d. per 
ft., to the amount altogether of ^^31. Sf. : he sold the tea at Ss. per ft. 
and the coffee at 4.9. 6//. per ft., and gained £$ by the bargain ; how 
many fts. of each did he buy ? 

31 . A train left Calcutta for Allahabad with a certain number 
of passengers, 40 more second-class than first-class ; and 7 of the 
former would pay together Re. 1 less than 4 of the latter. The fare 
of the whole was A.r.550. But they took up, half-way, 35 more 
second-class and 5 first-class passengers, and the whole fare now 
received was I as much itgain as before. What was the first-class 
fare, and the whole number of passengers at first ? 

35. A number consists of three digits whose sum is 10. The 
middle digit is equal to the sOm of the othe» two ; and the number 
will be increased by 99, if its digits be reversed. Find the number. 

(ii. M. i 388 ). 

-.-- 38 . h'ind that number of three digits which is the same when , 
reversed, and the sum of whose digits is 16 and the diflfer enf^e-2- ^ 
(c. E. 1883.) 

37 . Two men start from two places 48 miles apart. When they 
travel in opposite directions they meet in 4 hrs. 48 min. ; when they 
travel in the same direction, one overtakes the other in 9 hrs. 36 min. 
Find their rates of travelling. 

38 . If £2. IIJ. 6 d. is paid in flonns and half-crowns, the number 
of coins being 24, how many are there of each ? 

39. What fraction is that which becomes equal to one-half or 
one-third, according as its numerator aind denominator are both 
increased by 2 or both diminished by 2 ? 

40 . A sum of ;^I2. i8x. mighs be distributed to the poor of a 
parish by giving ^ a crown to each man and u. to each woman and 
each child, or ^ a crown to each woman and is. to each man and 
each child, or ^ a crown to each child and is. to each man and each 
woman ; how many were there in all ^ 

41 . A person spends Re.i. 14a. in apples and pears, buying 
the apples at four, and the pears at five an anna ; and afterwards 
accommodates a friend with half his apples and a third of his pears 
for 13 annas. How many of each did he buy ? 
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43 . A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was observed 
that there were left just half as many men again as women ; they 
came back, however, with their husbands, and now there were only 
a third as many men again as women. What were the original 
numbers of each ? 

43 . Having A’.v.45 to ^ive away among a certain number of 
persons, I find that if I ive Rs.^ to each man and Re. i to each 
woman, I shall havei too little, but that, by giving A*j.2. 8 rt. to 
each man and Re.^. Sa. to each woman, I may distribute the sum 
exactly. How many were there of men and women ? 

44 . A part)' at a tavern, having lo pay their reckoning, and 

being a third as many jnen again as women, agree that each man 
>hall pay half as much awain as each woman ; but, a man and hi« 
wife having gone off without paying their share, the rest had 

each to pay 2r/. more. What was the ret.koning ? 

45 . A and B lava wager of A'j lo ; if A loses he will have as 
much as B will then have ; if B loses ho will have half of what A 
will then have : find the money of each. 

46 . A man receives AV.i. i 2 fl. for every day that he works, but 
IS fined Sa. for every day that he is absent. After 20 days he receives 
the same w'ages that he would have earned by steadily working for 
11 days. How many days w'as he absent from work ? 

47. A traveller walks a certain di.stance. Had he gone half a 
mile an hour faster, he would have walked it in four-fifths of the 
time ; had he gone half-a-mile an hour slower, he would have been 
2.J hours longer on the road. F'ind the distance, and his rate of 
walking. 

48 . In going the shortest way from A to B, .a man had to , 
back one mile to pick up something he had dropped, and took 
3i hours over the walk. He went back by a route which was half-a- 
mile longer and took 3 hours over llie return vMilk. Find his rate 
f>f w'alking, and the shortest distance from A to B. 

49. The sum of the digits of a certain number, less than 100, 
is 11 and if the digits aro reversed, the number is diminished by 9. 
Find the number. 

50 . A man does a journey in a motor car at a uniform speed 
in 6 hours. On his return he is delayed at half-way for half-an- 
hour, but quickening his pace by 3 miles an hour does the journey 
in the same time. Find his original speed and the length of the- 
journey. 



CHAPTER X. 

CO-ORDINATKS AND GRAPHS. 

I. AXES OF CO-ORDINATES. 

275 . Let XOX', YOY' be two straight lines cutting at right 
.iiijiles to each other in O, thus dividing the plane in which they 
art- into four spaces XOY, YOX', X'OY', Y'OX, which are called 
tlu' first, second, third and fourth quadrants respectively. Take 
a point P in their plane, and draw PN, PM perpendicular to XOX' 
and YOY' respectively. 

Let PM or ON and PN or OMssj. 

Then, for this point P, x and y are definitely fixed ; and 
i>nversel)\ when x and y are given, the position of the point P is 
definitely determined as the point of intersection of the perpendicu 
laisNPandMP. * 



I’he numbers x and y are called the CO-ordiliat€8 of Ithe- 
]K)int P. The lines XOX', YOY' are the axes of CO-OTdinates, 
or more briefly, the axes : they are taken as lines of reference and 
Jire called the axis Of X and y respectively. The point O is called 
the origin, and is the point (o, o). 

. X is called the abscissa, and y the ordinate of the point P, 
and P is briefly de.scribed as “ tlie point (r, y).” In thus describing 
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the position of a point the first co-ordinate is the abscissa and the 
second the ordinate. 

276 - The values of x are measured from O along the axis 
of Xy according to some convenient scale of measurement. These 
values are positive when drawn to the right of O along OX and 
negative when drawn to the left of O along OX'. The values of 
y are positive when drawn above XX' and ne(^ative when drawn 
helov) XX'. 

Thus, if the co-ordinates of a point be given Iw .a:=6, and 
y = 4 ; mark off ON =6 units of length along OX, and OM=4 units 
of length along OY and draw through N and M straight lines 
parallel to the axes meeting at a point P. Then PM® ON 6=6 and 
PN= 0 M = 4, and therefore the position of the point P is determined. 
.Similarly, any pair of corresponding values of x and y will determine 
a point relatively to the axes. 

277 . The process of marking the position of a point on the 
diagram by means of its co-ordinates is called plotting the point. 
This process is made very easy by using squaredpaper^ as shown in 
the following Examples. 

Ez. 1. Plot the points 

(i) A (, 5 , 4 ) ; (ii^: B (- 5, 5) ; (iii) C (- 5, - 3) ; (iv) D (3, - 5). 

(i) To plot A move 5 units to the rights then up 4 ; the resulting 
point is in the first quadrant. 



(ii) To plot B move 5 units to the left^ then up 5 ; the resulting 
-point is in the second quadrant. 

(iii) To plot C move 5 units to the left^ then down 3 ; the 
•resulting point is in the third quadrant. 
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(iv) To plot D move 3 units to the rights then down 5 ; the 
■resulting point is in the fourth quadrant. 

Ex. 3. Plot the points P C8, 9), Q ( -4, 4) ; and find the 
distance between them. [Fig- i- 

Beginning from O move 8 units to the rights then up 9 ; this is 
the point P. 

Move 4 units to the left, then up 4 ; this is the point Q. 

With centre P and radius PQ describe a circle cutting the 
horizontal line through P at the point R. 

The length reqd. = PQ=‘PR=si3 units, from the diagram. 

Or we may proceed thus ;— 

Draw through Q a line parallel to XX' to meet the ordinate of 
P at S. Then PSQ is a right-angled in which QS=! 12, and 
PS-5. 

Now PQ* = PS* + QS*|a5* + !2* [Fig. I. 

= 25 + 144=1169; /. PQ = i3. 

Ex. 3. Plot the points A ( 8 , 12), B ( -7, 12), C ( -7, -6), D 
(8, —6); find lengths of the sides and the area» of the quadrilateral 

ABCD. 



After plotting the points as in the diagram above, we clearly see 
■that ABCD is a rectangle. BA, CD are each i? units and DA, CB 
ate each 18 units. ^ 
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'Phe rectangle is divided by the horizontal lines into 18 strips, 
and each strip contains/15 small squares; the area of ABCD is 
therefore 18x15 or 270 tidies the area of a small square. 

In the diagram, since one division in the paper is one-tenth ol 
an inch, therefore, the number 15, which gives the length of BA or 
CD, represents 15 tenths of an inch ; BA, CD are therefore 1*5". 
•Similarly, DA, CB are fS". 

The area of a small square is one-hundredth of a square inch ; 
thetefore the area of ABCD is 270 hundredths of a square inch, 
that is, 27 square inches. 

Ex. 4 . Plot the points A (4, 8), B (9, - 5), C ( —7, -5) J find 
thf* area of the triangle formed by joining these points. 

Plotting the points as shewn in the diagram below, we find that 
BCs=i6 units, and AD, the perpendicular from A on BC = I3 units 
H enre, 





Area of the AABC=i BC^xAD=.}x i6x 13 square units 

a* 104 square units —1*04 square inches. 

Bx. 6. Plot the points A (17, o-6),B (- 0*9, i 6), C (-1 *5, - 0*4); 
D (0*8,-0*9) and find the area of the quadrilateral ABCD. (Scale 

Plotting the points as directed and drawing lines parallel to the 
axes (as shewn in the diagram below by dotted lines), the quadrilateral 
ABCD is divided into four right-angled triangles and a rectangle. 
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A ABE = .} AE xBE —I X 2*6 X i=*=i'3,. 

A BFC=.J CFxBF=ix ' 6 x 2= '6 
A CDGa| CGxDG<«^X2'3X 5= 575 
A DAH=JAHxDH-Jx 'Qxrs® 675 
rect. EFGHa EF xEHibixiv *17 


square indies. 


» i> 

»» •» 

»» » 

« >» 


the area of ABCD 


•4*85 square inches. 
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Exercise GV. 

1. Plot the following points on squared paper :— 

( 7 i S)> (®» 9 )»( “ 9 )> (Sj "■ (“ 5 » *” 3)* (■“ 5 » S)' 

2. Plot the following pairs of points and draw the line which 
joins them :— 

(I) (7, 6), (3,-8). (2) (-3 5 )»(- 5 . 3 )- 

(3) (-6,7), ( 3 »- 8 )- ( 4 ) (6, 8), (-2, -4). 

(5) (-2,0), (0,-8). ( 6 ) (0,0), (-8, -10). 

3 . Plot the points (5, 2), (5, i), (5, -2), (5, -4)1 ( 5 » 
shew that they all lie on a straight line parallel to the axis of Y. 

4 . Plot the points (8, 12), (- 7, I2\ (- 7, - 6), (8, - 6) and find the 
sides and area of the figure formed by joining the points in succession. 

6. Plot the points (3, 4), ( 3 t - 4 ). (“ 3 . 4 ), (- 3 » “ 4 )- Determine 
the number of square units in the area of the figure formed by 
joining them. 

I 

6. Plot the following pairs of points, and determine the co¬ 
ordinates of the mid. points of the lines joining each pair :— 

(0 ( 3 » 4 ), ( 3 , - 4 ). (2) (4, 3). (^2, 7 ). 

(3) (- o). (o. - *0)- (4) (- 3 , 5 )» (- 5 » 3 )' 

7. Plot the following points, and calculate their distances from 
the origin :— 

(i) ( 6 , 8 ). (3) (-15, -8). (3) (-7.24). (4) (3, -8). 

8. Plot the following pairs of points, and each case find the 
distance between them :— 

(0 (9, 8), (- 10, 19), (2) (15, o), (o, 8). 

( 3 ) (* 5 > -I 2 )» (-* 5 . 4). ( 4 ) (10, 4), (-5, 12). 

(5) (o, o), (15, 20). (6) (20, 12), (-15, o). 

Verify your results by measurement. 

9 . Find the perimeter of the triangle formed by Joining the- 

points (7, 9), (- 11, 20), 17, - 5)- 

10 . Draw the figure whose angular points are given by 

(- 13 » o)» (“ i 3 » ” 15), (iS>-* 5 )> (i 5 » o). 

Find the lengths of its sides and the area of the figure. 
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H. Plot the three points in each of the following examples and 
tind in each case the area of the triangle of which the three points 
are the vertices :— 

(I) (-IS.-IS)* (* 5 i -15)1(0, *o)- (2) (12, 14), (-14, 4 ), (12,-8). 

(3) (10, 5), (-6, s), (6, 17). (4) (13, o), (o, 8), (13, 8). 

12 . Plot the following points .-—(scale i"=i). 

(i’ 5 , 2 ‘ 5 ); (- 3 ' 2 ,-r 3 ); (- 2 * 3 , i* 4 ); (2*1,-1-6). 

13 . Plot the following four points in each case and find the 
sides and area of each quadrilateral - 

(0 (27, 3), (o'4, 3), (0-4,-1-2), (27,-1*2). 

(2) (r8, 1-3), (-2-4, y3\ (-2*4,-0-7), (r 8 ,-o 7 ). 

14 . Plot the two following series of points :— 

(i) (5,0), (5, 2), (5, 5 )f( 5 ,-i)i ( 5 ,- 4 )- 

(ii) (-4. 8), (-1,8), (0,8), (3, 8), (6, 8). 

Shew- that they lie on two lines respectively parallel to the axis 
of j/, and the axis of .r. Find the co-ordinates oT the point in which 
they intersect. 

15 . Plot the following five points and shew experimentally that 
they lie on a straight line. 

(o, 10), (I, 12), (3, 16), (-2, 6), (-5, 0). 

16 . Plot the points (15, o), (19, 6), (10, 14), (— 14, 8) and find the 
area of the quadrilateral formed by joining them. 

17 . Find the area (in squares of your paper) of the figures 
formed by joining the following points 

(0 (o, o), (17, o), (o, 12). (2) (13, o), (o, 8), (13, 8). 

18 . Plot the points (3, 4), (4, 8). ' Join them, and write down 
the abscissae of the points on this line whose ordinates are respec¬ 
tively o and 12. Write down also the ordinates of the points whose 
abscissae are respectively rs and 3-5. • 


II. GRAPHS OF STRAIGHT LINES. 

278. Any expression involving x is called a function of x and 
is usually_ denoted by f\x). If y represent its value, then, from 
the equation y=f{x\ by giving to at a series of numerical values^ 
(generally increasing by small differences) we may obtain a cones- 
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ponding series of values for y. Now, if these values" of .r and y 
be marked off as abscissa,* and ordinates respectively, we can plot 
a series of points in succession. By joining a/i these points in 
succession we shall obtain a line, either straight or curved, which 
is called the graph of the fiinctiou J{x\ or the graph (properh 
locus) of the equation {x).. Thus, the graph of the finu tion 
3^ + 4 is the same as the graph or locus of the equationy^'^x-^ 

279 . It is worth while to notice here that all graphs of linear 
functions^ />., graphs obtained from equations of the first deyree, tire 
straight lines. The following points, as regards graphs of straight 
lines, are very important and should be committed to memory. 

(i) The co-ordinates of the oriyin arc (o, o). 

(ii) If a point lies on the axis of .r, its ordinate is o. 

(iii) If a point lies on the axis of y., its abscissa is o. 

Thus, the graph of .c — o is the axis of //; and the graph of 
?/ —o is the axis of ac. 

(iv) The graph of = where a is constant, is a straight liiu* 
parallel to the axis of y and at a distance a from the axis of y. 

(v) The graph of y = where b is constant, is a straight lino 
parallel to the axis of x and at a distance b from the axis of x. 

The student should illustrate fiv) and (v) by drawing graph- 
of 2:=»5, ;r= — 8 and so on; and also by tlrawing graphs of v 3, 
y — —7 and so on. 

1. Draw the graph of y = x. 

When ;r=o, ya»o ; thus the origin is one point on the graph. 

Also, when x- 2,3,, ...-1, -2, -3^ 

I, 2, 3,. -I, -2, -3 . 

Thus the graph passes through O, and represents a series of 
points each of which has its ordinate equal to its abscissa, an<l 
is clearly represented by the straight line POP' in Fig. 6. 

% 

Ex* 2 . Draw the graph of ^'=32:. 

I'abulate the values of x and_y as follows :— 

“I -2 


y 


-3 -6 





<;raphs of straight lines. 





9 Fig- 5 * 

Onjoiniiiji ihe points thus found, the required graph will be a 
straight line of an unlitnited length through O the origin, as shown 
^n Fig, 5. ^ 

Ex. 3. Plot the graph of^*=Ar- 4 . 

Tabulate the values of x and y as follows 




M. A.— 16 


Fig. 6. 
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Joining these points, we obtain the line'MN, parallel to that in 
Kx. I, as shown in Fig. 6. The distances ON, OM (usually called 
the intercepts on the axes) are obtained by separately putting 

in the ecjuation of the graph. The value of y obtained b\ 
putting x—o gives the intercept cut off from the straight line OY,. 
while the value of 4: obtained by putting y=o gives the intercept 
cut off from the straight line OX. 

N0C6. —The student should notice that he could have saved the Iroubk 
of plotting the positions of several points if he could find the positions o' 
only two particular points (which it is generally easier to find) namel) thc 
points where the graph cuts the axes. Because as it is known that the gra])h 
of a linear equation is a straight line, only tw'o points in it will suffice ic 
determine the whole straight line, since all that he will then have to do i- 
to join these two points and to produce the join indefinitely both ways. 
(Art. 282.) 

Ex. 4 . Draw' the graph of the expression 2;r + 3 
Let >'~2.r+3. 

When 


-6 I “3 
-9 I -3 


* I 3 , 4 
5 I 9 II 



Now plotting the points, we notice that they lie in a straight line 
I'his straight line, produced indefinitely both ways, is the required’ 
graph, as shown in Fig. 7. 
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Er 6. Draw the graphs represented by the equations 
!)3' ^ 4 x. (iij 3 ;^- 4 jr+ 6 . (iii) 4 >'+ 5 r *8 

Putting the equations in equivalent forms, we have 

In (i) and (ii) find values of y corresponding,to 

-2, -1,0, r,2, 3, 

and in (iii) find values of y corresponding to 
— 2, — I, O, I, 2 , 3 * 

Thus, we have the following values of^ ; — 

In (i) y~ “ 4 > ”*2|, “ I3, o, ij, 2», 4 ' 

In (ii) —2, —3, *, 2,33,41,6. 

In (iii)^® 3 i» 2|, 2, i^, 4, 

In plotting the corresponding points it will be found convenient 
to ioke/Aree divisions of tho paper as our unit inti) and (ii; and four 
div’sions as our unit in (iii). 

The graphs are given in Fig. 8 below. 



Fi^^ S. 
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Exercise CVI. 

1 . Trace the graphs corresponding to the following equations :— 

(i)^—2r. (2) + ( 3 )jf<» 2 X- 4 . (4) 

(5) (6) (7)j/+r-o. (8) >'--2^+3. 

(9) 5[y-9^. , (10) j/Mm2x+i. (ii) 7.r-3y=o. (12) -2^-3. 

(13) 3 U'= 6 ^+ 5 . « (14) x- 3 y^ 6 . (15) 3^+4i''=o. 

(16) 3:r+4j^-i2. (17) 3x-2jf-4. (18) 4x-2y+S-o. 

(19) 4jr+^-9. (20) 2 j^=6+a'. (21) 6^-3^-5. 

2 . Draw the graphs of 3;r-4j's=5 and 4 X+ 3 y ^7 and shew 
that they intersect at right angles. 

3 - Find the area included by the graphs of 

-jr+ 4 ,>'=-A - 4 , 

taking one-tenth of an inch as the unit of length. 

4 . What is the locus of a point in the following cases ;— 

(i) when its x is always - 4 ? (ii) when its y is always — 4 

5. Draw the graphs of the following equations :— 

2j:+3;'--3o, 3 y-x^is. 

If the paper is ruled to tenths of an inch, find the area of the 
space enclosed by these lines. 


280 . Eq^uation of a Straight Line. Every equation of the 
first degree involving x andonly represents a straight line. Its 
most general form is rt.v*hZ»/-l-c=o, and is said to be a linear 
equation. 

281 . As the equation AT- 4 -^y-t-i:«so can be reduced to either of 
the forms oxy^tvc 4 rb^ it follows that 

(il for all numerical values of /»the equation ^aa;r represents 
a straight line passing through the origin ; 

(ii) for all numerical valbes of a and ^ the equation y^^ax+b 
represents a straight line parallel to that given by As the 

latter passes through the origin, the former lies b units above it 
(the distance between the lines* being measured along the axis of y) 
when b is positive, but below it when b is negative. 

In either case, a is called the gradient or slope of the line. 

283 . As a linear equation always represents a straight line^ and 
as only one straight line can be drawn through two given points, we 
need only determine any two convenient points and the graph is 
the straight line joining them. Moreoger, the student should care¬ 
fully notice the fact that a point (Ms or does not lie on a graph 
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actording as its co-ordinates do or do not satisfy the equation of the 
graph. 

Ex. 1 .^ Shew that the points (-2, 10), ( — 1, 5), (2,—10) lie on 
a straight line, and find its equation. 

Letj('-a^+^ be the required equation. As it passes through 
the first two given points, their co-ordinates satisfy the above equation. 

Substituting r— — 2, y—io, we have 

IO-- -2a.(i) 

Again, substituting x= — i, we have 

5=--a-b^ .(ii) 

Now, solving equations (i ) and (ii), we get 
a — — 5, d=o. 

Hence y—- 5.a: or F + 5^=o, 
is the equation of the line passing through the first two points. 

.Since r —2, y — — 10 satisfies this equation, the line also passes 
through (2,—10). * 

283 . Since a straight line can be drawn when any two points 

on ;L are given, sometimes we can conveniently draw a graph 

from the equation of a line by marking its intercepts on the axes, 
which m^ readily be found by putting .r=o, y=«o, successively in 
the equation. 

Ex. 2 . Draw the graph of jiy—.r*»6. 

Kor the intercepts on the axes, we have 

when y—o, AT— —6 (intercept on the jr-axis), 

apd when ;r=o, j^—2 (intercept on the y-axis). 

Hence, the graph can now be drawn by joining the points 
P(-6. o;, Q(o, 2), as shown in Fig. 5. 

• 

284 . KeaniremeEi^ on Differrat Scales. We have hither¬ 
to measured abscissae and ordinates on the same scale, but 
points have often to be plotted whose co-ordinates differ considerably 
m magnitude^ In such cases the plotting of points on the 
same scale requires either a very small unit length or a very 
large diagram. To obviate these, it will be found convenient to 
measure the variables namely 2: and y on different scales, but before 
making our choice we shomll find out as far as possible the greatest 
numbers that have to be represented. 
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£z. 3 . Draw the graph of^«-i3;r+6. 

When X has the values — ij o> Jj 2, 3, 

the corresponding values of^ are —7, 6, 19, 32, 45. 



Thus, we see that some of the ordinates are much larger 
than ihe abscisste, and rapidly increase as x increases. Here, 
equal horizontal and vertical units would give an inconvenient 
representation. To obviate this difficulty, take 1 inch along OX as 
the jr-unit but let i inch along OY count as 2o_y-units. The required 
graph is shown in Fig. 9 above, where the line hts been drawn 
by joining the points (o, 6^, (2, 32). 

285. Intorpolation If* one co-ordinate of an intermediate 
point on a graph accurately drawn from its plotted points be given, 
we can determine (without calculation) its other co-ordinate by 
measurement : but, in some caseji, the results so obtained will only 
be approximate. 

Ez. 1 . From the graph of the function 132:+6, find its value 
when jTs 1*4 ; also find for what value of x the function becomes 
equal to 14. 

Put y—iyc + 6 , then the required graph is that given in Fig. 9. 

Now we see that 1*4 at the point^ P and here ^">24, nearly. 

Again, 14 at the point Q ^and 2r>BOR»o*6i approximately. 
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. Exercise CVII. 

1. Find the equations of the straight lines through the following 
pairs of points :— 

(0 (5» 6), (-5, -3). -^(2) (3, 4), (-2, 6). (3) (6, 7), (-3» 7). 

( 4 ) (8, -rs),(10, -3). (5) (-4,0), (-2, 3). (6) (*5, -4), ( 3 ’ 2 » i' 4 )- 
( 7 ) (-2, II), (6, -5). (8) (6, -4), (-7, -3). 

. 2 . Shew that the three points (3, — i), ( — 2, 4), (5, —3) are in a 
straight line, and find the equation of the line. 

3. Kind the equation of the graph which passes through the 
points (o, 4), (-1, I), (-3, 4*9', (2, 10), (*8, 6*4). 

4. Find, without drawing the line, which, if any, of the points 
(3, 2), (4, 3), (-2, -2S (8, 6), fs, -4\lie on the line given by the 
•equation 4X— 5^=2. 

26 

5. Draw the graph of the function —;;— . From the graph 

•find the value of the function when .ir=2'4 ; also find for what value 
of .r the function becomes equal to 8. 

6. Draw the graph of ^ . From the graph find the value 

•of the function when .r-*3‘5 ; also find for what value of x the 
function becomes equal to ri. 

7 . Find, without drawing the line, which of the given points 
fo, 2), (-4, -4), f4, 3\ (2, 5), (4, 8) lie on the straight line represented 
by the equation 31: - 2_y+4=o. 

8 . Find the equation of the graph which passes through the 
points (o, -5), (-5, -4\ (I, -3', (3, I', (3-2, 1 * 4 ), ( 3 ‘ 6 , 2*2). 

» 

9 - What are the equations of the lines forming the sides of the 
triangle whose angles are at the points (i, 3), (2, — i), ( —3, 4) ? 

10 . By careful plotting and measurement find the length of the 
perpendicular drawn from . 

(1) the point (4, 5) upon the straight line 32r+4y=io. 

(2) the origin upon the straight line —4 j/«i. 

III. APFLICATION TO SIMULTANEOUS 
EOUATIONS. 

286 . If two simultaneous equations between x and y be given, 
draw the graph of each and the co-ordinates of the point at which 
these graphs meet, will give a^ pair of values which will satisfy both 
equations. 
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Ez. 1 . Solve graphically the equations ;— 

ii) x+2y’=i2, (li) x-3y‘=2. 

In (i) when ;r-o,^s=6; when :r=» 4 ,^»» 4 - 
Thus the graph is the line joining P (o, 6) and P' (4, 4 - 
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Fig. 10. 


In (ii) when jr— — i, — i ; when x*^2yjf^o. 

Thus the graph is the line joining Q (- i, - 1) and Q' (2, o) 

^fow, we see from the diagram that these lines intersect at the 
point B whose co-ordinates are 8, 2. Thus the solution of the given* 
equations is ;ras8, y — 2. 

Yerifleation. In the first equation, when ^ 

t- 8, 8-F2y=i2, .% 2y-4, 

/, jr«a8, y»2 satisfy the equation. 

4, 

In the second equation, when ;»r=8, 

.*• x=^Zj y^2 satisfy this equation also. 

Ez. 2 . Draw the graphs of 

(i) 4Jf«3y, (ii) (Hi) ; 

and shew that they represent three straight lines which pass through 
one point. Find its co-ordinates. 

In (i) when 2r«o, y=»o ; when and the graph is the 

line joining O (o, o) and P (6, 8). 
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In (ii) when i, —6 ; when y** — i, and the graph is 
the line joining Q (i, -6) and Q' (2, - i). 



Fig II. 


In (iii) when ji'— - 2,>'=3 ; when - 7.^ = 2 and the graph is- 
the line joining R (- 7, 2) and R' (- 2, 3). 

Now, from the diagram, we see that these three straight lines all' 
)>ass through the point S whose co-ordinates are 3, 4. 


Exercise CVIII- 

1 . Solve the following equations graphically, and verify your 
result by Algebra :— , 


rn 3 ^- 2 ^* 4 , 
52 r+ 4 y-i 4 - 

'4) 3^-2y=i2, 

5^ “7.)'"20. 

(7) 52r+6y«a6o, 

2 X- y- 7 . 

( to) 2.r+3y«4S, 
.i;y + 4 >'" 74 - 


(2) 4 J= 3 -’-> 

42 r- 3 ^/- 44 . 

(5) 4^+^=^o, 

( 8 ) 

(II) ye-4y^i2. 
zx+iy-^46. 


(3) 2r-2j^ + ii=o, 

22f-3^+l8a»0 

(6) 2^+_y— -1, 

82r + 6y»3. 

(9) 3X-‘2y^m2, 

20jr+24=25y. 
(12) 42 r + 3 >'* 43 » 

3r-2i»»!i. 
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;i 3 ) •^±’'.=2+,3., 

«!/ 

( 14 ) 2:-?'^-5, 


2x-4y 23 

-- 

x +10 


(15) 


•'-=i=6, 

5 


4 y+~-^--J 2 . 


2 . Shew that the straight lines given by the equations 

i5.r + 2>» = 27 , 3Jir + 7 j'= 45 » 
meet in a point. Find its co-ordinates. 

3 . Find the co-ordinates of the vertices of the triangle wh 
sides are given by the equations :— 

.t:-2^ + 4 = o, f =0, Sx-y — 7 

4 . Show by solution of equations that the straight lines whose 
equations are 

7 x- 3 y^ 3 i. 9^-5^=41, 3.r+^=ii 
ill pa-' t hrough one point. Verify by drawing the lines. 

O Draw the triangle whose sides are represented by the 
equations ' 

3>'-^=9, .r-f 7>'=»*i 3x+J'=n ; 

.ind find the co-ordinates of the vertices. 

6. What must be the value of a in order that the three lines 
represented by the equations 

* 3x+y^2==o, ax4-2y - 3 = 0, 2X-y-3=0, 

may meet in a point ? 


IV. APPLICATIONS OF OBAPail. 

287 . We shjill now give^some illustrations of the way in which 
graphs may be used as a “ready reckoner.” 

Ez. 1 . If is worth 25 francs, construct a graph from 
which you can read off the vali^ of any number of shillings u^ to 
£3f in francs. Write down from the diagram the value of 35 shillings 
in francs, and 35 francs in shillings. 

Measure shillings along OX to a scale of i" to 20 shillings, and 
measure francs along OY to a scale of 1" to 50 francs. 

X y 5 

If X shillings-y francs, then — »■ , or y «-.*■. This repre- 

20 25 4 

«ents a straight line passing through the origin. 
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rake an abscissa ON = 60 units and an ordinate NP —75 units. 
Join OP. Then <^P's the required ^aph. (Note that different units 
arc used to measure lenjfths along OX and OY). 



Fig. 12. 


Since tlie abscissa at ilie point Q represents 35 shillings, therefore 
its ordinate QR represents 35 shillings in francs. 

Hence, from the diagram 35 shillings=44 francs. 

Also from the diagrant, 35 francs=28 shillings. 


Ex. 2 . In a Fahrenheit thermometer the freezing point stands 
at 32® and the boiling point .at 212® ; in a Centigrade, the freezing 
point at o®, and the boiling at 100“. Construct a graph to convert 
F. degrees into C. degrees, and ince versa. Read off 100® F. in €. 
-degrees, and 40* C. in F. degrees. , 


Let X degrees in the Fahrenheit scale be the same temperature 
as y degrees in the Centigrade scale. _ 


Then „ ^- 3 ^ , 5 - 3 ? 

lOO 212-32 180 


whence 9V»5Jf~i6o. 


When .af=»32,^—o ; when a-=50,^«“io 
when a:»=68,^«»2o and so on. 


.Since no point to the left of or below the point (68, 20) is required, 
it is convenient to measure the co-ordinates along lines drawn 
through this point parallel to the co-ordinate axes. Hence the 
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I'ig- * 3 - 


By measurement it will be found that loo" and 4o'’6'as! 

104 

Note. —The above device is often usefal ; it miglil be referred to as u 
change of axes to parallel axes through the point (68, 20). 

Ex. 3. The expenses of a family when rice is at 20 seers for a 
rupee are ^J.50 a month ; when rice is at 25 seer.s for a rupee the 
expenses are ^j.48 a month (other expenses remaining the same) ; 
what will they be when rice is at 30 seers for a rupee ? (C.F.A. 1869). 
Also find how much rice can be had for a rupee when the expenses, 
are Rs.fso. 

Let the expenses be Rs.y per month when rice sells at Re.x 
l)er seer ; then the variable part may be denoted by Rs.ax^ and the 
constant part by Rs. 6 , Hence or andsatisfy the linear equation 
y^ax-¥by where a and b are constants. Hence the graph is a 
straight line. 
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To determine a and d we have two pairs of corresponding values 
of X and^, giving 


50 = 5 ’aa 4- 6 and 48 = 

whence rt=»2oo, ^■■40, and therefore ^=200^+ 40. 

From this equation, when y"So ; and when ^ j'*® 48. 

Also, when 4r=o, ^ = 40. Hence, it will be convenient if we begin to 
measure the co-ordinates at the point (o, 40). 

Take 30 sides of a square along OX to represent O'l units 
and 10 sides of a square along OY to represent 10 units Thus we 
find two points P and Q when an^ respectively. The line 
joining rQ and passing through the point (o, 40) is the required 
graph, (as shewn in Fig. 14) ^ 

By measurement, we find that when jra46^ ; and that 

when_y*“6o, Thus the required answers are Rs.46. 10a. Sp. 

and 10 seers per rupee. 

Ez. 4 . Given that I centimetre»'39 inches, draw a graph to 
convert inches into centimetres. Read off the value of 3*6 m. in 
centimetres and the value of 8'6 cms. in inches, as accurately as 
you can. 
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If X inches »y centimetres, then , or •=* * 

39 IOC 

This equation represents a straight line througti me origin. 

When ;r*39, ^=100. Hence the graph passes through the 
point (39, 100). 



Take an abscissa ON ^ 39 u its (39 sides of .1 sq.), 
and an ordinate NP=: 100 units (20 sides of a s(j.). 
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Join OP ; then OP is the required graph, (as shown in Fig. 15). 

Take each hori/.ontal side of a square to represent 0*1 inch 
and two vertical sides of a square to represent 0*1 cms. 

The abscissa of the point Q represents 3’6 inches, therefore its 
ordinate represents 3*6 inches in centimetres. 

Hence, from the diagram, 3*6 inches = 9*23 cms. 

Again, from the diagram 8*6 cms. s3*35 in 

Ex. 5 60 oranges sell for six shillings and eight pence. Make 

a graph to shew the cost of any number up to 60, and from it write 
down the cost of 27 oranges, and the number of whole orange^ 
you would get for 2s. 3//. 

Let X oranges cost y pence, then j- « , or y=i-x. 

60 oo 3 

When x^o, ; when .r = 6o, y = So. This shews that the 

graph passes through the origin and the point (60, 80). 



I'lg. 16. 

Along the abscissa take ON =60 units (30 sides of a sq.\ 

and NP parallel to the ordinate* 80 units (20 sides of .a sq.). 

Join OP. Then OP is the required graph, (as shewn in Fig. 16). 
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. 2?6 


Thus, when ^=27, v=»36 ; that is, 27 oranges cost 3J. Again, 
•tvhen x-^2Q\ thus for 2s. one can buy 20 oranges. 


y. STATISTICS AND EAST PROBLEMS. 


288 - We have hitherto considered graphs to be straight lines 
drawn through a number of plotted points obtained by giving 
suitable values to x and y which satisfy any linear equation. The 
method is general and may also be applied when the relation 
between the variables is connected by an equation ivkich is not 
linear. In such a case, the graph drawn through the plotted points 
will take the form of sonte curve. But in cases where no algebraical 
relation subsists between the quantities considered, and only a limited 
number of corresponding values is given and therefore only a 
limited number of points can be plotted, we may indicate the form 
•of the graph which is most probable^ the curve passing through some 
of the plotted points and lying evenly as possible among the others 
on either side of the curve. 

In case of statistical results, where no great accuracy of detail 
is required, it is best* to join successive points by straight lines. 
When the graph consists of a succession of straight lines each of 
which makes an angle with the two lines adjacent to it, the graph will 
then be represented by an irregular broken line to distinguish it from 
a continuous cun>e like a circle or a parabola. Problems on prices 
may also be represented graphically by broken lines. 

»Ex. 1. The following table gives statistics of the population 
■of England and Wales, wheie is the number of millions at the 
beginning of each of the years specified. 


Ye.ar 1 1801 j 1811 
8'9 ! 10 2 


1821 

120 


1831 I 1841 1851;i86i| 18711 1881 I 1891 
13-9 ; 15*9 I 17*9 20*0 j 227 j 26*0 39*0 


Draw a graph to exhibit the above. Estimate the population in 
1837, and the year in which the pbpulation was 24 millions. 

Plot the values of P vertically to a scale of i" to 10 millions, 
and those of time horizontally to a scale of 1" to 20 years ; also 
it will be convenient to begin measuring abscissa; at i^i and 
ordinates at 8. 

The graph is given in Fig. 17 on the next page. 
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tN. 

M 

cSi 


The population in 1837 at the point A will be found to be 
15-1 millions and the year in which the population at B was 
24 millions is 1875. 


M.A.— 17 






















258 


MATRICULATION ALGEBRA. 


Ex. 2. The average annual premiums {£P) for whole life 
assurance of ;^ioo for the age at entry (A years) is given as 
follows 


A 

20 

25 

30 

35 

40 

45 

50 

55 

60 

P 

2 

2*2 

2*5 

2-8 

3*2 

3-8 

4-6 

5'5 

6.9 


Estimate the premium for ;^iooo insurance at ages 28 and 43 to 
the nearest £. 
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Reckoning ages along the abscissae to the scale of i" to 10 years 
and premiums along the ordinates to the scale of 1" to £2, we plot 
the given points and thus obtain the required graph (as shewn in 
Fig. 18). 

The premiums of ;^ioo at ages 28 and 43 at the points A and B 
respectively are ;^2*4 and ;C3*5. Thus the required premiums are 
^24 and jCss- 

Ez> 3 . The price, £Pf of certain engines of brake*horse power 
// is given as follows 

H 3’ 6i I 10 I I 4 i 
105 I 16012081255 : 

What is the probable price olengines of 4 and of 12 horse-power? 

Measure horse-power* along OX to a scale of 1" to 5, and the 
price along OY to a scale of i" to ; 5 ioo. 

Plot the given points and join them successively by straight lines. 
The required graph is shewn in Fig. 19. • 


■ 

■ 

I 


■ 

■ 

■1 



■1 




■ 

■ 

■ 

n 

■ 

■m 

mmm 

■ 

■ 

■ 


■ 

■1 

■1 

■ 

m 

u\ 

\m 

■ 

■ 

■ 


■1 

■ 




■1 

■1 

1 

1 

■ 

■ 


B 

■ 

■ 

■ 

j 




■ 




■ 


ai 



■ 

■ 

■ 

■ 


■ 

■ 

i 

■ 

■ 

■ 

■ 


■ 

■ 


i 

I 



, 



■ 

■ 






■ 

■ 


■ 

■ 

■ 

■ 


B 

■ 

■ 

■ 

■ 

■ 

■ 


■■ 



B 






r 






■ 

■ 

B 


■ 

■ 

■ 

■ 


i 

U 



■1 

■ 

■ 


■ 

i 



B 

■ 




■ 

IS 






■ 

■ 

■ 

■ 

m) 

■ 

■ 



■ 

■ 

■ 


L 

n 


■ 

B 



B 

■ 

j 



a 

■ 

B 





■ 




m 

■ 

a 

B 


■ 

■ 

■ 

■ 

■ 

■ 

■ 


■ 

■ 



■ 

■ 

■ 

Zk 




■ 





■ 


■ 

1 

i 


i 

■ 

B 

■ 

■ 

■ 

■ 




■ 

■ 



■ 

R 

■ 

■ 




L 





■ 



i 

i 

■ 

s 

■ 

■ 

■ 

■ 

■ 

B 

H 

■ 

■ 







r 





■ 






■ 


3 

■ 

■ 

■ 

a. 

_ 

_ 

■ 

1 

i 

i 

L 

■ 

■ 


L 


w. 






■ 

■ 






■ 


3 

r 



_ 

n 

L 

_ 

E 

■ 

L 

l: 


■ 

■ 



i 






i 

■ 






■ 


3 


m 

■ 

■ 

B 

■ 

■ 

■ 

E 

■ 

H 

■ 

■ 

m 

Va 


■ 

■ 

■ 

■■ 




■ 






■ 


m 

■ 

1 

■ 

■ 

E 

B 



1 

mm 

■ 

■ 

2 f 

■ 


■ 

■ 

B 

B 

■ 



■ 

■ 






iB 


B 

B 

■ 

E 

■ 

■ 

E 


n 

E 

H 

m 

IV 

21 

B 

■ 


■ 

B 

B 

i 

■ 



■ 

1 






iS 


li 

B 

■ 

■ 

m 


m 

■ 

■ 

■ 

!■ 

m 

'M 

■ 

i 

■ 


■ 

i 

■ 

■ 




B 

1 






■ 


■ 

3 

fi 


L 


■ 

■ 

m 

■ 


m 


L 

L 

■ 


■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 




r 


■ 


■ 

r 


w 

M 



■ 

m 

■ 


H 

t 


m 

■nr 





Fig. 19. 


By measurement, we see that when ^=4, 121 ; and that when 

*' = 12,^ = 229. Thus the prices are ;£i2i and £229 respectively. 

__ 

Ex* 4 . The temperature taken every two hours beginning at 
Noon is 61*0*, 667“, 67’5“, 58*5", 54‘6*, 51*4". 
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Draw a curtre to shew the variation of temperature and estiinate- 
the temperature at 3 P. M. 

Measure times along abscissa to the scale of i'* to 4 hours, and 
temperatures by ordinates to the scale of i" to 10 degrees. 

Plot the given points and joining them, we obtain the graph 
represented by broken lines as shewn in Fig. 20. 



liy measurement, we find that the temperature at 3 P. M. is 67" i*". 

Ex. 5. Corresponding values of x and y are given in the 
following table ^ 


65 

12 

14 

21 

28-6 

31*5 

4-8 

67 

7 

8-5 

11 

11-5 


Draw the most probable graph, and find its equation. Find the 
value of X when y= 10, and the value of y, when ^=>36. 

Take 1 inch to represent 10 units along OX and also 10 units 
along OY. 

Plotting carefully the given points, we see that a straight line 
can be drawn passing through only two of them and lying evenly 
among the others. The required graph is given in Fig. 2i. 
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Assume >^=<0;+^ for its equati6n. Find the values of a and 
n by substituting the co-ordinates of the two points through which 
the line passes. 

Thus, putting jr«t3,_yas4, we have 4s=3a+^ ; 

Again, putting a- 14,^-7, we have 7-i4a+^. 

Solving these equations, we get an/y, 

Hence the equation of the graph J or iy'*^r+35. 
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The co-ordinates of any number of points on the line can be 
obtained by trial. 

Thus, whenj/ — io, Jr—25 ; and that 13, when ar-»36. 

Ez. 6- A train travels at a uniform rate for an hour and a 
half, and covers 40 miles in that time. Draw the graph of its 
motion and write down the time it takes to travel 17 miles and how 
far it has travelled in 12 minutes. Give the results to the nearest 
mile and minute. 

Measure distance along OX to the scale of i" to 20 miles, and 
times along OY to the scale of 1" to i hour, so that each side of 
a square represents 6 min. 

Along the abscissa measure OA = 4o miles and draw AB at right 
angles to the abscissa^: r5 hours. Since the train travels 40 miles in 
li hours, therefore B is its terminus after hours. 

Join OB. Then OB is the graph of the train’s motion. 



Fig. 22. 


(i) To find the time it takes to travel 17 miles. 

Take ON —17 miles and draw the corresponding ordinate NP. 

Then drawing PD parallel to OX, we find the required time to be 
38 minute^nearly, for OD-p units. 
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(ii) To find the distance travelled in 12 minutes. 

Take OM along OY s»i2 min., and draw MR parallel to OX 
meeting the graph at R. 

Then drawing the ordinate RQ at R, we find the required distance 
to be 5 miles nearly, for OQ>*22 units. 

Ex. 7 . A starts walking at the rate of 4 miles an hour, and 15 
minutes later B starts at the rate of 8 miles an hour. Find, graphic 
cally, when and where B overtakes A. 

Measure distances along OX to the scale of i" to 4 miles, and 
times along OY to the scale of 1" to one hour. 

Take a point D whose abscissa is 4 miles and ordinate i hour. 

Join OD. Then OD is the graph of A’s motion. 

Take a point E at min. point in OY. Then this isB’s starting 
time. Now take a point F, whose abscissa is 8 miles and ordinate 
(reckoned from the level of E) 15 min. more than the time represent¬ 
ed by the ordinate of D. join EF. Then EF is the graph of B’s 
motion. 



Fig. 23. 

The point H where the graphs QD and EF meet, gives the place 
and time of meeting. Thus, we see that B overtakes A in half-an- 
hourfrom A’s start, A having travelled 2 miles, for HK=s^ and 
OK«o2. 

Ex. 8. A man starts at noon at the rate of 4 miles an hour to 
walk from A to B, a distance of 29 miles ; a second man bicycles 
from B to A, starting at 2 P. m., and riding at 10 miles an hour. 
Draw a graph to show where and when they meet and determine 
also from it the times when they are 10 miles apart. 

On squared paper, take two points A and B on {^vertical line 
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29 uaits apart. Take horizontally AP =*25 units (5 units to an hoar) 
and PQ vertically = 20 units. 

Join AQ Then since the first man walks 20 miles in 5 hours 
(25 units) AQ is the graph of his motion, i. e., the ordinate of any 
point on AQ denotes the distance he has walked in the lime denoted 
by the abscissa of the point. 

As regards the second man, take the point D in the horizontal 
line through B, 10 units (2 hours) from B, for he starts 2 hours after 
the first man. 

Take horizontally DF= 12j units (2^ hours) and vertically FEs= 
25 units (for the second man travels 25 miles in 2^ hours). 

Join DE. Then DE is the graph of the second man’s motion, 
reading his times along BD and distances, travelled vertically 
<lown wards. 



Fig. 24. 

Hence, if AQ and DE meet at O, AN denotes the time when 
they meet, and ON the distance travelled by the first man. 
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Thus, from the Fig. we see that they meet at 3-30 p.m. and 
that the first man has walked 14 miles, for AN ^3! and ON= 14. 

(i) To find the time when they are first 10 miles apart. 

Take a point P' on AQ where it passes through a corner of a 
square, and draw P'Q' vertically upwards =10 units. Draw Q'R 
parallel to AQ to meet DE at R, and from R draw RS parallel to 
P'Q' to meet AQ at S. Then RS = P'Q'«- 10 units. 

From the Fig. we see that the required time is 2-48 p. m., for 
AC (the abscissa of S) = 2f units. 

(ii) To find the time when they are 10 miles apart the second time. 

On OQ take OG=*OS and from G draw GH parallel to RS to 
meet DEatH. ThenGH=RS = 10 miles. 

From the Fig. we see that the required time is 4-12 P. M., for 
AK (the abscissa of Hi- 4^ units. 

Ex. 9 . A walks at ^ miles an hour, but takes a rest of half 
an hour at the end of every 4 miles. B starting at the same time 
and walking at a uniform rate, without any rests, catches A up just 
as he is starting after ’ms third rest. Find, graphically, B’srateof 
travelling. • 
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Fig. 25 - 


Reckon times along the abscissa to the scale of 1" to 2 hours, 
and distances along the ordinates to the scale 1" to 10 miles. 
Referring to Fig. 25, we see that OP is A’s graph for the first hour, 
and PQ is his graph for the next half hour, as he stops for that 
time. In the same way QR, RS, ST tmd TV are his successive 
graphs. 
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Again, since B starting at O, catches A at V, therefore OV is 
his graph, and the ordinate of V «12 and abscissa 

To find B’s travelling rate per hour. 

Take OK= i hour and draw KD at right angles to OK to meet 

OV at D. 

Hence, B’s rate of travelling per hour is denoted by the ordinate 
DK, which* 27 miles nearly. 

Ex. 10 . At what times between 4 and 5 o’clock are the two 
hands of a watch (i) together, (ii) 15 minute-spaces apart } 

Take abscissae to represent the time in minutes after 4 o’clock 
and ordinates to represent the number of minute-spaces past 
12 o’clock. Along abscissae, take i" to represent 20 minutes and 
along ordinates, take 1" to represent 20 minute-spaces. 

The graph of the motion of the long hand is a straight line, foi 
it moves at the constant rate of i minute-ipacc per minute. 



Fig. 26. 

This line goes through the origin. Draw OA passing through 
O and terminated at (50, 50). 
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At 4 o’clock, the short hand is 20 minute-spaces in advance of 
12 o’clock ; and as the abscissa of its position is zero, it is the point 
B (o, 20). Again, since the short-hand moves at the constant rate of 
I minute-space in 12 minutes, another convenient point may be 
denoted by C ^48, 24}. 

(i) Draw BO cutting OA in D. Then D is the position in which 
the two hands are together; and as the abscissa of D is 2i’8, the 
hands ate together at 21*8 min. past 4 o’clock (nearly). 

(ii) To find the time when the hands are 15 minute-spaces apart. 

Along OY take OE=«i5 units, and draw EF parallel to OA 
meeting BO in F. Draw FG parallel to OE meeting OA in G. Then 
FG «OE «= 15. The abscissa of G represents the time required, which 
=«5’5 min. past 4 (nearly). 

Again, in DA take DH = DG and draw KK parallel to OY meet- 
ing BO in K. Then HK=F;G= 15 units. The abscissa of the point 
K represents the time when the hands are again 15 minutes apart. 
Hence the required time— 38*2 min. after 4 (nearly). 


Ezercise CIX. 


1 . Given that i kilogramme=2’2lbs., draw a graph which will 
enable you to read oflf any number of lbs. in kilogrammes (up to 
50 tbs.), and read off the values of 25 and 38 kilogrammes in tbs., 
and of 32’5 and 38 lbs. in kilogrammes. 

3 . If 3‘26 in. are equivalent to 8*28 cm., show how to find 
graphically the number of inches corresponding to a given number 
of centimetres. Obtain the number of inches in a metre, and 
the number of centimetres in a yard. Find the equation of the 
graph. 

3. If C is the circumference of a circle and D its diameter, 
Draw a graph and from it ?»ead oflf the circumferences of 
circles whose diameters are 4 in., 11 in., 20 in., and the radii of 
circles whose circumferences are 47 in. and 31*4 in. 

4 The highest marks obtained in an examination are 132 and 
the marks are to be reduced so that the highest marks may be 100. 
Show how to do this graphically and state what marks will be 
assigned to papers which obtained (i) 100, (ii) 70 marks, giving the 
marks to the nearest integer. 

5. . The readings on a Centigrade thermometer in degrees and 
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the corresponding readings on a Fahrenheit thermometer in degree 
are given in the following table :— 


C 1 

5 i 

1 

10 , 

j 


1 

20 

1 

30 

50 1 8 

1 

F 

4 > 

50 1 

1 

68 

. 

86 

I22j 17 


Illustrate graphically the connection between the two scales 
Express 140'"/*'’. in Centigrade. 


6- Construct a graph to exhibit the following 
Premiums of Life-insurance at various ages (for ^100). 


Age in years 

20 

35 ^ 

1 3" 

1 

35 

1 

45 

1 1 

Premium 1 

1 

£ 2 . 8r. 

£ 2 . i6f. 

£3- ^ 2 . 

£t 2 .\. 

^5- 4-'- 

£ 7 . ?.«. 

\ 

’• £n j 

i 


Estimate the premium to be paid at 27 and 37 years. 

^1 


7 . 




The temperature taken every two hours one day showed ; — 


Midnight, 41 'o 
2 A. M., 4o°-8 
4 A. M., 40''7 
6 A. M., 39‘'-5 
8 A. M., 4o''-8 
JO A. M., 44‘'‘5 
Noon, 48“ 


2 i‘. M , 5i"-2 
4 !’• M , 53“ 

6 V. M., 46'’-5 
8 p. M., 46''3 
10 p. M., 46°7 
Midnight, 47'’‘4 


Draw a graph to show the variation of temperature throughout 
the day, and estimate the temperature at 3 P. M. 


8. The price (in pence) of an ounce fTroy) of silver on Jan. 1st 
in each of the following years was as follows : — 

I* 


1891 

1892 1 

>893 

1894 

1895 

1896 

,1897 

1898 

1899 

1900 

45 

40 

1 36 

1 29 

30 

3 * 

1 28 

27 

27 

28 


Draw a graph showing these changes in value. 


9. Given that 1 inch»2*54 centimetres, construct a graph to 
convert centimetres into inches. Read off the value of 5*6 cms. in 
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inches, and the value of 4*9 inches in centimetres, as accurately as- 
you can. 


10. On an examination paper of maximum 69 the marks gained 
by 10 candidates were :— 


Candidates 


B 


D 




8 i 

9 

10 

1 “ 

Marks 

60 

54 

46 

35 

32 

29 

27 

26 j 

25 

12 


Draw a graph to raise the maximun to loo, and read off (to the 
nearest integer) the raised marks of the candidates. 


11. The number of thousands (N) of people who emigrated 
from Ireland between 1876 and 1885 is given in the table:— 


Year 

N 

1876 

1877 

00 

00 

1879 

1880^ 

1881 

1882 

00 

00 

00 

00 

00 

00 

V #1 

37*5 

38*5 

41*1 

-9 - 

47 0 |95 5 

78-4 

89-1 

1087 

75-8 

62’O 


Illustrate the above graphically. 


12. A man spends in 64 days. Draw a graph to give 

his expenditure in any number of days. Write down his expenditure 
in 17, 35 and 49 days, to the nearest rupees. 


13. The mean temperature on the first day of each month, on an 
average of 50 years, had the following values : - 

Jan. I, 37“ ; 50^ ’ 

Feb. I, 38“; 57“; Oct. 

Mar. I, 40“; My ^ 

April f, 45'* ; Aug. i, 62“ ; Dec. 

Draw a graph to represent these variations. 

14 The first 100 copies of a pamphlet cost 27s. to print, but 
every I’oo in excess of the first costs only 3>r ; make a graph to show 
the cost of any number up to 800. an<^ read off the cost of 370 copies. 
Write down the number of copies you would get for £2. 2S. ta. 


J, 59“ i 
1, 54" ; 
I, 46“ 

I, 4i‘. 


15 The top boy in a form gets 88 marks, and the last boy 33. 
These have to be scaled so that the top hoy gets 100 and the last boy 
o I3raw a graph which will effect this, and read off (to the nearest 
integer) the scale^l marks of the boys who get 65, 54 , 49 - Find the 
equation between ;r the actual marks gained, and^ the corresponding 

scaled marks. 
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16 . 1 want a ready means of finding approximately o‘866 of any 
number up to lo. Justify the following construction. Join the origin 
to a point P whose co-ordinates are lo and 8'66 f i inch being taken 
as unit) : then the ordinate of any point on OP is o‘866 of the 
corresponding abscissa. Read off from the diagram, 

o’866 of 3, o’866 of ^*5, o‘866 of 4*8 and of 5- 

17 . If the cost of maintaining a family be Hs.^o a month, when 
rice is i2 seers a rupee, and when rice is 14 seers a rupee (the 
other expenses remaining the same) ; what will be the cost when rice 
is 16 seers a rupee ? 

18 . For a dinner at which there are 60 guests a restaurant 
keeper charges loj. 6(i. per head, but if there are 100 guests the 
charge is 8^. td per head. What will be the probable charge per 
head for 75 guests ? 

19 . In a Reaumur thermometer the freezing point stands at o 
and the boiling point at 80° ; in a Fahrenheit, the freezing point at 
32“, and the boiling point at 212°. Construct a graph to convert R. 
degrees into F. degrees and vice versA. Read off 60" R. in F, 
degrees, and 43'' jPin Reaumur degrees. 

20. For a certain book it costs a publisher 100 to prepare 
the type and 2J. to print each copy. Find an expression for the 
total cost in pounds of x copies. Also make a diagram on the scale 
of I inch to loco copies, and i inch to ;^ioo to show the total cost 
of any number of copies up to 5000. Read off the cost of 2500 
copies, and the number of copies costing 

* 21 . Two men start to meet each other at 9 P. m., from places 
31 miles apart ; if one of them walks 4I miles an hour and the other 
3^ miles an hour, when will they meet, and how far will each have 
travelled ? 

la* 

22 . A and B walk respectively and 3g miles an hour. They 
are 23 miles apart and walk to meet one another but B starts 2 hours 
before A. How far will A have to walk ? 

23 . In a 100 yds. race, A can beat B by 20 yds., and B can 
beat C by 10 yds. How many yards start can A give C that there 
may be a dead heat ? 

2 ft. A man bicycles from A to B at 10 miles an hour, and returns 
from B to A at 13 miles an hour. If he takes 5 hours to go there 
and back, find the distance from A to B. Find also his average 
speed per hour. 

25 . A train leaves A for B at 9-15 a.m. and travels at the rate 
of 30 miles per hour. At 9-35 a.m., a second trian starts, and 
travels at the rate of 35 miles an hour. If both trains arrive at B 
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■at the same time, find the distance from A to B, and the time each 
train takes. 

26 . A starts at 8 A. M. to walk from P to Q, a distance of 
30 miles. At noon he meets B, who started from Q to P at 7-30 a. m. 
If A reaches Q at 6 p. m., when will B reach P ? 

27 . A starts walking at the rate of 100 yds. in 30 secs and 
B starts from the same spot 6 secs, later at the rate of 100 yds. 
in 12 secs. Draw a graph to find when and where B catches A up. 

28 . At what times between 3 and 4 o’clock are the two hands 
of a watch (i) together, (ii) 10 minute-spaces apart? 

29 . A monkey, climbing up a greased pole, ascends 2 ft. and 
slips down i foot in alternate seconds, until he reaches the top of the 
pole. If the pole be 6 feet high, how long will it take him to reach 
the top ? 

30 . A does a journey of 42 miles in 5^ hours, and B starting 

an hour later does the reverse journey in 4 hours. Find, graphically, 
as accurately as you can, h«w far their meeting place is from A’s 
starting point. In how many minutes after B’s start were they first 
20 miles apart ? ^ 

31 . A starts from Calcutta for Mankar, a distance of 91 miles, 
at 6 A. M., walking 37 miles an hour : B starts from Mankar 12 hours 
later and reaches Calcutta at the same time as A. What was B’s 
speed per hour ? 

32 . A travelling at 4 miles an hour, walks 4 miles, then rests 
for half-an-hour, then walks 8 miles further,, and then walks straight 
back at the same rate. He meets B, who walks uniformly and 
without resting, a mile and a half from home. Find B’s rate of 
travelling, if he started at the same time as A. 

33 . At what times between 5 and 6 o’clock are the two hands 
of a clock (i) together, (ii) at right angles, (iii) directly opposite to 
each other ? 

34 . In what proportion must tea at Re. i. 4a. per seer be mixed 
with tea at Rs.2 per seer, so that the mixture maybe sold at Re.i. 12a. 
per seer ? 

36 . A starts from Calcutta to walk to Burdwan, a distance of 
68 miles, at 3 miles an hour ; two houi:% later B starts from Burdwan 
for Calcutta at 5 miles an hour. When will A and B meet ? When 
will they be 20 miles apart ? 

36 . A starts from a place X, for a place Y, a distance of 80 miles 
at 6 A. M., walking 3^ miles an hour: B starts 4 hours later and 
reaches Y at the same time as A. What was B’s speed per hour ? 

37 . A travels at 5 miles an hour, but takes a rest of half-an- 
hour at the end of each hour. B starting 2 hours after A and 
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travelling uniformly, without resting, overtakes A 17^ miles from 
home. Find, graphically, B*s rate of travelling per hour. 

38 . In a 100 yds. race A beats B by 9 yards, and in 100 yds. 
C beats B by 8 yards. If A’s time for the hundred yards is io| secs., 
what are B’s and C’s times ? 

39. How much tea at /?j.3 per lb. must I mix with 12 lbs. at 
Be I. 13a. 4 p. per lb. to make a mixture worth Bi.2. 2a. per lb. ? 

40 . The salary of a clerk is increased each year by a fixed sum. 
After 6 years’ service his salary is raised to ^.r.128, and after 15 years 
to jRs.2oo. Draw a graph from which his salary may be read oft’ 
for any year, and determine from it (i) his initial salary, (ii) the 
salary he should receive for his 21st year. 


CHAPTER XI. 

INDICES AND SURDS. 

T. THEORY OF INDICES. 

289 . It was noticed in Art. 73, that powers of the same quantity 
were multiplied by adding their indices ; in Art. 105 that one power 
of a quantity is divided by another power of the same quantity 
by subtracting the index of the latter from that of the former ; and 
in Art. 168 that any power of a power of a quantity is obtained by 
pcmltiplying together the indices of the two powers. We shall now 
prove the above rules to be generally true, which were there only 
shewn to be true in particular instances. 

290 . The following are the three fundamental laws for positive 
indices. 

When m and n are positive integers^ then 


a’" I. 

.II. 

.III. 


The first is called the Indoz Law, as being the basis of the 
other two la^s, for they may be deduced from the first. 

I. If m and n be any positive integers, to prove that 
a"* X a***/?""^*. 

Since a^^axaxax&c .to m factors, ) 

and xaxax&c .to « factors ; J 








THEORY OF INDICES. 273 


a”*xa**aaxa xa.to ^ factors x ay. ax a .to is factors 

— axaxa .to (iw+«) factors, 


by Art. 20. 

Similarly, if p is also a positive integer, we have 

a’^Xa* xa**s=»a'"+"Xa*’“«”‘^*‘^P, and so on. 
Hence, generally, 

a™ X a» X a** X.= a^*>^*v* .IV. 

where .are all positive integers. 

III. If m and n be any positive integers and m ">■ then 
a»»+«•=«“*». 

^ _ a"* a X a X a X. to m factors 

ror • =>-^- 

a** aXaXax .to a factors 


_ a xaxa .to (iw — ») factors xaxaxa .to « factors 

““ ^xax a . to n factors 

»*axaxax .to (iw —») factors 


by Art. 20. 

* -III. If i« and II be any positive integers, to*prove that 

(«»)<* am a"**. 

For, (a“)"=a” x a"* x a’* x.to « factors 

^(a xaxa .to hi factors) 

x(axaXa .to /u factors) x.to n brackets 

"•aXaxa x .to ma factors 

by Art. 20. 


291. 'I'o prove that II. and III. are deducible from I. 
i) Since x a*-> a**+*, when p and « are any positive integers, 
/, €j*’^"-4*a“ss8a*’, by Def. of Division. 

Let ^ + i»— I/I, so that7> = Hi 

from the above, we obtain 

wfiich is II. 

.(.2) Again, since, from IV. we have 

a"*xa^xa« X. *ai»+p+fl+. 

Let m"‘p=q=‘ .and let their number be n, 

/, n" X a" X X .to n factors 

0 ^m+m+iii+.to »terms 

■•a""*, which is III. 


M.A.—18 
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293 . Hence (a"*)*=a"" —(a*)"*. 

For (a*)".to n factors—fl*"***^"***" to" terms 

and (a*)"*—a".a".a».to m factors—a*♦•+"♦.to « terms •a** ;; 

since a™"—a""*, we have (a"*)"—a®"— (a")"* : 

that is, the nth power ojf the xAth power of a ^ the mth power of ther 
nth power oj a, and either of them is found by multiplying the two« 
ndices. 


293 . Hence also Va”*=*(Va)’". 

For, let then —(jr")"* ; by Art 291. 

hence a—;r", and /, "fa^x, and 
But also, by our first supposition, i 

hence, we have "/a”—(Va)*" ; 

that is, nM raa/ of the mth poiver of a—the mth power of thentk 
root of a. 

291 These results refer as yet only to positive integral indices^ 
which in Art. 20 were first used to express briefly the repetition of the 
same factor in any product. 

But now, suppose we write down a quantity, with a positive 

fraction for an index, such as a®, and agree that such a symbol shall 
be treated by the same Index Law as if the index were an integer :— 
what would such a symbol, so treated, denote ? 

» Since it follows from the Index Law^ in the case of positive 

( ?? 

integers, that (a”)**—a*"", we should have here also Va*/ — o « —a' ; 

V 

and hence it appears, that a*would denote ^h a quantity as,. 
when raised to the qth power, becomes equal to a**. But that 
quantity, whose ^th power—a', is the qth root of a'^[Put. 31) ; and,. 

therefore, a^—or-(ya)^^ by Art. 293. 

Hence, when a fractional index is employed with any quantity,, 
the numerator denotes a powet, and the denonfinator a root to be- 
tsdeen of it. 

Thus, a^-2nd root of ist power of a— »Ja, a^- */«, a^^ifa, &c.. 

c^^cube root of square of a— 
or ""Square of cube root of a—( \foif. 

So or y'a)» ; -a^»a^-&c., or s/a-ya*-ya*-&c. 
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295 . Again, if we write down a quantity with a negative index, 
as (where p may now be integral or jractional), and agree that 
this symbol shall be treated by the same Index Law as if the index 
were positive ^—what would such a symbol, so treated, denote ? 


By this Law, we should have ; 

aM+P aHI ^p 

but we have also ——= —^ —a"; 

aP a* 

so that, to multiply by a'P, is the same as to divide by a* ; 
and, therefore, i xa’P —i+aP, or a”P=« . 


Hence, any quantity with ^negative index denotes the reci¬ 
procal of the same with the same positive index. 


Thus, a-»» , a-l- 

a ah 



I 

n/« 


,or- ^ar^ 



a 



or— 







Hence, also any power in the numerator oj a quantity may be 
removed into the denominator^ and vice vers A, by merely changing 
the sign of its index. 


Thus, 


oTH* a“» 
c “ V 




= »&c. 


296 . Lastly, if we write down a quantity with zero for an index, 
as a*, and agree that this symbol shall be treated as if the index were 
an actual number,—what then would it denote ? 

Since, by the Index Law^ 

dividing both sides by a”*, «*—!. 

Hence, it follows that a* is only equivalent to 7, whatever be the 
value of a. 

♦ • 

297 . In actual practice, such a quantity as a* would only occur 
in certain cases, where we wish to keep in mind from what a certain 
number may have arisen. 

Thus, (a*+2a* + 3a + 4a*+&c.)+a*—a+2 + 3a* • + 4a’•+&c., 

where the 2 has lost all sign of its having been originally a coefficient 
of some power of a ; if, however, we write the quotient a + 2a*+3a** 
+4a** + &c., we preserve an indication of this, and have, as it were, 
a connecting link between the positive and negative powers of oi 
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298 . 


9 

The quantity ai is still called a to the power of 


P 


and 


similarly in the case of a“*, a* ; but the word power has here lost 
ts original meaning, and denotes merely a quantity with an index, 
whatever that index may be, subject, in all cases, to the Index Law^ 


299 . To prove that 

Let m and n have any value whatever. 

(i) Let be a positive integer^ 

s» (a"*^’*) X X .to brackets 

s-Ca^xa"* X.to p factors) XXx ....to p factors) 

«amp^np by Art. 29cf III. 


(2) Let be a positive fraction. 

Letp*" , where r and s are positive integers, so that r^ps. 

s 

= by (l) 

-V(«**’*^’**’*), for r^pSy. 

= by (I) 

9 


<3] Let p be any negative quantity. 

Let />=■ — r, where r is a positive integer or fraction. 

= . by («) aod (2) 

writing p for — r. 

Hence for all values of /«, n and p. 

/ I- » 

300 . To prove that Va" / •■a" . 

(«*" if ■»/«"'* 

by Art. 290 III. 

But, mp»m X/«'•"* •■»**♦*"*, by Index Law 

•mm*. 

n* I It 

Here, note carefully the distinction between a" and (a") 

The la5t-a”*‘*’‘’-a’»"-". 
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Szercue GX. 

Express, with fractional indices, 

1. ^x* + i^xy+{ Vx)^. 

2 . + ir(a»^) + y(a^«) + f^aSi^). 

a a<r<J« + (<^a)s+y(a6^)+6i(a6^). 

4. *r(aH»)+a{ 9^)6 + 


Express, with negative indices, so as to remove all powers, 

(i) into the numerators, and (ii) into the denominators, 

K I . 2 3 4«. 5^ A . 5<* . 4^ . 2^* 

T* >.1 T Ti ■!* ~r" II "h + ~r • 

a 0* c* b a b* b b* or a* 

7 4^! . _I_ » _?# . 2*!£l4._^3 _ . _54_ 

3^*t* A $abc' 4if(a*bc*) aifa^' 

Express, with the sign of Evolution^ 

9. «»+2«*+3«*+4<.»+«* 10. '4+?¥+?y+^*+^. 

b^ 2c^ 3b^ 4a* 5a* 

Express, with positive indices, and with the sign of Evolution^ 

11. a-»^t+a(J-*tf+a-M-V*+a-*^*»^ 4 . 12. a‘»+a^^’»+a*M + ^*»- 


a’H’ 


ib-u- 


—_^ . *■* . O'' * J _ ■ 

c*» ■** b’U''^ a-2 ^ a-*3-V» ’ 


m 

301 . It follows, then, that whate'i^er be the indices, 
a" Xa*s®a"+’*, a^+a^^a""**, (rt'")""a’'*" ; 

so that (i) to multiply any powers of the same quantity, we must add 
the indices, (ii) to divide any one power of a quantity by another 
power of the same quantity, we must subtract the index of the divisor 
from that of the dividend, and (iii) to obtain any power of a power 
of a quantity, we must multiply together the two indices. 

Thus, a^xa'^—a*-*—a; a*-f*a”^-a 4 ''’^«»a^ ; 

-a'l' 
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Be. 1 . 

Ez. 3 . + X 

Bx. 3 . { ^ab-* -{a*3** X ah^)^ - 


Exercise CXI. 


Find the value of 

1 . i6"^. 2 . 27’^. 3. 16^. 4. 32’^ 5 . 3125^* 

0 . (27^'«<:*)^. 7 . 8! (1024*^)^. 9 . 343’^- 


Simplify the fol]q}ving :— 

10 . 11 . 12 . 

13 . H. {x‘^y.{xy"*y^.{x~'yy^*. 

16.' J{x^y^ Jyhy. 10. **X{.r*/* Vxyz*^!{x‘'y’*g"*)y^. 

19 . -• ^ ■= . - <«— . (C. E. 1874). 20 . — ^-«-• (C. E. 1870). 




2L 

22 

23. 


{(;,;«+i-ex;r«-*+«)*}«. (M. M. 1889). 
(a+X (a - 6)*" X (a* + 3 *)“. 


(sr* (A)' 


t 

(M. M. 1890). 
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435 . 


J 

r20. 


33 . 


!)■('-;) 


. (B. M. 1889 ). 


Tt{\J 1 \>-. ■ "• 

V -p) 

Xj:**. (m. M* 1894 ). 

^ C:)"*’- (::)"'x (c.e..9=o). 

xsA X X (^r»** 0 * 

:3l| . 


{(;)■'}■• >■• 'Si'" 


5 -»x 25 


an. a 


S*"‘*XIO**' *''** (2'*)"-*’^ 

.34. If »—a® and shew that (b. M. 1890) 

» 

35. If 2:*'s*/*, prove that —jr* *; and if :r*»2^, provethat^* 2 .\^ 


33 .' 


jia+I 


iM+l 


II. ALaEBSAICAL OPERATIONS INVOLYINa 
FRACTIONAL AND NEOATIVE INDICES. 

303 . The ordinary methods of operation employed in Multipli 
•cation, Division, &c., of positive integral indices are applicable to 
■expressions involving fractional and negative indices. We now give 
eome illustrative Examples. 

Bz. 1 . Multiply a^+a*^^-fa^A^+a^+a^^^+ 0 ’^by 5 ^. 

+a*i^+a^d^+a^ + a^d^ 

_ 

a*+ a* + a^^+a^^-I- 

—a^^^ ~a*3^—a^^ — a^^ 

1 ? ■ 
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Here in the first line 

and so 


on.. 


Ex* 2. Divide -a^x* — 4av^ + 6a^x — 2a*x^ by 

— 4 ax^ + 2 a^. 

x^ — 4ax^ + 2a^\ f * - rtVr* - 4ax^ + 6a^x — 2a*x^(x — a^x^. 

'5 ^ it ' 

x^ -4ax^ + 2a^x 


— a*.r* 

^ * 

— rt - r* 


+ 4 a® r - 2a*jr^ 
4 - 4f^x - 2'i*.r^ 


• •'* '} - ■*' • S. 

£z. 3. Find the square root of 4 r-- i 2 .r ‘+25 — 24 X ^+l 6 :r K 


t » -•* •Si 

- i2:r* + 25 - 24.1: * + i6-r *y2X* —3 + 4X *. 

4 ^^- 3 )-i 2 »’^ + 25 
-I2;r^4- 9 

4 ,r^-6+4r’'^ i6-24r'-f + 

16- 24 r‘^ 4 - i6r"^ 


f 


Ez. 4. Simplify 


f * — /I 


«i 


-. (c. V. A. 1861 .) 


a 


and 


• Va^ 4 - VaH*-- IfaH 


ifa^+ ifadi- ifaH- Hh* ‘ 


( 1 ) Let a^^x and a’ 

Then the Exp.-~^- 

■= a** +1 + a’*, for .rj'—a®-t I. 
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( 2 i Let Va«>xand 


Then the Exp. 


x*(^x*+y*’-xy) 

l^~Vxy* -x^y -~y*^ x(x^ +>'*) -y{x^ +y*) 


x*(x* +y*-xy )^ x^(x*-xy+y*) 

{X -V)V* +y^] ” {X ‘-y){x +y){x* -xy-^ 


Vfl* 

Va*- n*‘ 


Ex. 5. Divide x* 


Since x* ~~y* 


-y* by X* +^*" • (C. E. 1879.) 

(.r* )*-(>'* )*, .A-rt. 290. 

m-i ««>t m-t n-t 

(x* +y^ )(x* -y* ). Art. 124- 

n~t n-i 


the quotient®*^* —y* 


Exercise CZII. 

# 

Multiply 

1. x-x^y^ ^■y by x'^ - y^. (c. E. 1861.) 

2. <1^+by 

3 . i^y-k-y^ by x^-^y^. (c. E. 1863.) 

4 . 7 jr^ — 3 y^ + 2 by bx^ — 2y^ + yx^y^. (C. E. 1858.) 

5. ax^ + by a - Z^^x* + 4 ^^- (c. E. 1890.) 

6. jr + 2 y^ + 3^^ by JT - 2 y^ + 

7. + 2a*b^ + 4aH^ + 8<i^ + 16 rt^ 3®'+ z^^^ ” 2^^. (b. M. 1 859.> 

8 . x+y+z— ^{xy)~- \f{yz) — ij{,sx) by V^2r+ hjy^r \/s, (c. E. 1864.)'* 

9. jr^+.r^y^ 4 *^^ by (c. E. 1866.) 

10. + i by 2r’^-I. 

11 . a^-a^+rt*i-a“^ by 

13 . i +J'"^ 
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Divide 

13. by li. by 

15. a'* - 64^* by + 2d^. 16. x - 2x^ + 1 by - 2x^ +1. 

17. +;r'^>'^+y by (C. E. i860.) 

18. by 2r^ + a\ (c. E. 1859.) 

19. 2'^+«^jr®+a^ by jr^+a^-JC^+a^. (C. F. A. 1861.) 

2^. x-\‘6i;^x^+ 6't^x^+a+^a^x^ + ya^x^ by x^+a^. {C. E. 1891.) 

2X. 8a^4*3 ^ —by 2a^4"^ ^ — 

22. +x~*y*+ 2 by x^jf~^+x'^y^ — i. (m. F. A. 1894). 

Find the square of 

23. — (c. E. 1862). 21. a^-2a^ + 3-2a’^+a’^ 

Find the cube of 

C 

‘25. 26. 27. — 2a^^^ + 35^. 

Find the fourth and fifth powers of 

.2a x^-yK 29. 30. 


Find the square roots of 

■31. Jr»-} 4 r^+ijr+Jjr^+}. (u. M. 1886.) 

32 . x^-2a“^x^^+2a^x^+a'^x ^ (c. E. 1880.) 


33. i + U:r-—s/jr+;r*. (j». E. 1888.) 

2 

' 34 . a*b'* + 2ad~' +3+2a'*d + a’’*6*. 

25 . —3a + ®/a^ —2ia*+45 —63a ® + 90a ^ —io8<»“*+8i<* 

36. a+2^(2ah)-\‘2b-¥4j{2a€)‘¥SJ{bc)+3c. (M. M. 1881.) 


- 37 . 


. 38 . 



y 


- C'" *)''*'^**- 

-x^y'^{x-lx^y^-^y). (M. F A. 1889.) 
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39 . 3;r^(3jr + 4) + 2Ji:-‘(a;r^ + i)-2 s/2;ir‘^(3;r + 2). (m. F. a. 1895.) 

• 40 . {x^ — 2x'‘^y’^)* -x^y’^{x^y‘^ +4). 

(M. F. A. 1896.) 

Find the cube root of 

■41. a *- 3 a‘+ 6 a’ - 7 + ta^x ’ “ - 3ax"^ +a^x ~*. 

Find the fourth roots of 
43 . x*y~^'^4x^y~^+6xy^ —4x~^y^+x’*y^. 

43 . 160'® — 96jr^_F^ +2 i6x*^^ — 2i6jr^>'^ + 8i>'*. 

Find the H. C. F. of 

44 . ^**.r*+^**-ar*—I and ^**r* + 2«*;ir®-tf**+.r*-2^-1, 

45 . lx* + yxV‘(x + i)-x-j[ and x*-ix-i. 

Find the L. C. M. of 

46 3ajr* —3a*.r, ;r*-a*, x*+aXj J(3ax} and ^x— Ja, (C. E. 1873.) 

47. Multiply a*" - a"*" + O’** by a"+a:''. (C. E. 1879.) 

48 . Divide aS"»+( 55 " by a’" + ^**. (c. E. 1901.) 

40 . .Simplify { J{a* + + y/{b* 4- Va*b*)}^‘ 

n m 

-50 . Shew that ^ —— {x +y){x* +y*)ix^ +y*)>*» • +.y* ^ 

III. ELEMENTARY SURDS. 

303 . It was‘stated in Art. 178, that, when any root of a quantity 
•cannot be exactly obtained, it is expressed by the use of the sign of 
Evolution, and called an Irrational or Surd quantity. 

Thus, Y(3a^) and are .S'wrf/j. 

» 

304 . The order of a surd is denoted by the root-symbol or 
surd-index. 

Thus, Ufa and are surds of the third and nth orders respec¬ 
tively. 

305 . Surds of the second order are called dnadratic BUrdl 
and of the third order are called Cnbio Burds. 
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Thus 1J2, BXG QjuadraHc surds, 2indi V5 are called 

Cudtc surds. 

306. Since every fractional index indicates by its denominator 
a root to be extracted, all quantities having such indices are expressed 

as surds. 


I. Bednction of Surds. 

307. In the case of a numerical surd, expressed with a frac- 
t.onal index, should the numerator be any other than unity^ we may 
take at once the required power, and so have unity only for the 
numerator, and a simple root to be extracted. 

Thus, 2^ —(2*)^«4^ or ^4 ; (5^)^ or 

308- Quantities are often expressed in the form of surds,, 
which are not really so, when we can^ if we please, extract the 
roots indicated. 

I I 

Thus, ^7, are actually surds, whose roots we- 

cannot obtain ; but ^Ja*^ ^27, f4a* + 4rt^+^*)^ are apparently so, 

and are respectively eyuivalent to a, 3, 2a+ 3 . 

309. Conversely, any rational quantity may be expressed' 
in the form of a surd, by raising it to the power indicated by the- 
denominator of the surd-index. 

Thus, 2=s4^— V8«-&c. ; a— Va* ; 3<**(4a*)^ ; 

3t0. In like manner, a mixed surd, i. e.^ a product partly 
rational and partly surd, may be expressed as an entire surd, by 
raising the rational factor to the power indicated by^e denominator 
of the surd-index, and placing beneath the sign of Evolution the 
product of this power and the surd-factor. 

Thas, 2 v^ 3 -,/ 4 X ./3” Vi* i 3-**“3V'4“ V(*7)* VApVCioS)., 
Ja ✓(4«»3) i 4 a -aj (^) » V(3*<>V). 

311. Conversely, a surd may often be reduced to a mixed form» 
by separating the quantity beneath the sign of Evolution into factors,, 
of one of which the root required may be obtained, and set outside* 
the sign. 

Thus, ,/( 20 )-../( 4 X 5 )- 2,/5 j y(a4)-V(8x3)-a*/3 j 
,/;}Sa»3)-5«./(3«#) i (204*). 
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312 . A surd is reduced to its simplest form, when the quantity 
^beneath the root, or surd>factor, is made as small as possible, but 
-so as still to remain integral. 

Hence, if the surd-factor be a fraction^ its numerator and deno- 
.minator should both be multiplied by such a number, as will allow 
us to take the latter from under the root. 




“ y(7S)- 

These latter forms allow of our calculating more easily the 
numerical values of the surd quantities. Thus, to find that of 
we should have had to extract both ^2 and ^^3, and then to divide 
the one by the other, a tedious process, since each would be ex¬ 
pressed by decimals that do not terminate ; whereas, in i ^6, we 
have only to find ,^6, and divide this by the integer 3. 


Ex. Given s/3=i732t>5.. find the value of 

5 X 173205... 


5 

n /3 v/3x v /3 3 


>/ 3 ' 
S’66o25... 

3 


2*88675... 


^ 313 . Surds which are not of the same order can be transformed 

into equivalent surds which are of the same order. 

Ex. 1 . Express VC 11) and V'(i3) as surds of the same order. 

Here, the L, c. M. of the root figures 4 and 6 is 12. 


Therefore, Y(ii) — V’(i 33 i)» 

and iy‘(i3)- 13*-13^’*= *y(i3®)-*y(i69). 


314. To compare surds with one another in magnitude, 
-express them as entire surds, and then reduce their indices, if neces¬ 
sary, to a common denominator, simplifying as in Art. 307 : their 
relative values will be now apparent. 

Ex. 2. Which is the greater 3 ^^2 or 2 V3 ? 

Now 3 j^i8»»i8^, and 2 y3^ V24 — 24®. 

Also i8’^-ii8^-i'!ri8*-«V5832, and 24^=24^—V24*-V576. 

The former is therefore the greater, since 5832 is greater than 576, 

315 . Similar sards are those which have, or tnay be made to 
bave, the same surd-factors. 

Thus, 3 \/<* and 2'i vfr and 36 V.*'» are pairs of similar surds ; 
and J(5o) and J(i8) are also similar^ because they maybe 
written 2 5 J2 and 3^2. ^ 
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Exercise CXIII. 

Express the following with indices, whose numerator is unity. 
1. 4*. 8- 9*- 3. 3‘*- * 2-i. 6. (})-*. 6. (J)'*. 


Express as surds of the second and third orders. 


7 . 8 . 0 . 10 . 

Express with indices ^ and —J. 
12. 3-*. 13. (3l)“. 

Reduce to entire surds :— 


11 . Ua+lf), 


14. «•». 15. 


18. Sn/5. 


n.2jl 18. J.s*. 19. K*?. 20 . 1 ( 1 )'% 


21. 25 (ii)'^ 23. 3 »/2. 23. 8.2*% 24. 4 . 2 % 


26. 3 . 3 “^ 


26. 4(1) . 27. 1(4) . 28. 2ja. 29. 7aJ{2x). 30. a{adr\ 

31. (a + ^)(a*-^*)'% 33. ia-d){ai-6iy\ 33. x^(v^z), 

31. 35. %. 36. . 37. | . 




a f jjr 


Reduce to their simplest forms :— 

43. ^ 4 $. 14. ./i 2 S> 45. 3>/432. < 

48. J}. 49. 2 yj. 50. 3 V}. 


'iy(S)- 


54 72 * 58. (ij)’*. 


43. V 4 S. 14. ./ 125 . 45. 3>/432' 48. Vi* 5 . 17. 3 V 432 . 

48. Ji. 49. 2 !iri. 60. 3VJ. 61. 4 ^34 68 8*. 

53. 32 *. 64 72 *. 68. 58 ( 2 oJ)'*. 67. ( 3 oi)'*. 

58. iVV- 59. sVl*- 60. 5 V 94 . 61. 62. 

Express as fractions with the surd part integral 
63. s/;. 64. 66. 66. VI 67. ^5- 

Express as surds of the same order :— 

68. 1^/5 and ■/II. 69. Vyand/p. 70. y4andV’5- 

Which is the greater ? 

71. 6J3<x 4\/7. 72. 3 •/3 or 2 Vio. 

73. i/ 5 orVii. 74. i /2 or J?/’ 27 . 
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Which is the greatest? 

75 . 2 Vis, 4 ^r2 or 3 75. 76 . Js* 2 ^ or 3(4*)"^’ 

77 . Shew that ^/I2, 3 ^ 75 * i 47 , I n/tV» and (144)“'^ are 

similar surds. 

78 . Given ^/5»» 2*236068. find the value of 

79 . Given iv^6=2*449489., find the value of Jy. 

80 . Given s/7 =’2*645751., find the value of 

II. Addition and Snhtraction of Surds. 

316 . To add or snbtTact surds, reduce them, when similar,^ 
to the same surd factor, and add or subtract their rational factors. 

Ex. 1 . s/8+s/so-^16—‘/(4X2 )+s/(25X2)-V'{9X2) 

= 2‘/2 + 5s/2-3s/2 = (2 + 5-3)>^2-4s/2. 

Ex. 2 . 4« + ^ V{ 8 a 63 )- y(i25ir6^^), 

- xd) + d if{2^a6 xd)- X 6) 

= 4a*d ^3 + 2a*b — sa*6 73 = (4«*3 + 2^*3 — 5a*3) 73 
= a*3 73. 

Dissimilar surds can only be connected by their signs. 

Ex. 3 . ‘/32+ 716-^64-J(i6X2)+ 7(8x2)-V(i6x4)i 

- 4 is /2 + 2 72 - 2^/2 = ( 4 - 2 ) ^/2 + 2 72 
*2 J2 + 2 72 . 

III. Mnltiplication and Division of Surds. 

317 . To mnltiply surds, reduce them by Art. 313 to the same 
surd-index, and multiply separately the rational and surd-factors,- 
retaining the same surd-index for the product of the latter. 

Ex. 1 . is/8x 3 ^2 = 3^/16=3x4-12. 

Ex. 2. 2 <^3X3>/'iox4,^6=24/i8o= 24^(36x5) 

■■24X6-/S-S144 ^5. 

Ex. 3. 2^/3X3 72-2^/27 X3^4=6®/io8. 

318 . Compound surd quantities are multiplied according 
to the method of rational quantities. 
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Ex. 1 . (2+>/’3)(3-^/2)■■6+3^/3-2 ^2-x/6. 

Ex. a. (2 +s/ 3K2-^/3)=:4-3 = i. 

Ex. 3 . (2± V’ 3 )*“ 4 ± 4 ^/ 3+3 = 7 ± 4 ^/ 3 • 

Bx.. 4 . (l+ i>/2)'*=*I+4\/2+I2 + 8,y2 + 4*=I7 + I2^/2. 

319 . Division of surds is performed, when the divisor is a 
: simple quantity, by a process similar to that for Multiplication. 

Ex. 1 . 

Ex. 8. (8^/2-12 V3 + 3</6-4)-r2^6 = 4.^?-6^/S + |- 

»4Vi-6<s/i+f--^-^ =^N/3-3N/2 + 3-i 

Ex. 3 . (2'/3-6 V2)+J6-2N/§-6^j^jr“2,s/^-6y^ 

= — ^364. 


1. 

3. 

,6. 


7 . 

10 . 


12 . 


14. 

16. 

17. 


18. 

21 . 

ra3. 

: 34 . 


Exercise CXIV. 

Simplify 

^/i 28-2 V50+/^72-“/iS. 2 . ^40-^^320+^135. 

8>/J-iN/i2 + 4%/27-2 s/tV* 4. y73«-3 ?ri + 6 V2ii. 


8 \/24 
^i8 + —+ • 

^ n/2 3^3 




\ 

I2i^ / 


Multiply 

3 s,/8 by 2 v'6. 8. 3 s/j 5 by 4 \^2o. 9. 2 ^4 by 3 ^54* 

3N/3 + 2N/2by ^/3-'^2. 11. 2<^I5-^/6by V/5 + 2J2. 

"**1 I 

^/2+ '/3+ >/| by >/’6- v^2. 13, ^/3+ -^'2 by -7-+ -f~. 

% J V ^ 

Find the continued product of 

3 s/8, 2 y6 and 3*'‘54. 15. 2 s/24, 31/" 18 and 4^24- 

•4 + 2s/2, I-s/ 3. 4-2 s/?» V2+s/3. 1 +n/ 3 and s/ 2 -n/ 3- 
;if-i+s/2, ^-1-%/2, ;»?+2+V3 and;i; + 2- s/3- 

Divide 

6 s/7 by 5 s/3- 1®* 3 s/S by 7 -w'*2. 20. 5 1/6 by 3 v'' 10. 

2s/3 + 3n/2+>^ 30by 3 s/ 6. 22. 2 s/3 + 3 <^2+^30 by 3 V2 

;r*+2:^+j'*+4r+4y+i6 by ^+j^-2 s/(^+^) + 4 - 
Prove that ( n/S + n /3 + -w'2 + 0 *+(V 5 - -v /3 - J2 + 0 * 

+ (>/S + a/3 - n/ 2 - 0*+(V'S - s/3 + n/ 2 - r)*“44. 
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IV. RATIONALIZATION OF SURDS. 

320 . But, if the divisor be compound) the division is not 
easily performed. The form, however, in which compound surds 
usually occur, is that of a binomial quadratic surd^ i. e., a binomial, 
one or both of whose terms are surds, in which the square root is 
to be taken, such as 3 + 2 n/ 5, 2 ^3-3 5, or, generally, yfa±. 

where one or both terms may be irrational ; and it will be easy, 
in such a i:ase, to convert the operation of division into one of 
multiplication, by putting the dividend and divisor in the form of a 
fraction, and multiplying both numerator and denominator b)- that 
quantity, which is obtained by changing the sign between the two 
terms of the denominator. By this means the denominator will be 
made rational : thus, if it be originally of the form it will 

become a rational quantity, a-when both numerator and deno 
minator are multiplied by Jh. This process is called ration¬ 

alizing: the denominator of a fraction. 

- + ^3 . (2+ ^3 X3- '^3)^ .6 + 3 ^/ 3 - 2 '^ 3-3 
3 +^/ 3 ' ( 3 +s/ 3 )( 3 “>/ 3 y ‘ 9-3 

3+ n/3 
' 6 ; 

_• 2,^ /2+ _ ^2^/2 4 - v/ 3 

2 n/ 2-^3 {2 v' 2~ v'3)(3^/2‘+ J3) 8-3 

2^2 4 - JZ 


Ez. 1. 


Ez. 2. 


If, however, we had required the value three 

■y /2 ^ 

places of decimals, we take the form ^ - - 

. 2x 1*41421... + 173205 

the answer :!-- ...? 

5 

2*82842... +1*73205...• 4*56047... 


5 


*91209... 


321. When two quadratic surds differ only in the sign between 
their two terms, they are said to be conjugate. 

Thus, 2 ^3 + 3 ^2 and — are conjugate. 

In general ^a-k- njb and ,Ja— »Jb are conjugate. 

322. If there be three terms in the denominator it will be 
necessary, in general, to perform two such multiplications as above. 
We always multiply in such a case by a quantity which differs from 
the denominator in the sign of one of its terms. 


M.A.—19 
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Ex. Find the value of 


2+ - 42 - ' 

If we multiply numerator and denominator by 2 +v/ 2 +^/ 3 , 

, a + ^/2 + V 3 2 + ^/2 + J 3 

the expression^ 

^ 2 +. s/ 2 + ( 2 + J 2 + n/3K3-4\/2) 

3+4 s/2 “ (3+4<^2)(3-4*/2) 

^ 6 + 3j/2 - 4^3 ^3 “_8 2 4-5 V2 -- 3 s / 3 + 4 n /6 

9-32 23 


1 . 

3. 


Exercise CXV. 

Divide 

2 + 4 V ’7 by 2v^7-i. 

5 — 2 s /6 by 6 — 2 s/ 6 . 

Rationalize the denominators of 

' " A-- ®- ^ 

>/ 5 -i 


6 . 


12 . 


16. 


19. 


21 . 


23. 


i? 4 . 


25. 


2s/2+J 3 
\ /3 4 * ^2 
2 n/ 3 +**/ 3 ’ 


5. 


9. 


3+^5 


10 . 


2. 3 + 2 V ^5 by 2 s/5-I. 


7 ^ ~ 5 ^^2 

3 -- 2 s /2 ■ 

11 4 n /7 + 3^2 

5 s ^2 + 2 s /’7 • 


n/5+ s/2‘ 
>o >^3 + 3’/7 


3 -V 5 ’ 7j7-5<s/3 

Find the value correct to four places of decimals of 
* 4 10 2 +4\ /7 11 4s/7 + 3'/2 7 


3-2 s/2 ' 


IQ 2+4 s /7 1 - 4 s /7 + 3'/2 

2^7 + 1’ ** 5 V 2 - 2 s/ 7 ‘ 


15. 


5 n/ 3 - 2 s/ 2 ’ 


17. 


5 


18. 


2 ( 1 + s/ 3 ) 


Find the value of 
/ io+9v^\ * 

\ 9 + 2 s /5 / 

/^ 5 +_s^\*_ /y_ 5 W 3 \* 
w" 5 -n/ 3 / W 5 +s/ 3 / 

s /(a+^)+ V(a-x) 22___ 

^(«-4r) ‘ ‘ s/(«*-'^*) «+V(a*-;r*) ‘ 

^+s/(^*-0 ir-s/fAr*-n 

xTW^) • 

s/(.y*+0+ J{x*~-i) s/Tjc^ + i)- s/U* - t) 


s/i5+-v/6 '/6o-s/24‘ ■i-s/2+s/3‘ 

20 I- ^/2 +s*3 i~^2 »s/3 

1 + s /2 + ^^3 I + s /2 - v /3 ' 

I 1 


C\/iab) — ac 
be—c»J[,ab) * 


26. 


4tl + s/jr) 4(1 - s/;rj 2(1+2:) ' 
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^ 3 2 

27 . Prove that - 7 5 . — 2-51.... ..(c. f. a. 1877.) 

V 0 + V 7 

28. Simplify 

■*■ IJi+Ti-t ■ 

22. Find the value of i——r~ + — *4 — s, when * = 1+ .fj. 

30. Find the value of when x ■» —a. 

v(a+;r)--25 

V. PfiOPEBTIES OF aiJADRATIC SURDS. 

323. If cn-,J6 =a?+w^ere a, x are rational and ^fy 
are surds, then a—au and b^y. 

For if not, let a=^x + c ; 

/, slVi or tf+ Jb^ Jy ; 

Squaring, c*•\r2C»Jb-¥b =*>'; • 

2 c Jt/’^y-b-’C* and y/b=' -, 

i.€. a surd=a rational q .ant* y ; which is impossible. 

/, a-as and . '6= yjy. 

Hence, if a+ we must have separately a««o and 6«o. 

324. If ^/(a+ vfrt y' j+ ..icn \/(a- ^/6)=» v/as- fjy. 

Since s/(a+ (s/^)— > y, we have, by squaring, 

a+ s/b^x+y + 2^{xy). 

Equate rational to rational and surd to surd. 

Then a—x+y, s,fb—fj(xy)i 

a - ^b=x+y -2 J{xy). 

Hence s/(a- ^/x-^Jy. 

VI. SaUARE ROOT OF OUADRATIC SURDS. 

325. ’ The square of the sum of two surds**a rational quantity 
+ a surd, 

z>. ( v^5 + >/‘3)* *» 7 + 2 >/( 10). 

Hence the square root of a + Jb may sometimes be found in the 
form -/x-f- >/y. 
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Ez- Find the square root of 14+6^5. 


Let V(i4+6x/ 5)= -s/j'. 

Then Js)— >/V- 

by multiplication, 

J{ 196-180) =:r ; 


By squaring, we get 

T 4 + 6 x/5 = ;r+>'+ 2 ). 

By equating rational parts, 
^+^=*14. 

But .r-_y= 4 ; 
/..r-9andj'=5. 


^/'(I 4 + 6 ^/ 5 )= n/ 9+>/5 = 3 +J 5 - 


336 . By InspOCtiOD. Square roots such as the preceding 
may be also often very easily found by inspection. 

We have seen that the square root of x + y + 2\/{xy)~ Jx+ 

Hence, reducing any binomial surd expression to the form 
tf+2 and comparing it with the standard form .r+ v+2 x^(jry,\ 
>ve get 

x+^^a and xy^b, 

so that we have to find two numbers which added together give a, and 
multiplied together give which can be easily guessed. 

Ex. 1. Find the square root of 12 + 2 

We want two numbers which when added, give 12, and when 
multiplied give 35. They are clearly 5 and 7. 

Thus v'{*2 + 2 V( 35 )}=^ *^ 3 +>^ 7 . 

JBx. 3 . Find the square root of i6-6>f 7. 

6^7==2X3X s/7“2X J(3*X7)“2'/(63). 

Thus i6-6^7 = i6-2V(63). 

We want two numbers wlio&e sum is 16 and^vhose product i.> 
63. They are 9 and 7. 

Thus ^/(I6-6<^7)- ^/ 9 - n /7 = 3 - \^ 7 . 

Ex. 3 . Find the square root of 4- s/(i5). 

The given quantity must be arranged so that the square root in it 
is multiplied by 2. 

'I'hus, we write the expression in the form . 

We now want two numbers whose sum is 8 and whose ptoduci 
is 15. I'hey are 5 and 3. 

Thus v'J. 
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Exercise CXVI. 

L Find the square root of 

7 + 4n/3- ( 2 ) 4 + 2^3- (3) 8 - 4 ^/ 3 - ( 4 ;i 2 - 6 ^/ 3 , 

13; I4 + 6>/5. (6) 16 + 5 <J7- f?) 17-12^2 (8) 

'. 9 ) 5-\/5- (»o) 87-i2v'(42). (II) 32-Sv'(«5)- 

( 12 ) 21 + 8 ^/ 5 - ( 13 ) 2a+x+ 2 J{a*+ax). 

( 14 ) 2 ^-y+( 15 ) 3 ^- i +2 v'( 2 rt*+a - 6 ). 
ii6) i{x-3)+J.x^+ys--xz-y*). 

2. Simplify the following : — 

(0 * f2) .* (,) 

^ s/{4-2js)’ ^^(7-4^/3)■ i+s/3 ■ 

( 4 ) n/( 2 i+ 8 v^ 5 )+^( 21 - 8 /s). (5) V'(49 + 20 n' 6 ). 

( 6 ) - -, 

J2+J[2+J3) ^f2- v/(2*- >/3) 

.n\ >/ '(7+4 v/3)+ ^/(7-4^^3) 

J {7 + 4 J 5 )- s/{ 7 - 4 j 3 }’ • 

( 8 ) 1 + ^ 8 - ^/(27)+^,/(i 2 )+V(75)-N/(i9+6^/2). 


CHAPTER XIl. 

HAKDKK KOKMnL/K AND TRANSFORMATIONS. 

(! ii * I. HABDEB^FOBMULAE. 

327 . 'rUere are other results in Multiplication which are not 
•«.|uiie so important as the FormulSB (general results expressed in 
symbols) given in Arts. 102 and 171,173, i 74 » but which are desendng 
•of notice. We give them here in order that the student may be able 
10 refer to them when they are required ; they can be easily verified 
by actual multiplication. 

I 1. («+ft)* + («e-ft)* = 3a*+2«»». 

2 . (a + 6)*-(a —fr)*«= 4 a 6 . 

3 (a+ 6 )*+(a-d )5 = 2a«+6 «d*. 

4 («+ft)S - (a _ 5 ) 3 = Qa^b +253. 

5. (6-c)+(c-«)+(a“6)=0. 

6 . a(6-<?)+5(c —a) + c(a--6)«»0. 

7 . (5-c)* + (c-a)* + (ce-ft)**2(a*+&* + c*-»6c-<*«-«A)» 
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^8. 

,. 19 . 


..(0 


11 . 


1 12 . - 


(a + 6+c)(a* + ft*+«* - &c - c« - aft)=a*+6^+c* - 3 « 

(ftc + ca + aft)* - ft*c*+c*a*+tt*ft*+2aftr(a+ft+c). 

(a + ft+c)(ftc + ca+aft) 

=*(ft+c)(c+«)(a+ft) + oftc.. 

=ftc(ft+c)+co(c+a) + aft(a+ft)+3ttftc...(2) r 

=a*(ft+c)+6*(c+a)+c*(a+ft)+Saftc.(3) 

- o(ft*+c*) + ft(c*+a*)+c(a*+ft*)+3aftc.(4) 

(ft+c)(c+«)(« +ft) 

=a(ft* + c*)+ft(c* + a*)+c(a* + ft*)+2aftc..(i) 

= a*(ft+c)+ft*(c+a)+c*(a+ft)+2a ftc.(2) 

=ftc(ft + c) + ca(c+'») + aft(a+ft)+2aftc.f 3) 

=»(a+ft + c)(ftc + ca+aft)-aftc.(4) 

(ft - c)(c- a)(a - ft) =® a*(ft - c) + ft*(c - a)+c*(« - ft).(i )| 

= ftc(ft-c)+ca(c-a) + aft'a-ft).(2) r 

=f - {a(ft* - c*; + ft(c* - a*) + c.a* - ft*)}....(3)) 


Ex. 1. .Simplify (a+ ^+ <:)* ++ + 

The Exp. = 1(^ + ^)+a}* + {(^ +<:)-«}*+ {rt-(^-t)}* + {/i + (^-^,}* 
»*2(^ + t‘)* + 2rt* + 2rt*+2(^-tf)*, (f. I.) 

, = 4 «* + 2{(^ + f)* + {6 -V)*} « 4a* + 4 ^* + 4 f * 

=» 4 (a* + ^* + f*). 

Ex. 2. Simplify ^ 

(a - 3)(x- a)ix - ^)+(^ - tf)(;r - ^Xx - c) + (c--a)(x - c)(x - <i). 
The Exp. ^(a - fi){x* - (a+^)Ar+a^} + (^ - ^){x* — (^ + tf).r++ 
(f-a){x*-(f 4 "a):r+fa} 

-;r*{(<» - ^)+(^ - f) + (c - «)} - .r{(rt + ^)(a - 3) + (3 + ^)(^ - ^r) + 
- «)(tf+a)}+- ^) + ^^•(^ - c) + - a) 

as ;ir* X o + x{(a* - ^*) + (^* - c*) + (c* - a*)} + -^) + 

sBa^(a—^) + - a) 

• -(d-c)(^-a)(a-^). 

Ez. 3 . Simplif*^'^ 

(a + fi+cXa+fi+ii)+(a + c+ii)(fi+c+if)-(a‘hd+f+tf,^, 
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Let a + ^+t+rf—jr, then 

The d){xc)’k‘{x-b){x• a)-~X* 

^x*-{c-\-d)x+cd-\-x^^{a+b)x+ed>-x^ 

•‘X^ — {a-\rb’\-c-¥d)x-^ab^rcd 
^ab-¥cd, for a+b+c+d—x. 

Bx. 4. Multiply Ji:*+(3a+4^)2r+i2a3 by2r*-(3a+4^)2r+i2a^. 

We have ;ir*+(3a+4^)2: + i2a^*(2:+3a)(2:+43), 
and X* -(3<i+4^)2: +1 2ab^ix - 3a){x - 4b). 

/. Product»(2: + 3a )(x - saXx + 4d){x - 4b) 

=* (2:* - 9a*)(;r* - 16^*) 

•=tx^ — (901* + i 63 *);r* + I44a*^*. 

Bz. 5. Find the value of 

(,tr + 2 y +\)(jir*+ 4y* + sr* - 2 ^^^—zx - 2;^'). 

The Exp. ■* {{x + 2y) + z}[{ix + 2y'f — z{x + 2y)+ z*} - 62:;'] 
^{x+2y)^+z* — 6xy(x + 2y+s) • 

=» or*+8y * + 64ry( 2 r+ 2 _y)+^* — 6xy{x + 2 ;') - 6xyz 
•"X^ + Sy^ + z*—6xyz. 

Ezereise GXVII. 

Simplify 

1 . (a 4 ‘b)* + {b 4 ’C)* + {c 4 ra)*-‘(a 4 -b+c)^. .1 

2 . (a+^ + 0*+(a + ^-<^)*-(c+a-^)*-(^+c-a)*. 

3 . (a + b+c + d)*-k-{a^b + c-d)*+{a + b~~c-~d)* + ia~'b-‘C'¥d,^. 

4. (a-b)(x 4 ‘aXx + b) + (b^c)(x+b {^x+c)+ic-a){x 4 -c){x 4 ra). 

5 . (a*+b*+c*)*+ia + b+c)ib+c-a,la+c-b)(a+b-c). 

6 . {a*+b^-\rc*t^-(a-¥b 4 rc){b+c-a){a 4 -c-^b){a+b-c). 

8. (3a+2^+5^)* - (3a+2^ - - 30^K3«+2^)* - 25^*}. 

9. (^+c)(<r+«)(«+^) - (a+/>++o/i)+ 2 «^tf. 

10. (i62r* -20;r^ + S^r)*+(i -;«:•){i6(I -jr*)* - 2o( 1 -2:*) + 5)*. 

(c. E 1889). 

11 . (rt+^+0*+(a + 3-0*+(«“^+0*+(“^+a-^)*- 

13. (a+4+- < 1 * - - 3(4+ c)ic +a)frt+4). 
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14 . (a+fi + 2 c)(a + 2 i + c)( 2 a + d+c) ~ (fi + c)(c'+a)(a+^). 

15 . ((i + d + ^Xx+j' + s) + 'a + 3 -c)(r+j/-s) + (3 + c-a)(j/-i^ z~ .r) 

+(<r+« - <J)(sr+:r - y). 

16 . (rt-^ + 2X<*“+^* + 4 + <*^ —2rt + 2^). 

17 . (.r - 2j - 3)U* + 4y* + 9 - 6y + 3.r + 2xy\ 

18 . {h — cXh^rC — a)^rKc — aXc^ra — b\Ar{a — b^{fi^'\‘^ — c\ 

19. {b-c){i +ab)ii+ca) + (c-a){\+bc){i +ba)+(a-b){i +ca){i +cb). 

20. (I -«»)(I -3*)(I -c*) + («- bc){b - caXc - ab). 

21. (x-y)^ + {X’k‘r)^ + Sx-y)\x+y) + ${x-y){x+yf.{C.E. 1876). 

II. TRANSFORMATIONS. 

328. 'I'he following TraUBformatiOlIB fchanges of form) of 
algebraical expressions are deserving of attention They can easily 
be verified by actual multiplication. ' 

1. (i) a*+b*-(a-h 5 )*- 2 ab or =(«-ft)*+2afr. 

(ii) (a+ft)*=(a-l»)* + 4 a&. 

flii) (a-ft)*«(«+fr)*- 4 «ft. 

Ex. 1 . Find the value of x^+y^y when x+y=S and ;iy«* 15. 

.r* + y* =(;ir+>')* - 2.rj=8* - 2 X 15=64 - 30—34. 

Ex. 2 Find the value of (a-^)*, when a+^“9 and a^=2o. 

^ (o-^)*»»(a+^J*-4<»^“9*-4 5< 20-81 — 8o« 1. 

Ex. 3. Find the value of a^+b^, when rt —^ —5 and 14. 
a*+ 5 * —fi*-^)* + 2<i^=5* + 2 X 14 —25 + 28-53. 

Ex, 4 Express (« - ^)* + 4(a - c){b -- i:) as a square. 

'Phe Exp. * (/I — ^)* + 4 {ab — {a + b)c+c*) 

’^{{a-b)* + 4 ab}~ 4 (a+b)c+ 4 C* 

- (tf + 3 )* - 4(a + b)c + 4^:* = {(a + ^) - 2c}^ = (« + ^ - 2c')*. 

2. (i) («+6)(a-6^=*a*-6*. 

. /a+b\* 

8 ) - ( 2 ) ■ 

Ex. 5 . Express (x + 7 a)(x + ga) as the difiference of two squares. 
Here, .sir+7a—(4? + 8 a) —a and j: + 9 a=s(A* + 8 a) + a. 

Hence the Exp.«»{(;r + 8a) —af{(jr+8a) + af*s(;r + 8a)*-a*. 
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Ex. 6 . Express (A* + 4 .r 4 - 3 )(j*:*- 6 ;r - i) as the ditference of two 
squares. 

I.et rt=A‘*+ 4 .v + 3 and h—x^-^hx- i, then 

+ + + 6;r - l )}=* x * - x+ly 

and + “ 6 ;r- i)f= 5 :r + 2 . 

Hence the Exp. =(.r* - Ar + 1 )*--( 5 jr + 2 )*, by substitution. 

Exercise CXYIII. 

1 . Find the value of a*+d*, having given 

vi) + 12, rt^~35. (ii) <* + ^ = 13, ai— 30. (iii) 5, = 36. 

i. Find the value of (a:+jk)*, having given 

(i) .r-T-9, 15. (ii) ^-/ = 5. Ar>'=-4. (iii) .v-j/=-8, :ry= 12. 

3 . Find the value of (a — d)*, having given 

( 1 ) a + ^= 7 , <»^=s 9 . (ii 7 a* + ^**= 37 , rt^== 12 . (iii) + 18 , ad = 72 . 

4 . Find the value of a*+d*, liaving given 

(i) aI 4 ,ad = 25 . Mi)a+d== 10 , ad-= 47 . (iii) a —d= 17 , ad — 23 . 

Express the following as squares : — 

5 . (rt- 8 d)*+ 4 ( 2 «-: 3 ^)(« + 5 ^). 6 . ( 3 a + 2 d)*- 4 (a + 3 d)( 2 a-d). 

^ Exjgress the following as^the difference of two squares :— 

7. (x-l-i)(.t' + 2'K.r + 3)(a: + 4). 8 . (.r*+7A: + 9)(.»r* + 3.»:+5\ 

' 9 . (6.r*-5r + 3l(2r*+;r-5). 10. (:r + 3'*)(^ + 5 «)('^+ 7 «)(jr + 9^)- 

(C. E. 1887). 

3 . (i) a*+ 63 =»(tt + l»)^- 3 a 6 (» + &f. 

(ii) a»- 6 «=(a-l »)3 + 3 €t 6 :a-/>). 

Ex. 1 . Find the value, of when x+y™S and jry= 9 . 

-v*+>'*«(.r+^)*- 3 jrj/(^+/)=» 5 *- 3 X 9 X 5 »i 25 -i 35 = - ro. 

Ex. 2 . Find the value of jr*—>»*, when and xy^s. 

.v3 mi (,r - y ) i + ycy{x - y ) - 3*+ 3>^5>^3* 27+45-72. 
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Ex. 3. If rt+-= 10 , find the value of a* + ^ . 

“(^'*‘1) " *°^“ 3 XIo« 97 o. 


1 (i) a*+ft*+c*s=(a+6+c)*-2(&c+can-«6). 

(ii) a*+6*+c*ss»(a+6+c)*-3(ft+c)(c+aXa+ft)- 

Ex. 1. Find the value of a*+3*+<:*, when a-¥6 + c=io and 
if£+ca+ab^27. 

a*+d* + c*=s(a+d-{‘C)* •~2(dc+ca+ad) = io* -2x27 —^6. 


Ex. 2. Find the value of a^ + 6^+c^t when ^+^*7, 5 

and <i + ^as6. 

Here, a+^+t®s]f{(^+f)+(^+a)+(<i+^)|—1(7 + 5 'h^)“'9- 
Hence a* + - (a+^+^)^ - 3 !^+ c){c + a){a + b) 

—9*-? X 7 X 5 x 6 « 729 - 630 =» 99 . 


Exerciso CZIX. 

1 . Find the value of when 

» (i) a + ^«7, a^-3. (ii)/» + d=* 12, ad=i5. (iii) a+ 3 =s 10, ad-13 

2 . Find the value of a* - d*, when 

(i) a-d=5, (ii) a-ds=7, ad —4. ''tiii) «-d— 12, ab^ 7 ^ 

3. If ;r- - —7, find the value of ;r 3 - * ^ 

X x^ 

4. Ifa+-—6, find the value of a*+-4 • 

a , a* 

^ 5 . Find the value of a*+d*+tf*, having given 

(i) a+d+f—7, df+fa+ad—20. (ii) a+d+tf— 15, d<r+^a + ad= 125 
**l/ 6. Find the value of a*+d*+t*, having given 

(i) d+f»3, ^+a—5, a+d—6. (ii) d+f—10, t+a—15, a+d—17 

* 7 . Find the value of a*+d*++2df+2^0 + 2ad, 

/' * 
when a—jir+>^, d—^+x and cs»-(y+tf). 

8. Find the value of (d+t-«)*+(f+«-d)^+(a4-d-c)^ + 24odf. 

(B. M 1859) 



CHAPTER XlII. 

HARDER FACTORS AND IDENTITIES. 

I. HARDER FACTORS. 

329 . We have in Art. 124 restricted to the consideration of 
factors, which are free from terms involving square or other roots, 
which cannot be exactly obtained. Here we propose to extend the 
formula, to resolve into factors such expressions for which no factors 
could be found with the restrictions. The following Examples will 
illustrate the subject in question. 

Ex. 1 . 

Ex. 2 . —S'** =’■*■*•“( “*(■*■+for ((1^5)* = 5 

Ex. 3 . :f*+a^=»(jr* + 2a*;r*+rt*)-2a*A:*“(.ar* + a*)* —( 

= (.»:*+<**+ ^/2fl^)(:r* + a*-V2<M^). 

330 . Any expression containing the second power of x is 
c alled a quadratic exprcsfliou in x. The general form of a 

quadratic expression is aas* + hx + c. 


331 . To resolve aa 5 * + fta5 + c into factors, by expressing it as 
the difference of two squares. 

We have aac* + 5a5+c=-rtf.r*+ ^x + -\ 

V a af 

=3a(Ar*+^A: + y), if and 

= a{x^ +px + V* - iP*+?) 
•a{(x+^p)*-i(^“-Aq'.\ Art. 123. 


t 
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Sx. 1 . Resolve .v* + 7.r-44 into factors. 

^ * 4- 7.V - 44=.r* + 7.t + (i)* - (^ - 44 *= ■»■ * + 7^ + (i)* " “ 

- v + t)* - (V )* = ix + + V)('r + 4 - V) 

ni-i- + 11 ) X- 4 )- 

Sx. 2 . Resolve 6-r*+ I 7 .v 4 -12 into factors. 

6 .V* + 17.r + I 2 - 6 X* + Vr + 2) = 6{x^ + V^' + vj i)* ~ (i i)* + 

- 6{x* 4 - V-r + ^IS1* - 1 i 4 > =-6{(A- + ] i)* - (A)*> 

= 61 x + J| +AX^ + ri ~ A) 

= 6(.t'+i )(x + 1 ) -= (2:1: + 3)(3x + 4 )- 
Sx. 3 . Resolve 21.1*+xy- 10^'* into factors. 

21X* +.17 - lojy* = 21 (x* -I- A xy - Y^y*) 

= 21 (x*+.3^ xy +; Ay)* “ (Ay)* - i V y*} 

- 21 (.f* + i-^xy+ (Ay)* - AVty*} 
-2i{(x+Ay)*-(ray)*} 

^ ^2iix + ^sy+‘i^y}{x + n^y-i^y} 

= 21 (x + jy )(x - §/) = (7x + 5^)(3x - 2y). 

Exercise CXX. 

Resolve into factors, by the method of Art. 331, expressing as the 

Ifliference of two squares ; — 

« 

✓ 1. .r*-i2x + 32. ✓ 2. .r* + 3A.-40. / 3. x*-103:1:+102. 

4. -t* + ioiir + 2i. / 5 . .v*-i2tf + 27. >46. 6.»:*+.r-22. 

7 . 2i:r*-i3;i:-84. 8. 2SX*-7x-S6. 9 . icwr*-13^-9. 

10. 7:r* + 32x-i5. 11. 30^* +23a:-143. 12. 63^*+i32jr-35. 

13 . 2x* + 3xy - sy^- 14 .' x* - qux - 190a*. 15 . Bx* + (ixy ~ 27y*. 

16 . 24 <«* + 37 «*^- 72 A'* 17 . 2 ix ^yf-gix+y)ia+^) + 4 {a+/^)*^ 

lS. 4.tr+ + 4xV-3y*- 19 . ^x*-x*y*-y*. 29 . x^y^-xy'+272. 

Resolve into factors :— 

21. x'-a. 22.x'-2a'. 23 . a*-a*d*+d*. 2i.x*-3a*. 

c- 

I 

332. V'o prove thaf 

j 4 . ft 3 4 . ,.3 - 3 rifer= (// + r)(a*+ft* + c* - 5c - ca - ah) 

.TTiwi-ii - r- ^ ^^J* +(« - 5)* J. 
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Since •\rb^ ‘^ab{a-^bY we have 

a^+b^+c^^ Sabc = {a+by + - ^ab{a + ^)- ^bc 

• (a + ^+ c){ia + by -{a + b)c+c*}- Sab{a + b+t\ Art. 13 
=s(« + ^+c){(a + ^)* - (a + d)6-+ r* — 3a^J 
== (a + ^ + i:)('i* + 2 ab + b* -ac- be +c* — ^ab) 
^{a+b-\-c){a^ + b*+e* — bc- ca — nb) 

^^(a + b + c){2a* + 2 b* + 2 c'* - 2 bc — 2ca - 2 a b) 

*i(« + ^ + c){(^~r)* + (c-a)* + (<a-^)*}. Art. 327 (7) 

Bx. 1 . F actorize a^ +b^ - + ^abc. 

The Kxp. saa^ + b^+ { —cy — ^ab{ — ^■ 

= {(i+b + (-c)}{a*+b* + i-ry-b{-e)-{- cyt’-ab} 
=^{a + b — c){a* 4- ^* + ^'^ + be + ea — nb). 

Ex. 2. Factorize - $xy - i. 

The Exp.-i.v^ + (->')^ + (*’-i)^-3:r.(-v;.(- 1) 

= + (-^) + (- I )}{;«r2 + (-jO* + (- I 

f\ 

“ - j' “ * +>'* + * + “ J'/ 

i){x*+xy+j’*+x-y + i . 

Bx. 3. Factorize a^ + 4a^- i. 

The Exp. =a^+a^ - f +3«'* - 1)^-3 «»*;«.( - 1) 

=■{«*+«+(- t)H n*y + fi* + (- I )* -a*.a-a*.{“ i) — 

«(-!)» 

= (i** +« - i)(«* -! «* + I -a^-r a* +fi) 

=»(rt*+«- !)(«“♦ -a^ + 2«* 4*t»+ 1;. 


Exercise CXXI 

- • iwMtgaiiriiiiiiiiiiiTi 1' - • * 

r actorize : — 

1. F ^^+ 3<*^f. 


3.*' x^ + 3arj^ +1. 

5. .r* - 8^^* + 275 ^ + I Sxj's. 

7. a^^b^ + S+6ab. 

9. +8^**+ 27<:i - I Sabc. 

11. .r* +8;/* - 27 X* + iSxyz. 
13. rt* + 27-Sd(?5^*-9«)* 


2. a^-b^-'C^ ^ }abi. 

4. + 

8. 8a^ - 27^* ~ I - 1 8a^, 

8. 8a^“ I+6<id. 

10 . 2 X^ +_y* “ 32r*_y. 

18 . 14;r* - 4y^ + gx*j'. 

14 . de6 + 32 a^- 64 . 


1’5. (a^by-{b^cy 4’(c~ay + 5 (.b - c)(c - a){a - b). 
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333 . To prove that 

(a -h 6+c)(&c+ca+a&; - ahc =(d+c)(c+«)(«+6 j. 
Putting ;r for a+^+tf, we have 
{fl^b^rc)[bc-\‘Ca-\rah)^ahc^XKbC’\‘Ca’k‘ab)-abc 

^x^-“X*{a-\rb-Vc)-\-x(bc-^ca+ab)-~abCi for x^ - 
= {x~a){x-bXx-‘C), Art. 98. 

»-(a + 3+^-a)(a+^ + i:-^)(a + d + f-^),f writing a + ^+f 
— {b-¥c)ic-i‘a){a + b).' \ for x. 

334 . If the expression a^b+ab^+ a^c+ac^ + b^c+ bc^, which may 
be written in any one of the equivalent forms 

€i*{b+c)+b*ic+a) + c*(a+b) —. (i)' 

bc[b + c)+ca{c+a) + ab^a+b] .(2) ■ 

a(6*+c*)+ft(c*+a*) + c(a*+&*) .... • ( 3 ). 

be denoted by P, then 

1. P+2aftc»=(ft+c)(c+a)(a+&). 

3. P+3a6c»-(a+6+c)(6c+ca+«6). 

, 1 . Taking the first value of P, we have 
a*ib + f) + ^*(^+a) + ^* (t* + ^ ) + 2 abc 

••a*{b + c) + a{b* + c^+ 2bc) + b*c+bc* (multiplying and 

•aa*{b + c)+aib+cy + bcib+e) \ re-arranging. 

= (^ + •¥a{b+c) + bc\ 

» B={b-\-c){a’\rb){a-\‘C)^[b-¥c)[c-f-a){a-¥b). * 

2 . Taking the second value of P, we have 
bc{b +r)+ ca{c +a)+ ab{a + ^) + 3 ^ 

— bc{b +tf)+ ca{c +a)+ abi^a + ^) + abc+ahc + abc 
^bc[b-^c)-^abc-^ca{c^a') '^abc^-ab{a-¥b)-\-abc 
^bc{b^c-\-a)-k-ca[cta-^b)-\‘ab{a-{-b-\‘C) 

■■ (a+^+ c){bc + ca + ab). 
a) Since (a+b + c)lbc+ca + ab)"‘P + ^abc ' 
and {b + c){c +a)(<i + ^) *■ P + 2 abc 

*, by subtraction, 

(a+^+ c){bc+ca’f’ab)^ib+c)ic + a)(a + b) 

* ^ . •^{P-k-Sabc)-{P + 2 abc)=»abc. 

./• by transposition, we have 

(«+6+c)(ftc+ca + afr)-aftc-(6 + c)(c+a)(a+ft}, 

which is the ^Formula of Art. 333. 
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335 . To prove that 

-a^ ■¥€),€ 

.Since (rt+^+<:)*—a* + ^* + ^^ + 3a*(^+^)+3^*(<r+a) + + b) 

+6a^r, Art. 172 

= a * + 35 + ^-^ + 3 (P + 

=+ ^ * + + 3(^+ c)(c +«); a+^), 

by transposition, we have 

(a + b+cy-a^-b^-c^m^ 2{b+c)(c+a){a + b). 

336 . To prove that 

+2c*a* + ;?a*6* - «♦ - 6* - c* 

=(a+6 + c;(a+6 - c}(a+c - 6,(6+c - a). 

Left side ■•4^V* — («♦ +<:♦ — 2a*^* - 2a^c^ + 2b*c^) 

* (2^^-)* - (a* - Art. 128 

>“{2Atf+(a* — — (a* ——Art. 124 

*{a*-(^*+^* - 2^tfy}((^*+^* + 2^c)-rt*J 

Art. 1^23 

^{a + {b-c)){a-‘{b-£ }{ b-^c)-\ra}\{b-^c)-a), Art. 124 
= (tf + ^ — £‘)(«‘“(J + f)(^+t+«i)(^+^—a) 

‘ =(rt + ^+^:)(a + ^-c)(a+t-^)(^+^-a). 

Exercise CZZII. 

Resolve into factors :— 

« 

I . {i-x-y){pcy-^x-~y)’^xy. 3 . («» + «-*+a-*Xa» + rf+rt- 3 )-1.. 

3. (a+^+f — d){ab +ar—arf+— bd)r ab^^c — d)% 

4 . rt*(d+c) + ^*(^+^)+^*(«+^) + 3 «^<^. 

5 . M^+^)+tf^*(«^+o)+<*^(<» + ^) + 2a^r. * 

' 6. ^*(«i-£:)+f*(^-^)“‘»*(^+^) + 2a^r^. 

7 . <i(^*+(f*) - b{c* +«*»- i:(a*+^*} + 2?i^c. 

8 . a*(^+3^1 + b*{y +a)+9r*(<* + 3 ) + 6(*^c. 

9 . a(^*+£r*)+ 3 (^*+a*)+t(a*+^*) +3rt^r. 

10. +«)* +j/(ir+2:,)* + 2r(2r+y)* - 4;^^. 

II. - /:)*+^(f - a)* + ^(a - ^)* + ga^r*. 

13 . «i(^ +0* +b(c+a)*+c{a+b)* — ytbc, 

1 3. <j(^*+tf *)+3 (t*+a*)+<^(«*+ b *)+«* + ^ *+tf*. 
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14 . bc{b-¥c)-\-ca{C'\-a)-\-ab[a-¥b)-a^-b^ — c^-2abc. 

15. 8(a+5+<:)* —-{a + b)^. 

16. ^ (5» - c*)* + - (t* - a*)*+^♦ - («* - b^y. 

[ 337. If the expression a*b ~ ab^ + b'^c — be* + c*a - tei*, which may 

written in any one of the equivalent forms 

«*(ft-c) + &*(c-a) + c*(«-6)....^.(i) 'j 

6c(I^--f!) + ca(c-a) + «6(a-ft) /.I2) j 

- - c*) + &(c» - a *)+c(a* - &*)>.(3} J 

be denoted by Q, then we have 
Q» -(|»-<?)(c-a)(a-ft;. 

'Faking the first form of Q we have 
a*{J>-‘C)-\rb'*{fi~-a)-\rC*{a — b) , 

=a*(^ —tf) —+ f multiplying 

=rt*(d — ^r) —a(^* —+ \and re-arranging. 

={b — €)\a*^aib+c)+bc\ 

=‘[b~-c){a-‘b){a-c) 

=(i^ — ir)(tf — b)y. —(f—a)*= — (^— f )(c'—«~ ^)* 

Ex. 1 . Factorize ——a) + e^(a — ft>. (c. k. 1898.) 

T]ie Kxp,»a^{b-^c) — ab^-\rac^‘¥b^c — bc^ 

=sa^{b-‘C)-a{b^ — c*)-\‘bc{b*~c*) 

^{b-c){a^ —a{b*^r be •{■€*) ■^bc{,b-{‘C% Arts. 124 & 132 
ss (5 — <:){(«* — «^*) — abc + b*c - ac* + be* multiplying and. 

=^(b-c){a(a* — b*) — be(a^b)-~€*{a-“b)} 1. rearranging. 

- - f)(a - b){a{a+b)-~be-- c*}j Art. 124, 

=»(b-‘C)ia — b){{d* — c*)+ab — bc} f multiplying and 

- (b — e)(a-‘b){(a*~~e*)+b(a^e)} \ re-arranging. 

•{b~e){a-b)ia-^c){a + e-¥b) 

- - (a+6 + c)(ft - c)(c - a)(a - b). 

■** Ex. 2 . Factorize a+(^* -1*)+ b^{c* - a*) + c*{a* - 

Ih the Formula for Q, writing «*, b*^ e* for Oy by c respectively 
^e have 

the Exp.--(^»-tf*)U*-a*)(a*- 3 *) 

=» - (5 - c){e - a)(a - b){b +0(^+")(<»+^) ■ 
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s £z. 3 . Resolve tke following into factors > 

^ (d- c){x*+ax+a*)+ic- a)(x*+ 6 x+d *)+(« - d)ix* ++r*). 

Here, (d - c){x*+ax+a*) - c)x* + (3 - c)ax + a*{d - c), 

{c - a){x^+dx+d *)=(f - a)x*+(c~-a)dx+ 6 *{c —a), 

{a - 3 )(;r*++<:* j=(a - ^)ar*+ (a - +tf*(a - ^). 

Adding vertically the columns containing x* and x, 
ist column m,x^{{d - c)+(c - a)+(« — ^)} 1*0. 

2nd column=;r{«C^-f:) + ^(i: - a)+ff(a-^)}'*o. 

A 

Hence, the given expression*»a*(^—<:)+d*(^-a)+tf^a— 

-’-{b-c){c-a)ia-d). Art. 337 

Exercise CXXllI. „ * 

Resolve into factors r — 

fclMI* ' “'I iiitl "V*'' 

' 1 . dc,0’~c)+ca{c--a) + ao(a — b). (P. E. 1893). 

' 3. dc{d* - c^)+ca(£* — a*) +ab^a* - ^ 

5 . b*£*(b - ^)+- a)+ aH^^a - b). 

' 7 . (M. M. 1899) 

V 8. ~a*)+a^(a* — 

* 9. b^c^{b-c)’\rC^a^(jc~a)+a^bHa-b). 

' 10 . 

11. 

12. a»(^-tf^)+^*(f+-a+)+tf*(a+-^). 

13 . 

14 . *^{b-c)+bHc’-a)+cS{a~b). 

15 . 

16 . a*( 5 -t:)a+^*(tf-a)»+t*(a-^)* . 

17 . {^-tf;*+(t-a)» + (a-^)«. (P. E. 1893). 

18 . (a* +1 )(5 - c) + ( 5 * +1 )(^ - a)+ (tf* +1 )(a - b) 
f 19 . (<H»i)*( 4 -tf)+( 3 +i)*(tf~«)+(^+*)*("“^) 

20. (a+1 )*\^ - tf)+(4+1 )*(^ - «)+(tf +1 )*(« - b). 

21. (A*+a+i)(5-tf)+(3*+^ + i)(tf-a)+(r*+tf+i)(a-5). 

98. (;r* - bcKb -c)-¥ {x* - ca){c-‘ a)+{x* - ab){a -^). 


M.A.—20 
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23. (a.-i)(a*+fl+iX<5-^) + (^-i)(^* + ^+l)(<^-«) + 

(c-1 ){£* +C+I){a-If). 

34. dc{d—c){x - a )*+mic - a){x — b)* 4- ab{a — b){x - <:)*. 
25. {6- c){b ++(c - a){c +a)* + (a - d )(a + 3)3. 


338. Any expression containing; intejjml ppw'ers of x arransfed 
in order of a factor, when the su m of 


tflfi'' 'coeTRcifillC^ Ih'the odd 



e coefficients 
signs.' fe:'yS|naie.~act5r 7s 




Not6. If both 05+1 and ac-l measure the given expression, 
the sum of the coefficients in each case will be zero. 

Ex. 1 . Resolve 2 a'^+ jr 3 - gx* — I3x-S info factors. 

Here 2-o-5= —12) , 

^ ^ .— j. Hence :*•+1 IS a factor, 

and I-13 =“i2j 

The Exp. = 2;c3(;p+ \ ) — x\x\ )-^x[x-V i)- 5(.*'+i) 

=i(jr+ i)(2;r3 ^x* - 8:r- 5). 

Again, by a similar process 2.a:3 may be resolved into 

(x +1)(2** - 3^ - 5), and 2x* -'3x-S “ 5 ). 

Hence, the given expression = (jf +1)3(2.* — 5). 

Ex. 2 . Resolve 3*3 - Sx^ + yx - 2 into factors. 

Here 3 + 7 = 10 

and - 8 - 2 =» -10 - Hence .v- i is a factor, 
or 3-8 + 7-2=0 

The h:xp. = 3.v*(;r-i)-5^(.*- i) + 2{;r-i)=»(.*- i)f3;r»-5;r + 2). 
Again, by a similar process 3**- 5.r + 2 = (jr- i)(3ar~2). 

Hence, the given expression-»(;r - i)*(3jr-2). 

Ex. 3. Resolve 2x* - jx^ + Ax* + 7x-6 into factors. 

Here 2 + 4-6—o 
and -7 + 7 

The Exp. - 2x*{x^ - 1 ) - 7-^(2:* - i) + 6(;«;* -1 )«(*:*- i )(2X* -7X+6). 
Again, 2;r*--7jr + 6-(2*--3)(Ar-2). 

Hence, the given expression*(*:* - i)(ar- 2)(2Ar- 3) 

- (*r + l)(;r - i)(;r - 2)(2;ir - 3). 

339. To resolve a ]um]jU||a||fy|^express of two dimensions^ 
into factors, proceed as in tnefoUowing Example. 


Hence * +1 and x~-i are both factors. 


i 
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Ex. Resolve 2a*ad - +ac + ig^c - isc* into factors. 


If the expression reduces to 

2a* — ad-6d*, which =(2a + 3 ^)(a- 2 ^). (i) 

If ^=o, the expression reduces to 

2 a*+ac— ISC*, which = (2a-5i:)(a + 3^). ( 2 ) 

If aso, the expression reduces to 

•^66*+igdc- ISC*, which ■»(3^—5^X“23 + 3^').(3) 


Now, comparing (i) and (2) and testing the result by (3), 
we have the given Exp. = (2a + 3d~5f)(a —2^ + 3^:). 


340 - To resolve a reci 2 |[ 2 SS^ *^® 01 irrilig expression into 
factors, proceed as in the TSIIowing^xamples. 

Def. When an algebraical expression has the coefficients of its 
terms equidistant from the begijining and end the same, it is called 
a reciprocal or recurring expression. 


Ex. 1 . Resolve 2 x* — sx^+6x* — s^+~ '^^to factoi%. 

The given Exp.=Ar*^2.r*-5a: + 6-J;+ 

<^x*\2{j/*-2)-sy + ^\, if .r+ * 

, X 

= a*(2y-5y + 2)-.r*(2>^-i)(;/-2) 

^x* (^2x+ ^■‘^storing y 

= (2;r* + 2 - x)(x* + < - 2x) 

= ( 2X*-X + 2)(x*-2X+l)w^ (2X* - + 2)(XT - 1 )*, 


Ex. 2 . Resolve ;r* ~ - i sx^ -f-13.r* +4X-1 into factors. 

Here, i -4-13+13+4- 1=0 ; /. :r - i is a factor. 

The given Exp. ■■ x*{x -1) - sxHx -1) -16 x*(x -1) 

-3^j[.r-i)+(;r-i) 

i**(x-i)(x*’~3x^-i6x*-^+i). 

Now to resolve - 3x^ - i6x* -3X+1 into factors. 
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The Exp 

“**{(**+ } 

if AT+^-y 

=^»( - 3>^ -18) - 6)( +3) 

= (x* +1 - 6x){x* +1 + 3^:) -»(^f* - 6jf +1 )(^* + S^r +1). 

» 

Hence the given Exp.=»(;ir-i)(^*-6;i: + i)(^* + 3* + i). 

Exercise CXXIV.. 

•taiwM '' 

r Resolve into factors :— 

1. ^“9;r* + 3Ar* + 37 J^+ 24 -" '^2. 7^*-25^*+ 67^-36 

3 . 3:r*+2;r^-28;rS + 42 ;ir*-- 234 : + 4.*f^. 3;r*-iojr* + i5^+8. 

''S. 4 Jf*- 23 »i+ 30 v*- 7 ^- 4 . 6. 2;r* + 5jr*-2Jr*-iiar-6. 

/?.. ;«r*-84f*+6;i:* + 74r-6. ✓8. x*-ax^+{d-i)x*+ax-d. 

* 9. ^6«*+ yad+2d* + Jiac+ yh + 3^*- 

10. »'2a*+6fl^ + 5rttf+4^*+6^tf+2^*. 

11^ '^2a *+^ctc - loa^+4^* + 2^t -12d*. 

12 .V^a*- 3 fld+ 2 d*- 2 d^- 4 ^*‘. / 4 ^ 3 . 2tf*+«d-3d*-at-4dtf-tf*, 

14 .’^a*--load-isdtf+ 2 id* + 5a^ l| 15 . 4a*-4ad-3d* + i2d^-9tf*. 
16 . x*+x^-iox*-¥x + i. ^ 17 . io;r*-iOAr+4. 

18 . 'j:*--4;r*-io;ir* —42: + !. 19 . -S;if* + i. 

20 . :i:*+32r®-8jr++3^* + i. ‘ 2l. ;r*-52r®-i22r*-5Ar*+i.^ 

22 . xf + $x^+ 2 x^~‘ 2 x* — sx’^i. 23. i2*^-5:r*-26;ir* + 54 :+i 2 . 

^ - 

341 . Sometimes by gro upin g of 

term s. algebcaJcal expressioHs may be resolved into factor^as'snewn 
mtne following Examples. 

Ex. 1 . ^ Resolve ;p*+4ji:*- 5 into factors. 

The Exp, m(x*^x*)+sx*-st»x^(x -1)+s(j:+ i)(2r-1) 

- - i){x* +4(4r + i)H (2? - i)(4f* JP+ 5)‘ 
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Ex. 2 . Resolve *+ Sx* +24^+27 into factors. 

The Exp.«(jr*+27) + (8x* + 24;ir)— (x* + 3*) + 8x(x + 3) 

- (^+3)(^* - 3-^+9)+ 8 x(x+ 3) 

* (^ + 3 ){(-»^* ‘“ 3 ^+ 9 )+ 8 xi^(x+ 3)(^* + 5X+ 9). 

fix. 3 . Resolve 8jf*+4jr-3 into factors. 

The Exp.a»(8^:^ -1) +(4^-2)-(2;i:-1)(4;r* +2x + i)+f(2x-t) 
=s (2^ -1 )K 4 ^*+24:+ 1 )+2} *» (2^ -1 )( 4 j:* + 24 ?+3). 

fix. 4 . Resolve x^ — 6x^ +7;t*+6;*: -rfi into factors. 

The Exp. =» (or*— 6x^ + gx*) — 2x* +6jr—8 
>m(x* - 3^)a - 2(x* - 3 ^)- 8 
=»a* — 2a -^8, putting a for x^ — 3x 

- (« - 4)(a+2) - (.r* - 3^ - 4)(^» - 3:r + 2) 

=(;r +1 )(^ - 4)(;r -1)(^ - 2). 

fix. 5. Resolve 2jr* + 5;r* - 4jr - 3 into factors. 

The Exp. «»2r(2^*++2) - 3(2;r+1)«-;r(2:r + i)(jr+ 2) - 3!2af+1) 
=» (2;r +1 ){x(x +2) - 3H (2:r +1 )(x*+2x^3) 
»(2x+i)(x--iXx+3). 

fix. 6. Resolve (;r+iX.r + 3)(.r+5)(jr+7) + i5 into factors. 

Here, (.iif+i)(jir+ 7 )* x*+8x+7 and (jr+3)(:tr + 5)*-jr*+8jr+15. 
Hence the Exp. *(;«:*+ 8jr+7)(.x*+8.*’+15)+15 

“(«+7)(«+i5) + *5} putting a for x^+8x 
—a* + 22a+io5+i5=a*+22a+i20 
—(a+io)(a+i2) * 

«=(;r® + 8.*^+ io)(;r* + 8.r+i2). 

Ex. 7 . Resolve (a+i>)*+a* - gfi* into factors. 

The Exp.-«a+^)*-8^^}+(a*-^i)-{(a+^)3-(2^)Sj+(o3 _ p) 
• 2^){(<i+^)*+2^(a + ^)+ 4 ^*} 

+(a-#X«*+«^+ 3 *) * 

(a-• + 4 df^+ 7 ^*)+(« “ ^)(a* + «^+ 4 *) 

■*( 4 ^J ^a* 4 - 4 a^+ 7 ^* 4 ' 4 * 4 »a 4 +g*) 

-( 3 ^ 2 ^i*+ 5 «^+ 8 ^*). 
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Ex. 8. Resolve a* - a* - a -15 into factors. 

The Exp. = (a* - 27) - (a* - 9) - (a - 3) = (a* -- 3*) + (a* - 3*) - (a - 3) 
= {a- 3 )(a* + 3 a+ 9 )-(a+ 3 )(a- 3 )-(a- 3 ) 

=(^* - 3 )<(a*+ 3 « + 9 ) - («+3) “ I} 

“(«- 3 )(«* + 2 a+ 5 )- 

Ex. 9. Resolve (a*-+ into factors 

The Exp. «.{(a*+^*)* - 4a*d*l - 2 c*{a* + d^)+c* 

= {(a* —2c*(a*+d*)+i:^} 

= {:a* + ^*)-^*}*-( 2 a 5 )* 

= (a* + + 2 ai)(d‘ + ^* - f* - 2ai) 

-{(a + ^)*-c*}{(a-^)*-£»} 

^ =^{a + d + c){a + d-c){a-d-^-c){a-d-£). 

Ex. 10 . Resolve 2(a+ 3 +4-(^+c)(f+a)(a + ^) + 2ad£ into factors. 

Assume X'^^a + d-^Cy then d+c=x -a, c + a—x-d, a^b^^x-c. 

Hence, the Exp. — 2jj:* + (;r —aX^-^)(.r-<:) + 2a^^ 

— 2 x^+x^-ia+b+c)x* + (ad+ac+b£)r- ah£ + 2 abc 
= 2(a+d 4* £)x^ -Vx^ - (a + b-\-£)x* + (ab + a£+b£)x + abc 
{for 2 ,r* = 2 x*.x = 2 X*(a + ^ + ^)} 

—x^-¥(a+b+£)x* + (ab + a£+‘b£)x + ab£ 

‘^{x+a){x + b){x+£) 

*=( 2 a + b + c)(a+ 2 b+£)(a + b + 2 c). 

Exercise CXZV. 

» 

Resolve into factors :— •.. 

1 , x^ + sx- 4 . 2 . x^-x*~ 4 . {^3. x^- 3 x + 2 . 

4 . i9;r+3o. 5 . x*+2x^-s. / 0. 2r*-7;r-6. 

7 . .ar*- 7 Jf*- 8 air+ 576 . 8. 122 :+ 144 . 

V 9 . ;ir*^2ar*-5a*;i:-i2a*. . » lOi 2Jir*+9;r*+4;r-15, 

11 . ' 3^*-17^*+ 19^4-II. • 18 . 4 ^*+ 8 ^* 4 - 3 flr 4 - 20 . « 

' 13. .Jr^-i02r*4-35Ar*-S02r4*24. r 14 . 22:* 4 -a:-132. 

• 15 . 2 :^- 62 :* 4 - 62 f* 4 - 92 r- 4 . 16 . ** 4 -i 22 r* 4 - 4 ir*-I922r-32o. 

17 . 2:^-162:* 4 * 352:* 4 -2322:4-180.y* 18 . 2:^-92f*4-302r-25. 

/ 19 . (x 4 - i)(x 4 - 3 )(^ “ 4 )(^ -6) 4 - 24y 80 . (x +2)(x 4 - 3)(2r 4 - 4 )(^+f) - 35 * 
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21. ;ir(2;c+i)(.r-2)(2r-3)-48. 22. 4:r*-2o;»;* + 24r*+6v-9. 

23. x^+{a-\>b- 2c)x+i2a -6-c){2d-a- c). 

24 . 'i* —9^(2«+3^*)-8. «'^ 5 . +«*+<!-84. 

26 . (rt^+i)+- 4 a ^(«3 + i)*-(rt*-^*)^. (m. M. 1899). 

27 . a{6*+c^^a^)+6(c*+a*~-6*). (m. m. 1865). 

28 . a*(b*-c*)+Aabc- 6 *-^£*. y 

29 . 6 cx^-^(ac-'b*)x*-~ 2 abt+a*. x^+x^+ i.-^ 

Miscellaneons Factors. (Harder) 

Resolve into factors .— 

1. (¥* + <*-l)*-rtV*. 

2 . (2a + 2d — ^t^)* — (^*-4aya* — 4^). (M M. 1S77.) 

S> 3 . 4 a* + i 7 rt^+ 5dt:+5«(£:-l?4^®+t*. 

4 . (i+J')*-2(I+>'*).r* + (i (M. M. 1893.) 

5 . (r-i)(.i*-2)-2(v-l)(:r-2) + (_;'-l)(;'-2). (M. M. 1897.) 

6. + + (M. M. 1898.) 

7. -d)“. {\i. Ai. 1898.) 

8 . v* + (a-‘i)x_y-ay* + {a- i)x + [a^ + i}y-a. 

9. i'l* -d*)(a+b) + {b* — c*){ 6 +£) + (£* -a*)ic+a). (m. m. 1899.) 

10 . {u^-d*)*+(c*-iP)*^{a+mc-ci)*-{a-d)*(c+df. (M.M.1876.) 

11. ib + c)*-2{d^+f*)a^+(b-c)*a*’. (m. al 1899.) 

13 . x*~-^a+^x+i. (c. E, 1885.) 

13 . a*r*-~*-;r34.4. (P. K. 1889.) 

yi yi 

14. A*-2j:* —23A’+6 o. (b. m. 1887.) , 

15 . A -3 + 7 ;r*- 5 ;i:*- 35 . (is. M. 1889.) 

16 . (x* + 4x)* - 2(x* + 4x) ~ I s- (B. Mj 1889.) 

17 . 8 .r 3 - 5 A: + 3, (b. M. 1894). 

18 - a[b~c)*+b(c—a)*+c(.a— 6 )* + Sabi. (b. m. 1890,) 

19 . ( 23 -a) 3 +( 2 <*-^)»-(rt + d) 3 . (li. M. 1900). 

^0. 21. ^♦-5r3+9r*-74r + 2. (b. m. 1901.) 

22 . ^♦-S;ir3+2r*+2ljr-i8. (B. M. 1902). 

23 . a^d + d''£+c*a — (a 3 ^+bc^+ca*)‘ (M. M. 1892). 

24. (a+^+tf, 3 -^'«-l- 5 +t)+ 2 . ✓ 25. (a+ 3 )*+(a+ 2 )*-“l' 
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II. HABDEB IDENTITIES. 

343. VVe shall in this Section consider some important Iden¬ 
tities of a somew'hat harder type than those considered in Section 
III. of Chap. IV., and establish their truth with the help of the 
preceding Formulae. The following are illustrative Examples. 

Ex. 1. Prove that a( 3 +^)*+a)* 

(« - <r) - (f+a)(^ - a)[b -£:)-(« + d){c - a){c -b)=i 2abc. 

We have, a{b+c)*+b{c+a)*+c[a+b)* 

+ 26c+c*)+ b{c* 4- 2ca + a*) + c{a* + 2ab + b^) 

=s a{b* + c*) + d (^* + a*) + c{a* + +()abc 

=»P.+ 6a^c. (Art. 334). 

Again, ib+c)(a-b)(a~c)=>ib+c'>{a*-ib+c)a+bc\ 

"i a^b + 0 - rt (^+tf )*+bcib -I- c). 

Similarly, {c + a){b - a){b-c)^b*{c+a)^b[c +a)* + ca{c + a), 
and {a+b){c- a){c - ^* c*{a +^) -^^++ ^)' 
their sum ^adding vertical columns) 

'=^^-{P+6abc) + P = P-6abc. (Art. 334.) 

Hence, the Exp. «=» (P + 6abc) — (P — 6abc) = 1 2abc. 

£z. 3. Prove that + 24abc 

=« (a+■<;)* — 3{a( ^ - c)*-H - a)*+r(a - 3)*1. 

Since a{b-c)* + b(c-a)^+c(^a~‘b)* 

* «(^* — 2bc+c* ) + — 2ca+ a*)+ c{a* - 2ab + b*) 

<^a(b^+ £■*) + ^* + ti*) + f(a* + b*) - (}^bc 

^P-6abc. (Art. 334). 

and (a+^+^)* - + ^» + + ia*{b+c) + sb*{c +a) + 3c*(a + ^) + 6abr 
«^a* + b^ + c^+2lP+6abc. (Art. 334) 

Second 5 \de==a^+b^+c* + $P+6abc-3{P-6abc) 

■» rt’ + + 24p^^. 

Ex. 3. Prove that (^+^,*(2«+^+r)+(f-ha)*(2^+tf+«)+(« 

X (2C +tf.-r ^)+ 2{b + c)(c -h a){a + ^) - (2a + ^+c)(2^ + ^+<i)(2r+a+^). 
Putting X for b+c^ y for +a and z for a+^, , 

The first side reduces to 

xHy + z) +y*iz+x)+z*{x +^)+ 2xyz 
•*P-^2xyz’^{v+z){z+x){x+y). Art. 334. 
’"(2a+b+c)i2b-¥c-k‘a){2c+a+b). 
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Ez. 4. Prove that (a+d+c]* - r]ahc<=‘ +^ + 7*)(^ “■ 0® + 

(^+« + lb%c - a)*+(«+^ + •jc)[a - 

Second side = i[{(3 +<:+«)+ 6a\{b — c* + {(tf+a+i)+ 6d){c - a)* 

+{[a+d^c) + 6c}{a-b)*] 
^^{a+d+c){{6--c)*+{c-a)* + ia-m + 

3{aib-c)^+6ic-ay+£{a-b)*} 

+ 3abc + 3 (P - (i'tbc). 

Arts. 332 and 334 . 

* ( + c* + 3 P + tabc) — TTjabc 

— (a+^+f ^- 27 a^^-. Art. 173 . 


Bz. 5 . Provethat(2a+^+f)*(^-^‘) + (2^+(;+rt)*(f-«i) + 
( 2 c + a+by(a~b)=‘ -(b-c){c-a){a ~b). 


utting for a+^+c, jhe expression reduces to 

{x +a)*(i- c) + (.r+ b)*{c - a)+( a:+<:)*(« - b) 

»(;r * + 2 ax + a*)ib ^c) + {x* + 2bx+h* ){c — a)+{x*+2cx+c^)(a - b) 
=x'^{{b - <:)+(c—rt)+(a - b)} + 2jr{a( b-c) +b(^ - «) + f(a - J 
+ a*ib-c) + b*(c - a) + tr*(a - b) 

=‘a*(b — c) + b^(i:-a)+y(a^b), for ist and 2nd group = 0 . 

Art. 327 (5 & 6) 


— — — b). Art. 337. 


343. We shall now consider certain important general Condi 
tional Identities, and shew how to employ them in establishing 
the truth of other Identities. Each of these results should be 
carefully committed to memory. 

344 . In connection with Conditional Identities, the following 
important results should be carefully noticed. 

If a+b+csso^ we may obtain by transposition of terms : 


(i) b + c= -a 1 

a«= -(#+f) 

(ii) f+a=* -# !- 

and #s=*-(f-t-a) 

(lii) a + #--f J 

f=-(a + #) 


345. If a + b + €=‘ 0 t prove that 
1 . <^*+ 6 *+c*—- 2 ( 6 c+ca+a 6 ). 

Since (a+^ + f)*=a* + +^* + 2b{: + 2ca + 2ab. Art. 93. 

/, o* + b*+y +2bc + 2ca + 2 a#. 

Hence, by transposition, we obtain 

«* + #* + <:*=• — 2(b^ +fa+a#). 
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2 . +c*=3<l6c by four differenrt methods. 

(i) Since, a+^= — i:, 

Ciibinyf, + sa3(a + 3) + 3^ss -c^. Art. loo. 

Transposing, + --‘^ab[a-\-b) 

«■ — 3rt^x -‘C^'^abc. 

{ li) .Since -k-b^ + c^ — -^abc={a + ^ + <:)(a* b* ■{'c* — be — ca ^ ab\ 

Art. 332. 

= 0 X (rt* + c^-bc—ca— rt^) sao, 

/. by transposition, -^b^-{-c^ =^abc. 

hiij Since a*(^ + £') + ^*((:+a)+(:*(« + ^) + 3«<^f 

=‘{a-{-b-\rc){bc-\-ca^ab). Art. 334. 

/. ^i*( - «)+d*( - d) + ^*( - f) + zabct =o X ( 3 c+tfa+«*^) 
or —a^ — b^-c^-¥'^abc=o. 

Hence, by transposition, rt^ + 3^+c*'"3rf3c. 

(Iv) Since (a+3 + c)^ = rt^+3^+c^ + 3(3 + c)(c+a)(a + 3). Art. 173. 

/. o3 = ^3 + 33 + ^3 + 3( _ _ c) 

— a^+b^+e^ — yibc. 

Hence, by transposition, + 3^ + *= 3<33c. 

3. fi-++5* + c^=2(&*c* + c*a* + a*6*) by two different methods. 

'i ) Since 23*c* + 2c*rt* + 2a*3* — 

=(a+3+c)(a + 3-c)(a+c-3)(3 + c-a)» Art. 336 
=ox (a + 3 —cXa + ^--^)(^+c-«)=o, 
by transposition, a^+3^ + c^=s2(3*c*+f*a* + a*3*). 

lii) Since a+ 3 = -c, Squaring a* + 2a3+3**»c*. 

r 

Transposing, a* + 3* — c* — — 2a3. 

Squaring, + 3*+c*+2a*3* - 2a*c* -- 23®c* = 4a*3*. 

Transposing, <ai^+3* + c^s=2(3*c* + c®a*+a*3*). * 

» 

4 . a*+ 6 ® + c»= - 5 a 6 c( 6 c+ca+a 6 )=Jaftc(a*+&® + c*). 

Since «+3= -c, Raising both sides to the 5th power, 

<* * + Sa^3 + ioa33* + ioa*3* + 5a3* + 3* ss» — c*. 
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Transposing, +d^+cs = - + 2aH + 2ad*+ d^) 

= — ^ab{a + ^)(a* + a3 + d*) 

— Sa3c[/t* + a3 +^*), for a + fis^ -c. 

= Sabc{{a-\r b)* - ab} 

= Sabc{ia+b)x -r-ab} 

= - S^b^(bc + ca+ab) 

= + Art. 345, 1 . 

5 . a^+b^ + c^=»7abc(bfi + ca+ab,^. 

.Since a+b— -t, Raising both sides to the 7th power, 
u^ + y^i^b + iia^b^ + 4- +2ta^b^ + Tab^ \-b'^ = — c^. 

Transposing, = - -jab'^a^ + yi^b + $a^b'^ + ^a^b^ + 3a/5* + ^») 

= — 7 tt^(a + ^)(a* + a^+ ^*)* 

== ’Jabc[a*‘+ab + b^}^j for a + b= - c 
= 7abci6c+ca + ab)^. (as above). 

Bx. 1 . If <i + di +1’=so, shew that ' 

(br + ca+ab)^ =b^c^+£^a* 4 -«®^* = i(rt® + +r*;®. 

Wo h:ive, [be+ £a + ab)^^b*c*+c^a^-^a^b* + 2(ibcia + b+c) Art. 93 

= + + forti + ^ + ^=o 

= K«* + ^* + i:*)®. -Art. 345, 1 . 

Bx. 3 . If a + b + c+/i=o, prove that 

+ (i^ = 3{bcii+eda i- dab + abc). 

We have, a+ 3 = — (^4-rf). Cubing both sides, 
rt* 4 ' 3 a^(rt + d 5 ) + ^ 5 = -{c^ •^icd{c + d)-¥d^. 
rransposing, + — ^ab[a b) - 7cd{c-¥d) 

~li\bx - {c-\rd)-ydy, - {a + b) 

= 3(a^i;+ abd + acd + bca). 

Bx. 3. Prove that {b - + (^ - «)^ + (« - ^)* “ 3(^ - c'^ ‘c - a){a - i' 

iC.K. 1866 & 15 .M. 1895). 

Let b — c^Xj c—a=^yy and a-b — s, 

then x+y + z^b-c + c-^a + a —b^o. 

x^+y^+z^==^vyz. Art. 34S» 2 . 

Restoring values, we obtain 

{b — c}^ + {c — a)^ + {a — b,^m^{b->c){c — a){a^b) 
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Ex. 4 . Prove that 

{(d - 0*+(^- a)*+(a - = 2{{6 - c)*+{c- «)+ + (a - d)^) 

(b. m. 1866 ). 

Let 6 -c^mx, c-a^jr and 

then x+j^+s^d-^c+c-a + a-d^ito. 

Now, since x*+y*+z^*»2jf*z^+2s^x*+2x*y*. Art. 345, 3 . 

Add x^+y^+z^ to both sides, 

.*. 2{x^ + + sr^) “ Jt** +y*+z*+2y^z* + 22* a:* + 2x^y^ 

=s(:f*+>'* + 2*)*. Art. 128. 

Restoring values, we obtain 

2{{b - ^{c- a )^+(a - ^) 4 } = {{d - 0* +(c- «)* + (a - ^ 

Ex. 5. If x^^d + c — a, y^BC+a — d, z=a+d-c, prove that 
x2 4. ^3 4.53 _ ^xyz=4(a^ + 6^+£^- ^abc). 

From the given relations, we have 

x+y-^z^(d+c-a)+(c+a~-d)+(a + 6 -c) = a + d + £. 
y-z^{c-Va^b)-{a^h-c)^ 2 [C'-b). 
z-x^(a + b-£)-(b + c-a)=:>2(a-£) 
and .r-^'=»(^4-^-a)-(f4-a-^)=2(^-fl). 

Now, X* +y^ + z 2 - ^xyz=+y+z ){{y - 2)* + (2 - 2)* + (x- j/)*}, 

Art. 332. 

— \{a+b-¥ ^){ 4 (^ - b)* + 4 (a - f)*+ 4 {b - «)*} 
=s 4 (a + ^+ c){a *+^* 4 - c*— bc~-ca-~ ab\ 

=4(fl* 4- + r* — 3abc)» 

» 

Ex. 6. If 23 asfl 4 -^ 4 *prove that 

(3 - «)* 4 * (jf — 4 * (3 - c)^ 4 * 3abc 3^. 

We have 3—33 —23=33 —(« 4 -^ 4 *tf) 

= (3-a)4*(3-^)4*(3-tf). 

% 

Cubing both sides of the above equality, we get 

3*=(3 - a)* 4-(3 - + (3 -1)* 4-3(23 - ^ - c)(23 - a - r)(23 - <3 - 

Art. 173. 

•‘{s-a)^-¥is-b)^+{s-c)^ + 3abc, for 23 »<* 4 ' 34 -f. 
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Ex. 7 . Prove that - ^)( i + afi)( i + + (c - a)( i + ^<;)( i+ 3 a) 

-f (a - d)( I +ca)(t +cd)*"( 6 - c)(c - a){a - d). 

I St Exp. on the left—(d-f){i+a(^+^)+a *^4 

s= (^—c)+ a(6* — c *)+ a*dc{d - c). 

Similarly, 2nd Exp.«(c-a)+^(^*~a*)+a^V(f-a). 

3rd Exp. = (a - +t(a* - i*) + - d). 

Hence the Exp. on the left (adding the columns vertically) 

— c + C’~a+a — 6)+a[6* -~c^)+ 6 (c* — a*)+£■(«* — ^*) 

+ adc{a{d ~ c) + d[c - a)+ c{a - b)\ 

= a(<J*-c*) + ^(c*-a*)+c(a*-d*), Art. 327 (5&6) 
=‘(b-c){c-a)[a-b). Art. 337. 

Ex. 8. Prove that a\d - + b\c - a) *+c*(a - bY 

— {bc-k- ca + ab )(^ — c){c — a){a — b\ 

I St Exp. on the \e(i^n*{b^ - ^bc{b - c) — c^} 

—a*(^* - c^) - iaHc{b- c). 

Similarly, 2nd Exp.=s^*(tf*—a*) —3a^V(f-aj. 

3rd Exp. =1 f*(a 3 - ^ 3 ) - yibc*{a - b). 

Hence the Exp. on the left (adding the columns vertically) 

« a\b^ - ) + b\c^ - a») +cHa^ - b ^) 

- 3a^f {a(^ — c)+b{c-a)+c{a-b)} 
=a*(b^-f^)+b*{c^—a^)+c*{a^-b^)f Art. 327 (6) 

—^*1 -‘b*c*(b-~c)-a^ib*-c^)t (re-arranging) 

= {b- c){a*ib^ + bc+c*)- b*c^ -a^{b-Vc)} 

= (^ — c){a*{b+cY ~ b'^<Y - a*(be -t-ca -f ab)} 

=‘(b~ e)(be+ea + ab){a(b+e)-be- a*} 

•B(b-e)ibe+ea+ab)x -{a*-i-^be-aib+e)} 

= (b-e)(be+ea+ab)x -(a-^)(a-c) 

= (be -f ca -1- ab)(b - c) (c— a)(d—b). 

Exercise CXXVI. 

Establish the following Identities :— 

1. a(b+ e)(b*+e^-a*)+b(e + a)(c*+a* - i*) + e(a + b)(a^+b^~ c*) 

■■2a^c(a+^+c). 

2 . 4(x-yY - (^ - ^y)(2X’^yY-^lxy*. 

i 
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3 . {x-y){x-y-s)(.v + 2y^2z)+y(jr-z)(^x-2v-2c. 

=^x{x-z){x-~2z). (p. E. 1891). 

4 . ix-a)*-hiy-d)* + (a^ + /}*-i){x*+y*-i) 

= (ax +“ I )* + ” bx)*. 

5 . (i -b‘*')(i—c*)'-{a-^hc){}i-\-ca){c-\‘ab) 

==( 1 ■\-abc){i -b* -c*- 2abc). 

6. (a — x)(a~2x){a — ;^x) + ()v(a — x){a-~ 2 x)-\- iSx^ia —x) + fix^ 

~a{a+x){a + 2 x). 

7. x^+ 6 (y+z)x^+I2(y + z)^x+ii{y + z,^ 

= 4 ( 3 ,v 4 - 2 j/ + 65 );/* + (.r + 6/ + 2cr)(.v + 2S')*. (m. m. 1881.; 

8. a( a - 2d)^ — b(b~2a)^=s{a~b){a + b)^. 

9. a(a + 2 b)^ — b{b+2a)^ = {a + b){a — b]^. 

10 . 4 («* + + — (a — b',^iii + 2b)^y2a + b)* = 2ya^b^{a + b)^. 

(M. M. 1888. 

11. a{b + c — a)*•^’b{c^(i ~b)^•i-c^a + b-^Cj^ + 

(b + c — a){c + a — b){a + b — c)=: ^abc. 

12 . a{b-cY 'rb{c-~a)*-\-c{ii-b)‘^-\‘()abc={<i^‘b-{-c){bc-\‘Ca-¥ab], 

13 . x[ V + zf+y(z-\rx)*+z [x +7 f - ^xyz = (p + z){z + x){x +f). 

14 . 8(fl + ^ + c)^ - {b + c)i-(c + a)^- {a + b)^ 

« =^^a + b + c){a + 2 b + c){(i + b + 2 c). |M. M. i88i). 

15 . a* + b* + c* — ^ab — be - 2 ac-\-a'a ■\-b-k‘C)^{b - c)*={a— b){2ii - c) 

16 . a^ib — c) + b*{c -a)-¥c^{(i — b) + [b-c){c-~ a){a — b) — o. 

17 . a}{b — c) + b^{c — a)-{-c^(a-b)-\-(a + b-{- c){b — — a){a -~b) = o. 

18 . (b — c)(b-\rc)'*-^{c — a){c-\-a)*-\-[a — bya-\‘bY=^ —{b — c){c-fi){a-b\ 

r 

19 . (b-c)(b + c]^ + (i:-^a)'e + a)^ + (a~b)(a + b]^ 

= -2(a + b-\-c)(b-t:)(c-~'a)(a’-b). 

ft 

20. (c + 2a + 3 by(b 2 a) + (<* + 2^ + 3 c)H<^+a- 2b) + 

(b + 2c+ 3a)*(t* + b- 2 c) + (b + c— 2 a)(c + a- 2 b){a + b-2c)^o 

31 . (b - c){x - b){x -c)+(c- a){x - cYx -a) + (a- b)(x - ft){x - b) 
sa — - c){c - rt)(a - b). 

22 . a{b - c){x -b)(x-~c)+h{c - a){x - c)(x - a) + c(a - b)(x - a){x - b) 

=s - x{b - c)(c - rt)(« - b). 
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23 . a{d - ^r)( I + a6){ i+ac) + d[c- <i)( i + dc){ i + i^a) 

• +c{a^d){i+ca){i+cd)= - adc{d — c)(ca){a - d). 

24 . a{d - tf)* + - a + c{a - = (a + ^+ c){d -c){c — a)(a - d). 

25 . — c)^ + a)^ + a — d)^=a yxhcip — c){c—a)(a — d). 

26 . {d-jrc-2a)^ + {c+a-'2d)^ + {a + d~~2c)^ 

= 3{d-i- c-2a)(c + a-26){a+d-2c). 

27 . {d — c){d + ^— 2a)^ + (c— a){c+a - 2d)^ + {a — i!>){a + d — 2c)^ = o- 

28 . {x - a) 3(3 - c)^ + ix- Wf -a)^ + {x- c) 3 {a - 

— 3(.r - a){x- d)(x- c)(,d-c)(c — a){a~ d). 

29 . g{a^ + d^+£^)-{a+6+c)^=^{4d+iHC+a)(d-C;^ 

+ {4c+4a+d){£-a)^ + {4a+4d-i-c){a-dy. 

30 . (jr-z)* + is-x)* + (x-yj^ 

‘=2{(jf-z)*{:!-~xy''+{s~xf(x -yy+{x-yy{v 3 y\ 

= 2{x^ +_y* + 5 * —y2 — zx — xj')*. 

31 . Ifa+/ 5 +^=o, prove that • 

/ (i) d*-£a^£*-a6=a^ - 6c^\{a* + d^ 

(2) d^+dc-{-c*— + + + 

(3) a(^* + f~ rt*) = d(i *+rt* — ^*) = c{ii* + — 2«^t. 

(4) {dc + £a + ady=^ bH^ + 6 *a* + aH^ = K«* + 

( 5 ) a{a-\-b){a4-c)'^-b{b ^ + 

( 6 J ^cr(^ + c) + ca{c + a) + ab\n + ^) + 2><ibc = o. 

( 7 ) —/*)'^H-t'(rt-^)* + c>?Z><r=o. 

(8) (a» + ^* + r*)2 - 2 (a+ + + ah f. 

(9) 6(aS + ^*+cS) —+ + + (c. ic. 1908) 

(10) 25(rt^+^* + f:*)(rt^ + ^^ + ir7)“3T(a^ + ^^ + c^)*. 

(11) (^ + <r-a)* + (<: + rt-^)^ + (a + ^-«:)^ 

— 3(^ + r-a)(f+a-^)(a + ^- —24abc. 

(12) a{b-cy + b(^c—ay+c{a-by-o. (m. m. 1878). 

32 . Ifii-^^+c + rf="o, prove that 

(1) (a + b){a + c)(a+£b) — lb + c){b + d){b+a) 

= ic + a){c + b)(c+d)=^{d+a){tf+b){i/+c). 

(2) + rf* + 3(^ + c)(c+a)(a + b)=o. 
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33. If b^y^-^zx and c»z^-xy^ prove that 

c*-ah^z{flx^rby^cz'), 

3i. .Show that the expression a*is not altered 
by adding the same quantity to a, to b and to c, or by 
subtracting the same quantity from each. 

35* Prove that the expression is 

exactly divisible by the difference of any two of the 
quantities a, by c. 

36. li x=a* — bcyyfstb*~^ca and z—c*—aby shew that 

ax-\rby+cz^{a-\-b’\‘C){x-¥y-\-z). 

37. If ^=^+£',^=t+a and z^a-\rby prove that 

x^+y^+z^ — ^xyz » 2 {a^ + b^+c^- ^obc). 

38. If <*» ** -yzy b - zx and c=z* - xy^ prove that 

rt*+^ * + - yibc^i^x^ +y^ + i.^- ^xyz)*. 

39. If x^2a+b+c, y=2b+c+a and z=2£+a+by shew that 

x3 +j,3 +^3 _ ^jty£r=4(a^+b3+c3^ 3abc). 

40. If2J'=a+^+ir, prove that :— 

(1) s(s-~£) + (S’-a)(s-b)^ab.^*>^ 

( 2 ) 2 {s - ^)(j - c) + 2( j - c)(s - a) + 2(j - a)(j - b) — 2J* - a* - 3* - c*. 

(3) {f J - a)+(f - ^)}* = (j - «)^ + (j - b)^ + 3(j -a){s~ b)c. 

( 4 ) 2b*c* + 2 c^a* + 2 a‘b* -«i 6 j(r - a)(j — ^- c). 

(C. E. 1867,) 

41. If 2 Ssaa*+b*’{-c* and 2J=»a+d+(f, prove that 

=*43(3-a)(r-d)(r-c).^ 

42. If js»a + ^+r, prove that 

(J - 3«)*+(J ” 3^)* + (3 - 3^)* - 3(J “ 3«)(^ - 3^)(^ - 3f) “ o- 

43. If 3r«*a+i+^, prove that 

(j - a)^+(j - ^ )♦+(j - 

2 (j - b)*(s - c)* +2(j - - <2 )* + 2(j - a)*(j - b)*. 

44. Prove that (x* + 2 yz)^ + (y*+ 2 zxy + {z* + 2xy)^ 

“ 3 ( 3 ^*+ 2yz){v* + 2 zxY,z* + 2xy) * (x^ +y^+z*- 3xyz)*. 

45. Prove that 2{(b+c-2a)* + {c+a-‘2b)* + (a4-b-‘2cy} 

= {ib+c^ 2 a)*+(c+a-‘ 2 b)*+{a+b-‘ 2 cy}*. (c. E. 1896). 
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46 . Provethat 25{(^-i:)^ + (<;-a)^ + (a-^ + + 

- 2 i{(d-c)S+(f-a )5 + {a-d)S}*. 

47. Prove that +(i:-a)*+(a —d)* 

=« 5 (^ - c)ic — a){a — d)(a*+d* +c* -^bc-ca- ab). 

48 . Prove that (^ + 2«r - 3a)* + (c+2a - 3d)* + (a + 2d - 3c)* 

— 3(d+2tf - 3a)(c+2a- $b)(a + 2d - 3^). 

49. If K^ax-i^by+ cSf Y=^bx+cy-\r(ix and Z = i:.ir+rtF + d5, prove that 

(1) X* + Y*+Z*-YZ-ZX-XY 

= (a* + b^ + c^-be-ca- ab)(x^ +j/* + ^r* -ys-sx — xjf). 

(2) X*+Y*+Z*-3XYZ 

— (<i* + d*+<:* - 3 <*df)(Ar*+j/*+ 5 ’* — 3j:;/2’), 

- 50 . If a + b + c=pf bc+ca-^ab=^ and abc^r^ find the values of 
CO (b+c)(c + a)(a+b). (2) a^(b+c)+b^(c+a) + c^'i+ b). 

(3) rt* + d*+^*. (4) d*^'* + f*a*4-a*d*. 


CHAPTER XIV. 

HAKDKR FRACTIONS. 

I. KEDUCTION OF FRACTIONS. 

f 

348 . To simplify a fraction by resolving its terms into factors. 

„ * ... a^-rt*d-rtd* + d* 

B«. 1 . .Simplify ■ 

N umr. = n* (a — d) — d*(a — d) =• (a - d)( a ’ — d*) 

- (a - d)(a -- d)(a» + ad + d*) = (,« - d)*(a* + ad + d*). 

Oenr. s«(a^ + rt*d* + d*) + 3ad(a* + rtd+d*) 

= (a* + ad + d* )(a» - ad + d*) +. 3ab(a*+ab + b*) 

ts= (a*4-ad + d*)^(rt* —ad + d*) + 3 fld} 

«= (a* +ad+d*)(a* + 2ad+d*)= (a* + ad + d*)(a + d)*. 



M.A.—21 




332 


MATRICULATION ALGEBRA. 


Ex. 3. 


Simplify 


- ^ + 2)(flt —b’~ lab 's 


N umr. sa (a^ +1 )* + i(<* - ^)+2M(‘* “ J 

= (a^ + 

= + 0* - + (a - - 2 a - ^)(ad - I) 

= I)* + (<*-^)*- 2 (a“i)(rt^- I )={(a 3 - i)-(rt -^) 1 * 


Denr. ^{{ab- i) + (a-b)){{ab—i)-(a-b)). 

.. traction- (^^b-i)+\a-b)’ b{a-if+[a-i) (a-i)(^+i) ' 


■ra a o- IT ij' + e)^y-z) + fz+ x)^(z-x)+(x+}')Hx- y) 

Ex. 3 . .Simplify ^y^s)a(^j^^g^ + ^s+x)*iz-x) + ix+y)*ix~y) 

Let ^+5'»a] then {s' + ;r)-(^+/) — 

z+x^bl c-a‘=(x+j^)-~(j^^z)^x-z, 

and x+y=:cj and a-~b^(_y + z) — (z+x) — y -x. 

Now, Numr.ss - a^(b — c) — b^(£ — a) - c^(a b) 

B-ia^(b^£)+b^(£-a)+£^(a-b)} 

=s(a + b + c)(b-£X(^-a)(a-b). Art. 337, Ex. 1 

and Denr. — -a^(b-£)~b^(£-a) — c‘(a — b) 

- - (a*(b -£) + b^{£ - a) + <r*(a - b) 
^(b-£)(£-a)(a-b). Art. 337. 

/. Fraction-a+ ^ + ^-2(.ar + y+a:). 


Exercise CXXVII. 


Simplify the following expressions :-- 

{a + bX(a+b)*-c*} 0 jx+y)^ - x^ -y7 

• 4^V-(a*-^*-c»)»’ ^ (;c+y,5_;rS->5 


3. 

4 . 

5 


.. . -(C- A- 1863'- 

e**x* + 2 ^*;r* - - 2 ^+;r* - i ' ^ 

2{x*+y*) I ' 


xv 4 - 2 x*~$y*-{‘ 4 ys-xz -z* 
2x* - gxz •‘Sxy +43-* - Sj'S’ - I2j>®' 


(m. m. 1883). 
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6 . 

7. 

8 . 

9 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 


(a*+g 5 + 5 V(«*-«^ + ^*)* ’ ^ ' 

(y-s)(j^+s)^+(s-x)(s+x)^-h(x~y)(x+y)^ 

{y + 3){y - 3’)3 + (S’ 4 .^)(s - sr)» + (:r +>'X;r - y)* ‘ 

(m. M. 1892 & B. M. 1888 .) 


{b'^c-7a)^^^{c•^‘a — 2bY^r^a ^¥h^^c^^ 
(b+c- 2 a)(i:+a- 2 b)ia+b- 2 t:) 

a*+b^+c^ + 3(b+c)(f+a)(a+b ) - 

af +b^ +c^+jab(a+bj 


ax”' — bx”**' 
a*bx — b^x^ 


^aHy +(5a + g* - a«)(<r*+a« - 4- 5* - ) 

tg + 5 + ^:):g + 5-^)(g--^+r)(^+<r-g) 

— i)g5 + 4a*5*-(g*+^*)fi +g*^*) 
2(a* +1 )(5» +1 )<i5 - 40 *^* - (a* + ^*)( i + a*/*)' 

(* ^a*)fi -c*) —fg4-^^H^ + ^a)fg+g ^^) 

I - a* — 5 * — — 2 a^{: 

3.r*-(4g + 25^.r+g* + 2a5 , 

;r 3 -( 2 rt+^;;e’*+(a* + 2ad)ar-a*d ‘ ■* 9 - 

(^+c-2a'3_(f+«_25 3 

(?+sriip-(i+i-irt, • (“• “• ‘ 897 ) 

a^-¥b^-\-c* -‘‘iabc . . 

(a-i)*+(#-rt*+{«-«)*■ *• ’ 


8(a+*+g) » - tf+c)»-fc+a)»-(a+‘^'J 
3 ( 2 a+ 54 -^)(a+ 25 +rya+ 5 + 2 ^) 


. (m. m. 1881 .> 


{a+ 6 ^e)*-¥{a-tje)* ’ t ’’-«96 ) 

bc(^^b^-^*)+caic — aVfr*+g*'+a5(« — by a* + 5*) , 
- c)’^c*a\c - g)+ c^b*{a - 


a**{^-g)fg~</>+g”fa~ 5 Xg- </) 
5*»(g - rf)(g - rf)+<^"(a - 5)(3 - g) 


, when i or 2 . 
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II. ADDITION AM SUBTRACTION OF FRACTIONS. 

347 . The following are illustrative Examples. 

Ez. 1. Simplify 

ist fraction=»|0+ + -<**)= } ^d+y- * 

2 nd fraction=|(^+ + ^ 

\ C (Z f \ C C HZ 

3 rd fraction«= I(a* + ^*-r*) = i a “ ^ t)' 


EiZ. 2. Simplify 


1 st fraction = 
2 nd fraction■i 


'i+X*'”* i+x”*’"' 

X'"* _ X”* 

;r«»( I + P"“ ~ x”^+ j^ * 


, ;i:™ +x" 

sum=»—I. 

+ jr** 


Bx. 3 . Simplify (c. k. ,885.) 

a:*"— I x*"^ I 


.s« 


The Exp. 


;r*-i ;r"+i 

- ^5_* “ * ** ■I’^" +1) f Jf* +1)fjr* - I) 

“ Ar"+i 

= (jr**+;r** +1) - (:r* - I) = + 2 . 


Ex. 4. Simplify 4 


2a 


(A. E. J 898 & M. M. 1865 .) 
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The Exp. 


a* 2 aix—a) {x — a)* 

[X - a)* {x-af^ix- a,* 

a* + 2 a{x - a)+ {x- a)* 

(x-^ar ~ 

{a+(x — a)}^ 

{x-~ay* {x-~a}"' 


Ez. 5 . 


Simplify 


3 ^-J 2 

x^-Sx +6 


, 5 ?- 3 _ 

X^-2X-~2 


-^“*3 

x^-^x-^ 6 ’ 


The 


_ 3;«r-i2 

Exp. =. —-^ + 

(;r-2)(jr-3) 

« / - - 3 _ 


^ -t _ 

.r-2 .*■ —6 


.>^-3 _ ^~I3 

(;»r+iK ^-31 {x+l){x-- 6 ) 

/ \.*:-3 ^+1/ \x+l 

6 x -^ 6 + x -2 7^-38 

(;r - 2 j(;ir - 6y * - 2)(4r - 6) ’ 



6 


) 


34 & There is a certain peculiarity in the arrangement of the 
three letters a, known as Cyclic Order. * In this order, if we 
arrange them round the circumference of a circle, thus (as shewn in 
the diagram) they are said to be taken in Cyclic Order^ if starting 
at any letter and moving in the direction of the arrows, we take 
them in the order in which we meet them. 



Thus, starting from a, we come next to and thus a —^ or <1+^ 
are in Cyclic Order. After b we come to c^ and thus b^c w h-^c arc 
in Cyclic Order. After c we come back to a, and thus r-a or f+a 
are in Cyfclic Order. 

The following are important Examples. 

Ez. 1 . .Simplify-^— -1---—- -t ,—. . 

\a-b){a’-c) {O-c^b-a) (c~a)(c-b) 
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Considering the first denominator, we see that one factor a - c 
is not in Cyclic Order. But «-<:»=—(^r-a), sd that (a—^)(a — 

— (fl —^)(t—4»), and thus 

__ _ be 

{a — b)la — c)’^ {a-b){c~-a)' 

Similarly, we have 

ca ca ^ ab ab 

(b - eXb (T-^)C^b) (c-a){c-b) “ “ (c-a)(^-f) * 


Now, L. c. M. of th»» denrs.a(^ ~ c){c -a)(a ^b). 
Thus, the whole expression 

— bc(b — c)^ca(c-~a) — ab(a — b) 

{b — e)ie-‘a)[a — b) 

{b-c)(c-aya-b) . , 

^(b-e){c-a)ia-b) ^*7 ; 12 )- 


Bz. 2 - Simplify 

_ I _. > , _i_ 

(a-^)(a-cX^“^) ib-c){b-a){x~-b}'*‘ (c-^aKc-bXx-c)' 


The expression in Cyclic Order 

_ I . _ _i__ 1 _ 

“ {a ~b}(c-a)(x-a) {b-e)(a-bXx-b) (e-a){b-c)(x^c) ' 

The L. C. D. is now=»(b‘‘e)(c~-aXa-b)(x~-a)(x’-b)(x^c). 

/, Fraction — 

“-(b-c)(x-bXX‘“C)'“(e—aXx — eX^'“a) — (a’~bXx“a)(x-b) 
(b-~c)(c^a)(a-bXx~aXx-bX^-~c) 

Numr.f" ~‘(b-~c){x*-{b+£)x+be} *1 
^(e-a'^{x*-(c+a)x+ea} !■ 

^(a^b)ix*--(a + b)x + ab} J 

■-{b-c)x*+ib*-e^)x-~be(b-e) "j 
-(c-^a)x*+(c*-‘a*)x — ca(c“a) j- 

~~(a-‘b)x*+(a*-b*)x-‘ab{a-b) I 

— - - f)+(f - a)++(c* - a*)+(a* — 

^{bc(b~c)-hca(c’-a)+ab(a-^b)\ ^ 

^^^bc(b~‘c)+ca(c^a)+ab(a~b)}. Art. 327 (5 & 6). 

- (^-f)(f-a)(a-^). Art. 337. 


/, Fraction — 


_I_ 

(x-aXx^bXx^e) * 
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319. The following results, if carefully committed to memory, 
will be of great service in simplifying Harder Examples in Fractions.- 


1 . 


If 


(a-d)(a-c) 

and 


X, 


(c-a)(c-b) 


{b-et{b-a) 
Z; 


Y 


then, (i) X+Y+Z=0. (ii) aX+bY+eZ"‘0. 

(Hi) a*X+b*Y+c*Z^l. (iv) bcX+caY+abZ^l. 

(v) a^X+b^Y+c^Z»a+b-\-c, 

(vi) a*X+b^Y-hc*Z—€i>*+b*+c* + bc+ca+ab. 


(a- b){a - c){x ±a)’“^*{b- a)\Jb - c){x ± ft) “ 

an/I __W • 

(c - a){c - ftxaj± cj “ * (a?±aj(a5±ft)(a5±c) * * 

then, (i) F+Q+R^S. (ii) aP+ftQ+f;«= 

(iii) a*P^b*Q+c*R^Sx*. 

These results can be easily verified. 


350. The following Examples illustrate the use of the above 
formulae. 

Ez. 1. .Simplify 

pa* +ga + r , pd^+^ d + r pc^^qc^rr 
(«i- b'Xa-c)“^ {jb--€){Jb — a)'^(C'~a)(i:-b)' 

The expression«» 

f a* b^ c* I 

^ t (<* - - tf) (A - Cj{b - a)**’• (j:- a){c - ^)J 

'^^{(a-A)(a-f)'*’ {b-‘C){b~a)'^ {c~-a){c-b\ 

«}>x I +^xo + rxo="^+o+oa=^ 

Sx. 2. Simplify 

pa^+qa-^r pb*-¥ q b-¥r pc*+qc-k-r 

(a - bXa -<:)(.*■+aj "** (^ - c)ib - a){x ^by {c- a){c - b){x +f) * 
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The expression — 

__ ._^_+__£!__1 

^ ((a - b)\a - c){x +a)- c)[b - a){x + ^j - a)(tf- d){x + c)] 

+ „J .£ _ + * _+_. I 

\i‘i-b){a~c){x+a} {b-c}l,b-a){x+6) (c-a)lc-bKx + (;)] 

^^{(a~d)(a-c)x + a)‘^ (b-cUb-ajix + b)"^ {c-a){c-b)(x+i:)\ 

_ ^ __ qx_ _ 

(ji:+«il(^ + ^)(jr + ^) {x-¥a){x + b){,x-k-c)'^ <;r+rt)(.r + ^)(r + r J 

_ -q x+r ^ 

{x+a)(x + b)(x-t c)' 


Exercise CXXVUI. 

Simplify the following :— 

2 x-\ x+i 

■ .r* - r + r x* + x+i x+ i ^ Jt:- i ' 

« x* -'X +i 2x(x- \)* 2x^(x^-j)^ 

.r* + jr + I ;r+ + :r*Tl ^ ^ ' 

. /«+6^2\3 fa-6b^\^ f a \ ^ 

*• {-w) * VW^-) -‘\w) ■ 

8. ^+£=£“_ (M.*. 1868.) 

^-a (a-b)(a-c) c-^a 

e. " + -1-+ _?_+ (p. E. .888.) 

,, (a + b)* « + 2^+ar (A + ^).ir . . / o' 

(x-a)(x+a+b) 2 {x-a) x* +bx~‘a^ - ab * ' 

- a*-\rb*+ab'a*+b*) a++^-a3fa*+^*) \2a?b^ 

(a-^'bf + (a+<>)*- 

(M. M. 1882.) 


x-a 


x/j'-V'a ,Jx+ija x + a 


(p. E. 1896.) 
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ac^~^ , be-I , o \ 

—»+ n — r, —n~v • (m. m. 1870.) 

{a-~b){i+ax) {b-a){i+bx) 

" u ('?)- v(.-fc)r- Ui- >/;}■• .Jr,, 

(B. M. 1876 

13 _3«*. _ . 3« 

(-r+fl;* (;ir+rtj*’* (x+a)*'* {x+a,**’^ ’ 

(ac+dd)^-(ad-i‘bc)^ lac+bd)^+ {a/i+bc)^ . .o- » 

lO. -;- y-, , J-•- ~ j -• 'M* M* *« 74 -/ 

[a-b)(c-d) ' (tt+b)(c+fi) 


15 (b +eyc+a)( a +b) 

b~c c — a a~b^ €){,€-a)ia —h)' 

Ig ^“^4- —-4. I i.b-c'SU- a^^n- h) 

b-^-C C’hfi + ^ (^ + ^)(t’ + ^)(<* + ^) 

17 . • ^" + 3y* + 5 ^+i 5 , ^*+x i + ^x^+x -2 • 

X^ +2X^ + ^X + 10 X^ + 2X^ + 3X^ + 4X~4 ' ^ ‘ ^ ■ 

.v 3 -;f* 4 r^T+ 2 Jr*-JI'-T'^ ' 

IQ 2 2 e _ 2 <2- b 

b-c^ {c~~a){€i-S) c-a^ {a —b\b-c) a-b (^ — 

(a. e. 1893.) 

ao, . (m.m. ,87t.) 

ai. ^%^[b^4-ci - a3) + V +«* ~ 

2bc 2ca 2ab 

Simplify the following :— 

'22 4 ._^"‘- 4 . 

(rt - bta -cy {b^ etb - a) - «)(c - b) ’ 

when w=o, I, 2, 3 and 4 ; when w/*=3. (c. E. 1865-87 ) 

23 . —.--^v+ T7i - + . \7 iv (C. E. 1865-72.) 

a{a^b)[a~~c) b{ 6 ~e}{b-’a) c,,c - a){c - b) ^ 

4 ~+-7-rc-:+i 7 i—^T 88 f.'i 

abx a{a~-b)(x^a) bib-ajix-^b) 


24. 
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\ 30. 


^ 34 . 


pjf.q . 

ig-rjir^P)^ {r-p)(p-g)'^ 


n-^P 


'^ 37 . 

-y -oa- 


m-n n-^p ^ 

{x-m){x -ny {x- n){x-Pi {x-p]{x-m) ’ 

x ’-yi j^+ix >’+xr g, , 

{x-y){x-zy {y+s){}f-~x)^ {x-x)(g+y)' ^ 


«*+<*+1 


d^ + 6 +j 


c^ + c+i 


_ ^ , '' Tvyi , «» ^I.T- t . fQn-* ^ 

^a-d){a-cy id-c)(d-ar {c--a){c-d)' 

(g +l)* . „ ,oo-x 

AX-C^ (x-a^ 

{a-d){a-c) {d-c){f>-a) (c-aX^-^) 

{a-h^a-^c) [Jb-cyp-a) [c^ayc~b)' ’ * ^ ' 

hc{x~a) c ajx-d) , ab'x-o 

c*-^a*-2b* , a‘-^b*-2c* , „„ » 

(a-A)lo-o‘^(«-f)(i-«)'^(c-«)«r-Aj' 

(«+f)(»*+a»). (c+*X»*+*>) . (<«+«(*•+(•) ,. .. .„o.v 

{a-m-cT* {#-f)fc-«) ' *’’• “• 

3a + 2^+2£: , 3d+2^4-2a , y+2a4-2b , . 

bc{x-~a)* ca'x-b)* ab(x - g)* ^ 


IIFO (-s)(-;) (-•)(-;) 


•.(B.M.1897.) 


(:-»a-;) a-i)(i-i) C-i)(ri)' 

. U - gX^r -«) , U * 

^‘(a - b)ia -cy^’p- c){b - a) -a)(t- b) * 

, «+</ b+d 1 

(a- bya -.0 {c - aX^- * 


B.M.1900 
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41. 


43 . 


44 . 






{a—b)[a-c){x+ay (b — a){b-€){x-\-b] {c-a){c^bj{x+c) ’ 

when and 2. 


a 


>ni 


42 . " _^_+_£ " 

{a - b){ac)ix - a y {b-~‘aXb — c){x-b)^ (c — a){c—b){x — c) * 
when o and 2. 

b *+b + i c*+c+i 


a^+a + i 


(a - b){a - c){x+ay (b - a){b - c){x +(t -a){c- b)(x + c) 


b+c-^a 


c+a — b 


a+b — c 


{b+c){c-a){a — b) ic+a){a—b){b—c) (a+b){b — cXe-~a) 


45 be ia-p)(a-~g) ( 6 -~p){b-^) (c-fi)(e-g) 

ia-iKa -y‘“- Ib-aUb -<:)+“*• { 7 :^W^)' 


in. SIHPUFICATION OF FRACTIONS. 


351 . The following are illustrative Examples. 


Ez. 1 . Simplify 


b*"^ ab 




I 1 
b a 


(M.M. 1893) 




a6-^6 

I St traction « I il « ' ,4 -.'r. x y — ra - . T- * -; — rr 

a* — b* a*’\‘b* — ab a^b* (a* ——a^+^*) 


(a* - b*)(a^ + + ^*)(a* - a 3 + b*) 






2nd fraction ^ 

f 


a*+a^ + ^* 
ab 

•^ab 

“ a^ ' 
at> 


(a*-^*)(a*-a^+^»; 


a*+^*+a^ a*-Ha^+ A* 

a*^* a — b^ ab{a~-b) 


• Till* a*+a4+^* . a*+a^+^* a*+a^+4* a^(a — 

* . “P - fl2 - ^2 ** ?+a?+2* 

-»a-^. 
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ct b c 

+ — + 


Bx. 2. Simplify 


a-j: b^x c—x 


X x-~a x — b x — c 


rJenr.= -M + (*-Si) ^ r) 

Vat x-af \x x-bj\x x-c) 

_rA-+_z£__‘.f i +—I 

x{x — a) xix — b) xix-c) x[a~x b-x c-x\ 

The Exp. - + '^-+ ^ ) + U — + f- - + ^ = 

\a-x b-x c-xj x\a-x b-x c-xf 


Exercise CXXlX. 


Simplify the following 




'a — b 




a~.b-\r-—~ a + b + 

a-\rb a — b 


, (M. M. 1897.) 


f ^+2 1 

\y . X 

r 

1 ' "h ~ 

\y J 

- ^ - 

1 . 


X 

- + 2 
y X 


3 ^ 

y 


+1 

y J 


(p. E. 1894.) 


3. ^ 




i^ab 


a — 


a — b 


l-T 


— b)b a{a 
I +a^ * " "i -Hb 




i-¥x AX , Sx 

■ + ——s + 


i-x 


^ i-x i+x* i-x* lA-x 

4 . — ^. . a a" " » (C. E. 1870.) 

1 +X* ^ I —X^ ' ' 

\-X*^ I A-x^ ~~ I +X* 


* . I I 

+ —.+ 


5. 


x—a x—b x-c 
a b c ' 


X y z 
-+ + -- 

6 

XAry . yA-3 . BArX . ^ 

-1” -—— + 3 

x-y y-z z-x 


1 
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7. 


8 . 


9. 


10 . 


It 


13. 


14. 


b^ 

I 

I 



a 


1 l^-L 

+ -i 

a) \d a ) 

' b^ 

ab 

a rt tt + b 

a^b 


a^b a-\rb a — b 

a-^b.. 


b b ' a4rb 

a-b a* + b* ' 

a-~b a + b a — b 

tt-¥b 


a + b + c ^ a-{r o' — b 

a-\rb'\‘C 


A + b — c b-^c — a 

a + b-c 

(M. M, 

a+b-c 1 b+c—a 
a+c-b a+b+c 

b+i'-a 

a4rc-b 



(C. E. 1874.) 


(C. E. 1876.) 


a — bx 


1 + 


c -^- bx 


x- 2 ta+f:) 


I + 


a — bff 
c-^ bx 


I + 


x^ 2 {a-^c) 


(m. m. 1871.) 


a-¥c—x X 

1 + 


a-^-c—x 




(C. F. A. 1880.) 


12 . -T 


i 4 x^ - Sx)* 


3 x/^i -X*) ^ 0 ^ 

X x^ 

3 






. (C. E. 1878.) 


I - .- +(*+^*)*-2/*-2. (C.K. 1895) 

l(,+/a)T (!+/*)»; 3^' 


, __ 

^•.r+J(x*-i)-i • 


J(x-i) 


_ . 1 y/(x+j)- l) 

/.r - i\ X- -/(x*^ I) 




(P. E. 1899.) 


4 
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IV. EVALUATION OF FRACTIONS. 

352. The following are illustrative Examples. 

EjX. 1. Find the value ofwhen ;raa——;. 

4 r- 2 rt ,r-2^ a + d 

(C. K. 1865 , B. M. 1883 1 ^ 99 )- 

M’U t:' /x + 2 a \ ix + 2d \ 

Ihe Exp.= (-- --.)+ + 2 


x—2a 


A6 (a(x-23) + d(x-2a)\ , 

X'~ 2 b ^ (.r —2a)(;r-2^) J ^ 




(a + b) x — 4 ab 
— 2{a + d)x+Aab 


1+2. 


4 XO + 2 = 2 . 


[for^ (a+ d)x — ^ad « o]. 


Ex. 2. Evaluate 4. _—when jf=a + d. 

x* — ao x^ 2 a 

' (B. M. 1890. 

^ (a + d)^ - 3a^(a + ^)—(a + ^)*-4rt^ 

1 he Exp-- + (e+7)^ 

^ — — (a —6)(a*+ ab+ b*) (a-~b)* 

~~ a^+ab+b^ b-a ^ rt*+ad + d* a-h 

Ex. 3. Find the value of (3^^) “ ’ 


22r-a i 2 ah \ I 2ab \ b{a- 

__ a( a—b) a+b a 
” “ (^b b{a-b)"‘~ b‘ 

r 

A A (h- _flL\ . ^ 

_ a* a+^_ ^ 

’^T^b^ “ 5 *‘ 

( a\* a* a* a* 

Hence the Exp. ^ ~ 


•s 
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Exercise CXXX. 


1 . 

2. 

3. 

4 . 

5 . 

6. 

7. 

8 . 

9. 

10 . 


Find the value of 
x-‘a x — b 


—7 - , when x ^— , .. 

b a a — b 

;r + 2 X - 2 a ±ab , ab 

-T-+ -r~r + j when x= — -. 

2b —X 2b+x x* — 4b* a + b 

**-y*+x . a-b . a-\-b , , 

-=-rr—I when x^m and —r. (c. fc. 1884 * 

a+b a-b ^ 

fi:-;)' 


x— 2 a + b . a+b 

-- when AT—- 

x + a-2b 2 


l_ l_ I 

a+bc b + ca^ c+ab ’ 


Kb+c)*^ {c+df^ { 

I 


a + ^)*' ] 


when a + b+c=‘^ ; 

0 

and abc^ 5. 


, I I , 2 ab 

-+ —- 7 — when;i:aa-> . 

x-a x-b a a+b 

x+y-\ a+i , a(b+i 

—»when^— r — and y= . 7— 
x-y +1 ’ ab-¥i ■' ab +1 


ab-^ I 


2na* — 2nx 2 nb^ — inx 


—, when Xi 




V. FBACTIOKAL IDENTITIES. 

353. The following are illustrative Examples. 

Ex. 1. Shew that 

(b*+c»^a^\* {a+b+cyb+c-n)(c+a-b){a+b-c) . 

-W-'.(C.E.1868 

Left 5 ide-(i +- -)(•- Art. 114. 

^ 2bc+b*+ c^ -a* 2 bc—b*- c*+a* 

* 2bc ^ 2bc 
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zbc %bc 


Ib^c •^‘tt)(b-^c — n) (ab ““ c)({t — b + 1 ^) 
2bc ^ “ 

^a+b+c){b+c — a)(a + b—.c)(£+a-‘b) 
4 ^*^* 


£x. 3. Shew that 

(a + b'.^ - r A + , + fr + 4)^ - (4+ 

{a + b)* - {b + c)*Mc + d)* - (rf+ a)* 


3 (a + d + r+rf). (M. M. 1873 .) 


Since {{a + b) + {c+d)}^=>{(b+c) + (d+a ))^; 


Expanding each side, we obtain 

(rt+ 4 - (f+ 4 )^ + 3 (a +b)(,c+ 4 )(a + b+c+ 4 ) 

— + + (#/+a)^ + i{b + c)(d+aya Ar b-\rC->rd], 


By transposition, 

(a + b)»-‘(b + c)» + (c+ rf)* - (//+«)» 

“3(^ + ^+^++ ^)(d + a) — (if + b)(£+4)}. 

Again, since i(a+b) + (£+4)}*:^i(b + i:)+(4A-a)i^ ; 


Expanding each side, we obtain 

:a+b)* + '£+4*+2(a+b)(c+4) - + c)* + (4+a)* + 2 {b + l)( 4+ a). 


By transposition, 

(a + bf - {b ■{■£)* + (c+^/)* - (^/+ a)* = 2{{b + c)^+a) - (a + byc+ 4)1 


Hence, left side 


^ ‘^'a-A-b + c+4M(b+c'^{4+ a)-‘(a + b)(cA-4)\ 
2{{b + c)l4+a) {a Ar b){c4)\ 

=> 3 (a + ^ + t+rf). 


Bx. 3. Shew that — + 

/!*- I 


«♦-1 


a* 


/« 4 J _ \ 

\a-i 


We have 



1 

a* - I 


oA-i 1 
a* — I a* - I 



Similarly,-^—^ 


I I 

a* - I a* - I 
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Hence, adding and cancelling like terms, we have 


a ^ a 


a* — i <*♦—I a* — 1 a—i a*-i 

- i _ 

2 \a — I a* — I / 

l/a+i a* + i \ 

2 \a- I a* ' 1/ ’ 

•Ex 4. Shew that (^+^)V (i+“)'+ (^+0* 

=-*+ (;■*■ 0 (^+f) (i+a)- ""• 

Leftside- (^+1) + 

“(^+0 +'•+(? + !■)+(? + ^) 


'4 + 
•4 + 
'4+ 


'(H 

)’+i(c*+l5*) + a*( 

f2+l\ 

li . 

* , bc(c*-\-b*\ a*i 



+ A—6r)*jJ 

[ be ) 

lb c\ 

• , ic/6 c\ a’/i 


\c bi 


'*'b) 


(?»!)!('* i)*C*S)l 


-4 + 

M. A.—22 
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£x. 5. I’rov e that 

(fi — c)* {c-{a —\^ —c —a —/5/ 

(K. P. K. f886 

Letd-c=:x, I 

^ then x+y + c — B — c + c — aya — d = o. 
anda-^=z ’ 


Since (_vr + sx + xy)* =y*s^ +s*x* +x*y* + ' 2 xy!:{x+y + 

«+ a^x^ + for x +y + c = o. 


••• ( 


ys+sx + xy\^__ v*c* + s*x*+x*y* 


xyz 


I 




, /T I I\* I I I 

' \x y ZJ y* z* 

Now, restoring values, we obtain 

/ I I V 1 \*_ I I _i 

\^ —f c — n^ a — d) (^ —(c—a/®"** (a-‘ 

# 

_ - d^+c^-a* c* + a* — d^ a^+d^ — c^ 

Ex. 6. If-r= - , y=--—, z—~ -T- 

2dc 2ca 2ab 

shew that (^ + i:).v + (r+ a)y 4 - (a + b^z « rt + ^ + c. 


Let a* + ^® +<:* = 2.T*, then rt* + i* - c* — (a* + ^* + r*) — 2t* = 2(.r* -1 
Similarly, ^* + f* - a* = 2 'j* - «*) and r* + «* - = 2 (.r* - ^*). 

Hence, the expression 

=0+ (> i) ('•-**)+ I) 


= - (2J* —— + 4 (2.'‘*-«■*-<»*)+ ^'(2J*— 

a 0 (T 

(collecting the coefficients of t/<*, \]b .ind ^\c) 

=>- xa*+iX^*+ -Xtf*=»a + ^+r. 
a 0 c 
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JBz« 7. If rt+^+c=»o, shew that 

» 

2a* + bc'*' 2 b^+ca2c^ab "" 


Since a+^+t^o, /. «=-(/; + «:) 

axa or a*=» 

2a* + » a* - a(^+c) + bc^ (a - 3)(a - c). 

Similarly, 2b*+ca*=*{b-a){b-c) and 2c* + ab>=:(c-^a){t;-b). 


Hence, the 


Exp. s= 


(a-d)(a-f)- a)(b^)(c^{£~b 
=a + ^ + 6' (Art. 349 ) =>o. 


£z. 8. If;:+ 1 + "“’,1. , shew that 

a b c a+b+c 

__i_ 4 . _ _l_ 4 . _L-» ‘ 

bc-i-ca + ab i 
a o c abc a+^+c 

-% {f>c-\-ca-\‘ab){a-Yb-^c)-abC’=Q. 

/. (^+t)(c+a)(a + ^)=»o. (Art. 333). 

any one of these factors, say ^ + ^*=0 

, f^ + C I I , I I 

. /A**** I / I 

•• V) V‘"^) ’ 

since* 2w + i is always an cyid number. 




>0. 


Similarly, -r*"+‘; /, = o. 




Hence, left side 
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Ezercise CZXXI. 

Prove the following Identities :— 

(‘+5) O^i) (■+;)+■- 


3. 

4 . 

5. 


( I i\*. 4 /a + c 2 \* 

a-c) * ("ST" aTi) ■ “• 


^ ~ o _ 

i+^c i+ca’^i+al (I + d£)( I + ca){ l+afi) 


a^ib ^Jb -c)(c-n)(a~-b) 


m-^ab ni-\-bc m + ca {nt + ab}\m-{‘bc){jn’^c(i) 


_ {a~‘b){b-c\{c-a) , „„ , 

w,-^-. (M.M.1884.) 


If a+^+<;—o, prove that 


a a*+b*^rc* . , / i I . i\ 

* 

1 (b — c c — a a — b\ fa b c \ 

(—+—+—)0—,+ ;r:;+^r-i)“9. 

B. If i+ i + i.o. prove that J ^' + -(*+,+a)* 

(M. M. 1897 .) 

9 . Shew that .f«+3?+^»)(«+»)»-(2« + 3»V)«+»)»_ 

(a + 2;ir + ^;» * 

(M. M. 1899 .) 

10. shewthat^;f^‘|^t(*;-^*);+t;;-«*);- 

' (B. M. 1895 .) 

11 . if^«^,provethat(r-i)(>/-l^- 4 ^^. (m.m. 1888 .) 

Prove ( - +a,%7(aT^*-3.> 
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18. Prove that , _,)3. 

<1 + ^ ' ' 

(m. m. 1898.) 


If ’+}+ -= 

a b c a+b+c 


14. 


*,+ A+ ^ 


- , prove that 

I I 


<** + (a + ^+c)*‘ 

15 A4.'4.'\^=_ 1 

\a b c) a7-^rb"^ + c"^ (rt + ^ + t)^ * 

ia /I . I . I 

\a^ b^ c) "(a + ^ + cja«+« • 

17. Prove that (^ + i)’+ (»'+))’+ (» + ^)’ 

(-^+1) (*+»)■ 'f 

18. If {^b-^c— a)x = (C’^a~b'\y=^{a+b — c)z—2^ 

prove that (j+j)(i+i)(^+j)-air. 

a’\‘b-\‘C-k‘d^abcd f- + [+ -+ |;V 
\a b c dj 

20. If ~~-r~,=0^ shew that 


I ■\‘ab I +<rflf 

a-d b ~c 
1 +art”' I -\rbc 


and 


a-¥c _ b-¥d 
I -ac" l~bd' 


”• " i+rf'i+r’P™’'®'*’*' ii + ri 3 ‘=ij+rJ' («• “• 1866 .) 


If 2s=ia+b+Cj shew that 

28. -'**'’ 


__ 

s—a~*^s—b^s-~c s’" s(s-~a)(s“b)(s-~c) 


2a 


28. -i_+A+ ‘ 


(C. E. 1907 .) 
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24 ^ -g ^ a*+^*+g*-J* 

35 . if <a+^+ga=o, prove that 


a* 


b* 


2a*-\-bc ib^-^ca ic*-\-ab 


I. 


/ 26 . Prove that 

be ca ab , o v 

/ zx, v +7 - Tt - v+/ N/ zv= 0 - tM. M. 1873.) 

(x — b){x — c) (x-‘C)(x — a) (x-^i)(x—b) 


if ^=\C+i+')- 

X 3\a b cj 


tt + r ^+i g+i - 

27 . If x^ — , y =7— , «= , prove that 

a— i*' b—\ c—\ f 

fy* + iyjK* + i)(g*4-0 («* + t ^ 

(y^r +1 ){zx +1 ){xjf +1) ~ (bc+ T ){C(t + 1 )(a^ +1) 


. (m. m. 1874;) 


V -.e y S S X . X y 

V/28 \f-^+ =a, + -^b. +-^=g, 

g y X s y X 


prove that a*+A* + g*=4 + rt^g. 


29. If x-\-yArz—xyz, prove that 

. ^...+ ^ 
F-r*^ I- 


4 Jirvg 


y- i-g* (1-x*){J-y*)(i-z*) 


. (C. E. 1898.) 


- 38 . If x+y=‘2z, show that -^+ -— — 2. (il m. 1882.) 
/ sr - g % 


31 . tiiven the relation 


I — 2 bx + b* 


i-b* 


i-b* i-i-2by + d^ * 


prove that f f - = • (®- M. 1888.) 

i-xy i+o* 

32 . if b*—ac, x=}[{a-{-b) and J(^+g), prove that -=2. 

X y 

(b. M. 1893.) 

33. If g + ->=i and>'+* — I, prove that g+-"i and + o. 

y \x X 

(b. m. 1887.) 


34 . If 


a*(^ — g) ^“(a - g) 

a-d 


'(a-t) - .., 1,1 I , I . 

i —:t-, then will + t= -+ .or a = b. 
b—d abed 
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35. 1 f A +>' + - prove that 

x-^y /+5 ^ s-^x _ x^-y y^s i+A 
i ~xy i—sx~ i-xy’ i-ys’ i-sx' 


36. If rt + ^*=^r+rf, prove that either of them is equal to 
aicd fi 


37. 


ad+ca/ 
_ ad—be 




at — bd 


a-b — c-\rd a — b-^-c—d 
the former quantities —|(a + 5 + fc+f^). 


, then will a+-^—t + tf, and each of 


38. 

If bc+ca+ab—i^ prove that 



1 ti * 5 * 1 *_L 

\a?b*c* 


1 i+a* 1+5* i+<;*J *(i + 


39. 

If y + z=aXt c+x<=by and x + y^cs^ prove that 


a + 5 + <; — a5tf — 2. 


40. 

Shew that 

0 


s X/ \r s yj \y if 



. (M. M. 1871.) 


. (b. m. 1887.) 


41. If xy—ab{a^b)z.wAx* — xy'\‘y*’=a^’¥b^, 

prove that (j"" 

42. If .r-a + 5+ , , , andjv—-- + - 

4(a + ^)’ ^ 4 a + 5 ’ 

prove that {x — a)* — {y — b)* = b*. 

43 If a + 5+c—o, prove that 


5* + - a* t:*+a* - ^a* + 5* -1* ■ 

.. a-i a-2 I , 5-1 b*-2 1 

44. If - — 1 and-- - , 

X y b X y a 

^shew that “““ ^~ 


10. 




a 5 

t* 4 -a*- 5 * 


ST: 


a*+ 5 *_^* 


2/:a 2a5 ’ 

shew that a(Af+jKir) = 5(^+ flr.r)= iris' +.rjf). (m. M. 1871.) 

t 
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46 . Prove that 

a{x-b){x~€) bix-^cYx^-a) c(r-a)(x-b) , 

bc{a—b}{i*—c) ca{b — c)[b - a) ab(c-a),c-“b)^ abc’ ^ ' 


47 . If x+j^+g«mo, shew that 

* 3 + 1 “ *®99 ) 

x9 ya gi \x y sj xys 


c-x 




49 . 


'C, shew that 


(l-a)(l —^)(i-i:) = (i+a (i+d)(i+t). (A. E. 1901.) 

Prove that / +-?-+ 2 
b — c c — ct a — b 


{,b-c){c-a){a-b) 

(p. E. 1888) 

80 . If Shew that 

2bc 2 ca 2ab 

+tf—a)(£’+a — ^)'<*+^-f:)=ao, and thence prove that two 
of the three fractions on the left side — i and the other = - i 


REVISION- PAPERii^II.^i:-^ 

Paper I.. 

1 . Shew that (aj* —^;r)* + (^sr-^)*+(fr-a»)®+(o.r+^^ + f^)* is 
visible by a*+^* + c* and x^ + z*. 'a. e. i 897.) 

" 3 . Fmd the H, C f. of 4*+ -Qar* +6r - i and 6 x^ - 7 ^?* +1. 

(a. e. 1897.) 

" (A. E. 1894.) 

4. Extract the square root of 

^®+ + “4) + *5 (^* + -*i) +20. (M. M. 1899.) 

5 * Reduce to its lowest terms ^ 

jr^- 54 r*- 6 ;r*+ 35^-7 

(M. M. 1899.) 
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6 . Solve the equations:— 

(i) 3;»r —4y-6iBr+i6«o—4Jir—J/-2:-5=i;ir —3y —4ar+l2. (M. m. 1899.) 
(ii) ^+2y + 35 = V» 2 -*’+ 3 y+'S^“* 2 i (m. m. 1899.) 

7 . Simplify ^ a* (m. m. 1891.) 

x*- 2 x-z ^*-S 4 r -6 ^ 

8 . If 3 be added to the numerator and denominator of a certain 
fraction, the fraction becomes f ; if 5 be subtracted from the numer¬ 
ator and denominator, it becomes Find the fraction. (M. M. 1894.) 

^—'* Paper II. ^ 

1 . Find the H. c. F. of +1 ix^ - 54 and 2;r* — 1 i;r* — 9. 

(M. M. 1894.) 


3 . Simplify 


;r-1 


. (c. E. 1892.) * 


;r* + 3jr + 2 2jif* + 52 r + 2 2.ar* + 3;r+i 

3. Divide -Sar* by ;r+j/--22r. (a, E. 1894.) 

4. Find the square root of ^ 

4a* — T 20^ — +4ot + gb* + c* 

4/*^-t-9r* —I2«r 

5. Simplify the following fractional expression :— 

V(a9 + 24«6 + i 92 a* + 5i2) * * ' 5) 

^"^ 6 . Solve the follov'fring equations 


. (m. m. 1896.). 


J'+3 3y —2:t 
(1) — 

X —2 2 V+I 

4F+—j-“ 26 i- - - 

(H) 

I+?- 5.)+5 = .6 


. (m. m. 1892.) 


(M. M. 1896.) 


7. Simplify the expressions :— 

(i) . (P. E. ,888.) (ii) 2 ^*_^- 2 "** + 2 (M. M. 1870.) 

^ 2***‘-2''+* 
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8. One per:9on starts from a place A to walk to a place B and 
back again at the same time <is another person starts from B to 
walk to A and back again They meet first at a distance of 2 miles 
from A and afterwards at a distance of 4 miles from A, Find the 
distance between A and B. (m. m. 1896.) 


Paper III. t 




1 . Subtract ~ 


x + s 


from 


^ + 6 


2 (;r* + 4^-8) 
e by 1 + - , . 

^ t:* + il;r +30 


x^ + ^r -6 r* + 3ir-io 

(li. M. 1902 .) 


and divide the diflfer- 


2 . 


Simplify 


jr^2r*-29r- 30 
jr* —34.* —34jr+120 ’ 


(b. m. 1901 .) 


3. Find the H. c. F of .r* +1 ir-12 ^id r* + 111* + 54. 

(p. K. 1895.) 

4 . If (a+^)(d+<r)(t + </)(</+ <i) “ (rt + d 4“^ ti){bcdodd + dab-^-tibc ), 
piove that ac=^bd. (b^m. 1884.) 


5 . 


Find in teims of a the value of the cvpiession 

r(y+ 2)+'*^ + — , when jf =-=^ andv= *^ ** . (B M. 1889.) 

' y X y-v'i 2 


6 - Simplify :— 









7 . Solve the following equations .— 

(1) ;ir+2y + 3i'=20, 2ir+3J'- 50= —7, 4r- 5^ + 75 = 21 (c. K. 1898.) 

(2) 2jf+3;/+4sr=»38, 3^-29/ + 5^=26, 4.V+6J/-3^ = 21 (c, e. 1901.) 


> 8. A man walks one>thiid of the distance from A to B at the 

rate of a miles an hour, and the remainder at the rate of ih miles 
an hour, and travelling back from B to A at the rate of 3c miles per 
hour, takes the same time ; prove that i/a + \\b -»i r. (b m. 1885.) 


Paper IV 


1 . Simplify by using factors :— 

r) T 7£J^2y* 4 . 

* x* + 5xy +61'* jr* + xy - 2y* 


. (b m. 1891 .) 
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.. b — ub^ . 


2 . JJiv'ide a-t b + c + ^{b^ +(^)(c^ + a^){a^ +b^) by + b^+J‘ • 

(P. E. 1895.) 

on .1 . •*^+r yf(x^-\-x*y-xy* — y^) , q, . 

3 . I'rove tlial „ - , ~ r, 1 “iC ~i -x • (**• M. 1867.) 

X + 2a^+^*). (m. m. i860.) 

^ 5 . Solve llie equiitious : -- 

’ (i) 69 .r— 182^, 4^:r —112J. (P K. 1900.) 

. (li) 3ij|/+r= 11, 25 r + A-—12, 2i'+j/= 13. (P. E. 1900.) 

j^ 6 . Find the square root of .t +^+ +f.(p.E.i900.) 

7. Find the H. c. i. of 32:^—23 j:* +43.tr —8 and 2:^ — 52:* — 6jr*+ 
i5i-7. (p. F. 1894.) 


iig c 


8. There is a certain number who^e three digits are in descend- 
order of magnitude and differ from each other in succession 
by the same amount. If the numbei be divided by the sum of the 
digits, the quotient will be 48; and if from the number 198 be 
subtracted, the digits of the difference will be the same as those of 
the original number but in the reverse order ; find the number, 
(n. M. 1864.) 


Paper V. 

1 . IJiside 2r** —2r’**4*6(2r* -2r**)+9fA+ —2r"*) 

by 2 : 6 - 2 r "6 + 3 ( 2 r*- 2 r**). (P. e. 1899 .) 

f* 

2. Express -V* + — ^XYZ in terms of a, being given 

Y—b+c — af +n — 3 , (p. £. 1898 .) 

■ 

3. Find the h. c. f. of x^ - yn^x - ^a^ and - 02 ;* - 4 <i*, and the 

*k 

L. c. M. of ix^ - 72 f —2 and zx*-~x — t. (P. B. 1898 .) 

4. If 2:=«a*-^£‘, y^b^ — ca, sr-zr* —prove that 

br-ycy+as^o^fX-^-ayA^'. (p. f.. I 90 o.> 
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Simplify the expression :— 

a , . _f£!!_ 

x — a'^ix—aXx — fi) (x-a)(x-~fi,(^~^) 


(P. E. 11897.) 


6. Extract the square root of 

(dc+ca + afi+a*)(fi£ + ca-i-afi + d*)(3c+i:a + ad + c^). (P. E. 1897.) 


Solve the equations 

(i) 3(a+3)x^a(a-3)j^, -+-^. (B. M. 1895.) 

a o a 0 

(ii) cy-¥bz™bc^ az-^cx=ca, bx-\ray^ab. (P. E. 1897.) 

8. The sum of the three digits of which a number consists is 9 ; 
the first digit is one-eighth of the number consisting of the last two, 
aiitflhie last is likewis*e one-eighth of the number consisting of the 
first two ; find the number, (b. m. 1874.) 


Paper VI. 

1 . If j»r—a+ 3 -2a, 3r=^+a —2^, find the value of 
— ycyz. tc. e. 1900.) 


'Nig. Find the H. c F. of 2jr++i3Ar*-4;»:*+6x + i and 
Ar^ + 7x® -2;»r*—aijir—3. (m. m. 1899.) 


'Xi 3 . Simplify 


(i) 


2 


(m. m. 1899.) 


x^ + 2Ar* Ar*-2;r» AP*+4x* ' 


(m. m. 1899.) 


4 . Two ships 56 miles apart sail towards one another at the 
rates of 7 and 9 miles an hour. Find, graphically, when they meet. 

5 . Extract the square root of 

(i) i+(2r+i)f.r+2)(;r+3)f'Ar+4\ (a. e. 1900.) 

(ii) (a-^)^- 2 (a*+ 4 *)(a" ^)* + 2(a^ + ^+). (a. e. 1901.) 

8 . Solve the equatioi^:^ 

(i) a(Ar+^)+^;r.^^)«i2tf, (a. E. 1902.) 

(ii) (a+^)Ar+(<i-$)!y«aa^i+tf)Ar+(^-tf);^«i2itf. (a. E. r 895 .y 
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7 . The expression aX’-dy is equal toiowhen^««2 an<ly>B3 
and it is equal to 25 when X'^z and a and b being const£^nts ; 
find d^and h. (a. b. 1900.) 

8 . I wished to give a certain number of old men la. Bp. each, 
and I found that I had not money enough in my purse by 11 annas ; 
so I gave them la. yp. each, and then I had money enough and 
3 annas 3 pies to spare. Find the number of old men. (a. E. 1902.) 


Paper VII. 

1. Reduce to their simplest forms :— 

(ii) («• »• >883.) 

2 . If , y ~ , find the value of 

m — c m —a m-b 

# 

jc+y + ar + jrysr. (M. M. 1875.) 

o o-_ 1 -r ^\ax^ -/{ax's '' 

simplify V'«+ ^/;r+ ^{,a-¥x). ' 

(M. M. 1875.) 

4. Shew that, if a+^ + ^=»i, ^<r+ira + a^=» 

then —J- 7 -+ rr—+ “r-i* ~ m. 1878.) 
a-\-bc b + cu^ c+ab 4 

6 . Plot the following points and find the equation of the graph 
which passes through them (o, , (i, 2 , ( 2 , 2 A), ( 3 , 2 |), ( 4 , 3 ). 

6 . Solve the following equations 

,..7x + %y ab ax + by . 

(ii) (b.m! ’ism.) 

7. Find a homogeneous and symmetrical expression of the 
second degree in x andy which shall be equal to 3 , when x and^ are 
each equal to unity, and shall be equal to ii, when 2 raa 2 ,j^i*l* 
(?, B. 1900). 
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8. A walks half a mile per hour faster than B, and three 
quarters of a mile per hour faster than C. To walk a certain distance 
C takes three-quarters of an hour more than B, and two hours more 
than A. Find the rates of walking of A, B and C. (m. M. 1899.) 


Paper VIII. 

1. Divide :r(1+-*)+/( ^ +^*)(I +;'*) 

-V^ys\ii^ i +^y+ys + ::x. (c. E. 1878.; 


2 . 


Simplify/'^ 


\ 





, and 


extract the square root of the result. (P. R. 1891.) 

3. F'ind the H. c. f. of r*—i and;r' 9 —i. (a. e. 1896.) 


4. Simplify 


■\-X^-^ax^a*■¥x*)A-a*x* _ a*+x*-\-ax 
a^-x^ a^—x^ 


(A. K. 1897.) 


5 . Find the G. C. m. of jr*+ 0 jr* + rijr 4‘6 and ;r^+.r^—4;r* —4A 

and the L. C. M. of - i4jr + 24, ;r^- 2 r* — 5 r-h 6 and .r*— 4 Ar + 3 

(C. E. 1901 and 1902.) 

6 . By performing the operation of extracting the square root, 
find a value of x which will make .r^+6.r^ -t-1 ir* -I- 3:r + 31 a perfect 
square. 


7. Solve the equations ;— 

vT" (i) {a + d)x-*‘dy=ftx + {a+d)y — /t^-i^.^(li. M. rSqfi.) 

(ii) ^+1* 

^ y ^ y 

(iii) 22r + ^-4, (a. k. 1898.) 


8 . The gross income of a certain person was /^s.4 more in the 
second of two particular years than in the first, but as’ he paid 
income-tax at the rate of in the rupee in the first year and at 
the rate of sfi. in the rupee in the second year, his net income in, 
the second year was less than his net income in the first- 
What was his gross income in each year ? (M. M. 1895.) 
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Paper IX. 

1 . Find the g. C. M. Of — 2x* — gx-2 and 5.r^ — 6 x^ - 6 x-i\^ 
(M. M. 1892.) 


2 . Divide {fi —c){x— a)^+ {c~a){x^d)^ + {a-d){x-cy 
by {d — c){c-~a)ia — i). (m. m. 1897.) 


3. Simplify 

.. ff -^Sx^ +1 2x^ - I ) - V [\Gx\- 64JI''* + 24;r* + 8o. t +35) 

' AtX*—\2X’-y 


{X- aY 4. > 

' ' {a-d){a-c) [d-aXd-C)'*" [c-aXc-if) ‘ 


(n. M. 1900.' 
(a. k. 1900.) 


4 . Add together the squares of +a){i + d)) + 

‘/{ab{i-a){i-b,}'\ and {a+ s/{i-a^)){b~ J{i -b*)}- 
{a- s/(I -+ >/(i and simplify the result. 

(M. M. 1875.) 

5 . Solve the equations 

(i) (J- 

(ii) x+ ^r+.y- (M. M. 1898.) 

a^o a+o 

y...^ ^ h ^ 3 t t>\ 

(p. E. 1894.) 

X y ^ y 

0 . Two passengers have together 7 maunds of luggage, and 
for the excess above the weight allowed free one of them is charged 
^j.3 and the other Rs.$. If all the luggage had belonged to one 
passenger he would have been charged /?f.ii. What amount of 
luggage is each passenger allowed free of charge ? (r. m. 1900.) 

7. A straight wire joins the top ends of two vertical posts, 17ft. 
and 24 ft high respectively, 35 feet apart. By means of squared 
paper, without actual measurement, find the length of the wire to the 
nearest foot * 


8 . Plot the points (lo, 5\ (-5, 15), (lo, 22) and find the area 
the triangle formed by joining them. 




Paper X- 


1. Divide (i - a*)f i - b^X i -- (a + ca)(c+ab) by 
1 —r* — 2 a^^, (a. e. 1900 .) 
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2 . Find the first four terms of the square root of* <**+jr*, and 
from the result deduce the square root of loi correct to six places 
of decimals, (c. e. 1877.) 


^ T7__ (g -W- g) _ {b-c){c-d) ^ {c-d){d-a) 

P {d-a){a-dr{a-^b){b--7) 

- ^ fraction whose numerator and denominator 

{,o-C}\^c-d) 

consist of four factors each. (m. m. 1894.) 


4 . Choosing a suitable unit, draw accurately the graph of 
3LK=2;ir + 7. 


5 . Plot the points (o, o), (8, 5), (12, 18), (o, 23) and find the area 
of the quadrilateral formed by joining them. 


6. Solve the equations :— 

a 6 0 a 


C. (m. m. 1895.) 


(ii) (a* - b*)x - (a* + c^)y^a{a — 2b) — 

2a 

~a^b~a^~~b* 


(M.M. 1880.) 


7 . If the telegraph posts by the side of a railway be 60 yards 
apart, shew that twice the number passed by a train in a minute gives 
roughly the number of miles per hour at which the train is moving. 
If eleven posts be passed in a minute, in what time would the distance 
traversed, estimated by this rule, be one mile in error ? (b. m. 1876.) 

8- 50 artjcles cost 4r. lod. Construct a graph from which you 

can read off the cost (to the nearest half-penny) of any number of 
articles up to 50. Write down the cost of 23 things, and the number 
you would get for 3J. 


Paper XI. 

1 . Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


X 

-5 

- 1 

3 

7 

II 

15 

y 

7 

4 

I 


“5 

-8 


X y 

2. Draw the graphs of —— = 1, and 5v=6;!r. Hence solve 

10 12 

these simultaneous equations, and verify your solution by algebra. 
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^ 3 . Find the h. c. f. of x^-2x* + i and 2jr* i-x*+4x-7. 

(a. e. 1901 .) 

4 . The sum of two fractions, which are reciprocals of each 
other, is 2 ^. Find their difference (p. e. 1893 .) 


5. Solve the equations : — 

(i) + * = 7+5=23. (P- E- *893.) 

4 5 54 

(ii) 5 + jJ=«» 3 ^ + 2 J'- 2 .t;k. (a. e. 1899 .) 


6. Simplify 


+ - 


2-U 




(a. E. 1901 .) 


7. The expression ax— is equal to 30 when x is 3, and to 42, 
when ;r is 7 ; what is its value when x is 4’3 : and for what value of x 
is it zero? (C. e. 1874.) 

8. A walks at 4 miles an hour, and 4 hours after his start B 
) ^bkycles after hi m at 10 miles an hour. Find, graphically, as 
• atTcurately ^s you can, how far from the start B/ catches A up. 

Paper XII. 

ft 

1 . Plot the points (15, o\ (19, 6', ( 10, 14', (— 14, 8) and find thel 
area of the quadrilateral formed by joining them. 

2 . Draw the graphs of the equations :— 

and shew that they all pass through one point. Find also the, 
co-ordinates of the common point. 

3 . Taking 7 cms. = 276 inches, draw a graph which will enable^ 

you to convert centimetres to inches and From thw- 

graph read off the value of 

(i) 3'8 cms. in inches. * (ii) 2*25 in. in cms. 


4 . The distances through which a body would fall freely in 
certain times are given in the following table 


-1- 

Time in secs. 




B 


2 


3 

Distances in ft. 

B 

B 

9 [ 16 

36 

641100 ! 144 

' 1 


M.A .—23 
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Draw the graph, and estimate the distance through which 
body will fall in 2^ seconds. 

5 . A clerk is paid at the rate of Rs.i2oo a year ; make a graph 
to determine f'to the nearest rupees) his salary for any given number 
of weeks. Writedown his salary for 23 weeks. 

\y 6. Find the area of the triangle formed by the graphs of ^ = 8 
18, ;r-^ + 8=o. 

7. The price, (P) shillings, of carriage cases of length (L) inches 
is given in a certain price list as follows :— 


L 

18 j 20 

24 1 

P 

9 10 

12 


What is the probable price for a case 32 inches long ? 

8. Two cyclists A and B set out at the same time. A rides for 
2 hours at a speed of 9 miles per hour, rests 15 minutes and then 
continues at 6 miles p^ hour. B rides without stopping at a speed 
of 7 miles per hour. When will B overtake A ? 

^ 9 Find by plotting and careful measurement the co-ordinates 

^of the point in which the straight line 2^ —3;r-P7 = o meets the 
straight line joining the points (6, —2) and ( — 8, 7). 

V 10 . At 8 A. M. A starts from P to ride to Q which is 48 miles 
distant. At the same time B sets out from Q to meet A. If A rides 
* at 8 miles an hour, and rests half an hour at the end of every hour, 
while B walks uniformly at 4 miles an hour, find graphically (i) the 
time and place of meeting ; (ii) the distance between A and B at 
11 A. M. ; (iii) at what time they are 14 miles apart. 

^ U. A woman buys x dozen apples <9 6<^per dozen and y dozen 
@ 4df. per dozen ; she sells the lot @ per dozen. Express her 
gain f>er dozen. 

I , • 12 . Find two numbers whose difference is 27, such that the 
^j.-'hirger divided by the smaller |fives a quotient 7 and a remainder 3. 



CHAPTER XV. 

DIVISIBILITY AND REMAINDER THE 0 RE:M. 

I. DIVISIBILITY. 

364 . We have already considered in Art. 115 the divisibility 
of the expressions a* -and + by a-d and where « is a 

positive integer, even or in particular cases. We now proceed 
to establish the propositions generally. We shall have to consider 
four cases. 

When n is a positive integer. 

1 . The expression a''*-6" is always exactly divisible hya-b, 
whether n be even or odd. 

Divide by a - and let Q be the quotient and R the 

remainder, so that R does not contain a. / 

Since, Dividend *=* Divisor x Quotient+Remainder, 

/, a" —d’*=»Q(a —/i) +R, (identically). 

Now, since R does not contain a, it remains the same whatever 
value be given to a. 

Ihit rt=s^, in the last equation, andw'e have 
a= + R, oro*sQ'xo+R, 

where Q' is the valm* of Q when d is substituted for a. 

But Q'xo-o ; /, Rsso. 

Hence the rejihainder being z-ero^ the trutl is manifest. 

Thus, a" - 6" = (a - b){a ^~* + + .+ b*~'). 

2. The expression a^-b'* is exactly divisible by a-ffr, if n be 

^ven, but not if n be odd * 

With the same notation as above, we have 
dn«:Q(/i + ^)+Rj (identically). 

Since*R does not contain a, it remains the same whatever value 
be given to a. 

Put aw -6 in the last equation, and we have 
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Now, when w-is even, 3 “■■^'• — ^*‘ = 0, I 

and .odd, (-*,«-#•='* 7 ') 

Hence R =0, when n is even but not when n is odd, there being 
a remainder in the latter cases!= -2^", 

a" —6*^ is divisible by a+d, when n is even, but not when n 

is odd. 

Thus, a" - ft" = («+6)fa* ■ ^ *6+a"■ -.- ft"* ‘). 

3 . The expression rt" + ft" is exactly divisible by «+ft, if w be 
Odd, but not if n be even. 

With the same notation as before, we have 
rt"+d'‘ = Q(a + ^)+R, Videntically). 

Since R does not contain a, it remains the same whatever value 
be given to a. 

Put a= in the last equation, and vfi have 

{ - d,*^+d^=Q'i — 6+6)+ R=>Q'xo + R. 

Now, when n is odd, ( — — ^* + ^** = o ^ 

and.even,( — + + = ^67*) 


Hence R “=o when n is odd, but not when n is even. 

/, is divisible by a + d when n is odd, but not when n 

is even. 


Thus, a"+ft'*=«(a + ft)(a“**-a““*ft + a"'^ft*-.+&“**)• 

4. The expression a" +&" is never divisible by a- ft, whethei 

' n be even or odd. 

With the same notation as before, we have 
a" + - ^) + R, (identically). 

\ 

Since R does not contain «, it remains the sal|e whatever value- 
be given to a. 

i 

Put in the last equation, and w^e have 

3»+^"=Q'(^-^)+'R = Q'xo+R, or R-2K 

Since R does not vanish for any value of is never 

divisible by a - b.* 

i*ll. BEUAINDEB THEOBEU. 


356 . We have already seen in Art. 219 that the theorem is 
true in particular cases. We now proceed to establish the theorem. 
generally. 
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356. Tf any rational and inte};ralexpression which contains i 
he divided by .I'-a, the remainder is found by putting a. in the place of 
t in the given e xpression. 

Let the given expression he az**+bx**'^+cx"’^+ .Divide 

It by —a and let Q denote the quotient and R the remainder, so 
that R does not contain x. 

To prove that R»-^ia’*+da"'*+fa“ *+ .... 

Hy the nature of division, we have 
ax^+bx^'^ +cx*'* + .=Q(jr-a) + R, (identically). 

.Since R does not contain a, it remains the same whatever value 
be given to x. 

Putting a for x in the above equation, we have 

+ +^a"'* +.= Q'la-a) +R =Q' xo+R 

= R, 

(wheie Q' is the form of Q when a is substituted foi x). 


357. If a rational and integral expression which contains x 
vanishes identically when x>^a, then will the expiession be exactly 
divisible by .ar-a. 

‘To prove that +f:a:“’*+ . . is exactly divisible by 

r - a, if aa" +• ba*~ ‘ + ca*'* + .=0. 

.Since by the above Art. the remaindei on division*= rta** + * 

+ cct*'*+.; hence, if the last expressioit be zero, the given 

expression will be divisible b> .r —a. 


Ex. 1. Find the complete quotient of -y^)-^{x + y). 


.Since ^ is odd, therefore x"^ —yd is not exactly divisible by x^y. 


Now — 2 y^, and x^ + v^ \'3 divisible by^r+jz. 

• x^-^y^ 2y^ 

*’ x-\ry “ x-k-y ~ x+y 


-• — x^y^x^y^ — x^y^ — xy^ -^ry^ 


2^7 

x-Vy' 


Ex. 2. .Shew that the last digit in 3*’“ * is 5, if « be any 

wliolejpUTpber.^ (m. m. i858.) 

-f I is always an oddr number, 

' A 3***!?* 4.2**"+* is divisible by 3 + 2 or 5. 
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Again, since 3*"^* is an odd number, for all its factors are 3 : 
and 2*" *■* is an even number, for all its factors are 2 ; 

3*"^‘ +2*’'^*=an odd number + an even number 
= an odd number. 

Hence 3*"^* +2*”^* is an odd number divisible by 5. 

Now, since 3*'*'‘'' +2**+* is odd, the last digit must be one of the 
numbers r, 3, 5, 7 or 9 But since it is divisible by 5, the last digit 
must be none of the numbers i, 3, 7, 9 but 5 only. 

Ez. 3. Shew that .r + 2 is a factor of —3^ + 2. 

Puttiilg A — - 2 in — 3-i^ + 2, we have 

( —2)^-3(-2)+2 = — 8+6 + 2=»o. 

Therefore —3jr + 2 is e.xactly divisible by .r — ( —2) or x+ 2 . 

Ez. 4. Shew that -v" — «r +//— 1 is exactly divisible by (.r—i)* 
when ^ is a positive imeger. 

The Exp. = (x" — I) — //(.V - i) 

= (;r- I )(.*:’** * +.r“'* + A'‘'3 +-.+ i) —//(* — i). 

Dividing by x — i, we get 

(x»’* +x'‘"^+x’'‘^+ . +x+i)-//t as quotient. 

* Now breaking up « into 1 + i + i + .. .. we get the 

quotient“(jr**** — - i)+ . •\-{x - i), every part of 

which enclosed by brackets is divisible by .v— 1. 

Hence the expression itself is divisible by {x —tiiix - 1) or (.*■ — i)*. 

Ez- 5 . Shew that (^ — c)s4-(^r — a >5 +(a-is divisible by each 
of a —^ — ^ and c — a. 

Putting in the given expression, we have 

Therefore the expression is divisible by a ~-d. 

C 

Similarly, putting 6 ^c and successively, the expression may 
be proved to be divisible by each of arid c—a. 

358. Indirect Multiplication. Sometimes it is convenient 
to find continued products without the trouble of actual multiplication 
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fix. 1 . Find the continued product (:r+«)(;ir* + «*)(jr*+fl^)(.r*+rt*). 
I.et P denote the continued product required. 

Then P « (;r + a) (;r*+ a*) (;«♦ + rt+)(jr* + a* ). 

Multiplying each side by jr-rt, we have 

- rt)P = (;ir - a){x+a)lx*+a^)(x*+a*)(x^ + a*) 

=(;r* - a»)(x^ +a*){x* + a*){x»+a^) 

-=jr‘6 —by successive multiplication. 

P= ' ^— ^x'^ + ax*^ .+ +a‘5 

X — a 


359 . Find the condition that ax^-¥bx + c maybe a perfect 
square. 

Using the ordinary rule for square root, we have 

, ✓ b 

ax^+bx+cf ua.x+ —r- 
t 2 Ja 


2 Ja.x-i — - 
^ 2 yja 


bx + c 


4 


I_ 4 « 

c - 

4ti 

Therefore ax*-\rbx-\-c will be a perfect square, if 


b* 

c -=0. 

4a 


Hence ^* = 4<ir, the condition required. 
Otherwise thus\ .Since a:r* + ^.r+r is a perfect square, 
ax‘^ ■\-bx^c^{Ja,x-\- Je,*= «.r* + 2X Jac+c. 
Now, comparing coefficients, we have 
b^2^aCi and ^* = 4ac. 


Exercise CXSXII. 


In each of "the follo\xjing examples, state whether the first expres¬ 
sion is divisible by the second, and where it is so divisible, find the 
quotient*:— ^ 


1. a^-f^+byaq-^. 
4. a^+b^ by a+b. 
7 . a^+b^hya — b. 


3. a^-^b* by a+b. 
5 . a* —by a-^b. 
8 . (i^-~b^ by a+A 


3 . ^ + by a-~b. 
6. a^-'b^ by a + b. 
9. a* +i* by a-b 
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10 . rt*“i*bya —d. 11 . by a + d. 12 . - 3 *s by a + i. 

13 . «**-^'* by rt* + ^*. 14 . rt"+^" bya-^. 15 . a‘6+ 3 * 6 by«*+ 3 *. 

18 . Shew that 22*“+' + 1 is divisible by 23, if n is any positive 
^ integer. 

17 - Shew that {2x+yy^ + y'* is divisible by x+jf, when n is odd. 

18 . Shew that 1 —x - x^ -{-x”^ ^ is divisible by (i —x)^, when // is 
any positive integer. 

19 . What must be the form of in order that a™ — ;t"* may 
have both rt'* + r” and -ar" for divisors, n being any positive integer ? 
(M. M. 1875.) 


20. Shew that 2^" —i is divisible by 15, if// be a positive 
integer, (m. M. 1875.) 

21 . Assuming that jr"—y” is divisible by x—y, when n is any 
whole number, shew that (« 3 )" — ( 3 ^)'* + (a*)” — (^a)" is always divisible 
hy a6 — dc + cei - da. (M. M. 1873.) 


22 . .Shew that (a: — i)® is a factor of nx^*' -(« +1 )x” +1 , when w 
is any positive integer. 


23 . .Shew that (i-;r)*"-(4--7A'-,v*)'‘ is divisible both by .r + 3 
and 2;t: — I, if « be any positive integer. 

24 . .Shew that (2a+ 3 )" - (a+ 23 )“-a”+ 3 ’* is divisible by a* - 3 *, 
when n is any whole number. 


25. Divide x*+x^y*+x*y*+x*v^+y^ by x* - x^y + x^y* " xy^ 
+y*. (C. E. 1870.) 

2 ^^Divide - i - 5 (;r- i) by (.ar- i)®. (P. K. 1893.) 

27 . // is . a positive, wJiole mumber, shew that the last digit of 

28 . Prove that b*" +7"+ 6 is divisible by 7, n being any positive 

integer. ’ ^ 


29 . Shew that 4(4^+ 3^) ends in two ciphers.. 

. 30 ^ Shew that 5,^+7* is divisible by 12 and 4^+3® by 25, without 
eraainder.. ' ' 

'' i' ' - 

vide i+a+a* + fl^+rt*+rt® + a^ + a*+ 4 ^-^a*^ by 1 




i«+a6. 

^ ( 

' 32. SWw thi^ (i ~'X'f is a factor of 1 

If ^cx^d be a perfect square.'j^shew that the 
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Shew without actual division that the following expressions are 
exactly divisible by each of a —d, b — c and c^a. 

34 . bcifi^c'•\-ca{c — a)-\-ab'^a-’b\ 

36 . a{J) — ci^-\‘b{c — a)^-^c\^a — b)'^. 

37 . (^-t )7 + (f-rt)^+(a-/^)^. 

38 . Shew that ;r»‘(;r - i) - i) is not divisible by x +j|/, what- 
ev'er positive whole number « may be 

39 . If ;r"+y be divided by x—y, shew that the remainder 

JS 2J/". 

iO. Write down the product (1 +a)(i +«'*)(i +a*K* 4 -rt^®). 


CHAPTER XVI., 

HAKDKK SIMPLE EQUATIONS. 

360 . Kumber of Roots. A Simple Equation innnot Juivc 
more than one root. 

The general form of a simple equation is a£C + & = o. 

If possible, let a and B be the two different roots of the equation 
fix+b=o. 

Then, we must have identically 


rta+^=o 1.(i) 

and a/ 3 +^*o J.(2) 


Uy subtraction, a(a-i8) = o. 

. Now a is not zero, (by supposition)* 

/, a - j 3 afe o' and /, a i8. 

Hence a and fi are not different , from each other, which is 
Vbntrary to the hypothesis.. . 

4 * 

Therefore a simple equation has only one root. 

N ' * ' 

\ Principle of .Idontity. If a simple equai||||t is satisfied 
% tpOre'than value of the, unkno'fivn quantity^itjW,ft Identify* 
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Suppose the simple equation rt,r + d=o is satisfied by two different 
values a and 0 of x ; then as in the preceding Art. 

a{a — 0 )=o 

and •/ a — 0 is not zero, /, a is zero. 

Substituting the value of « in (i) or (2) of the preceding Article, 
we evidently find ^=0. 

Now, because a and d are each equal to zero in the equation 
ax + d = o, any value of x will make the left-hand sidc=o. Hence 
the equation is an Identity. 


362. Common 

the form 


Factor. When an 
AX = o, 


e(|uation is reduced u* 


where the expression X contains the unknown quantity x and the 
expression A does or does not contain x a', all, then 

1. When A contains at, the equation is satisfied by either 
A*bo or Xsao, 

from which equation^., the roots of the given equation may be 
obtained. 


2 . Wlien A does not contain we can divide both sides of the 
equation by A, and obtain 

X = o, 

from which equation, the root or roots may be obtained. 


I. EaUATIONS NOT INVOLVING FRACTIONS. 

363 . The following are typical examples. ♦ 

Ex. 1. Solve3(:r+i)*-»-4(.*r + 3)*=7(j«^+2)*. 

Since 7(:r + 2)*"»3(.r + 2)*-t-4(jr-H2)*, by transposition, we gt: 
3 {(^ + 0 * - (^ + 2)*) = 4 {( A' + 2)* - -I- 3)* }, 

3(2-v + 3)x -i = 4(2^ + 5)x - I, Art. 124 . 

Dividing both sides by - i and multiplying out, we have 
6;r-»-9=8j: + 20,/, -2.jr=*ii, /. - 5J. 

Ex. 2. Solve ix-a)^ + {X’-d)^+{x-c)^=s^{x-a){x-d){x-c). 
By transposition, we have 

(x - a)^ ^x - ^ -k (.r - c)* — 3(jr - a){x — i){x — c)^o. 
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Now, the left-hand side 

^^(x-a+.v--/f+x-c)[{{x-^d)-(x-c \* + {{x - c)-{x-ay 
+ {{x-a)-{x-l^y, Art. 332 . 

= ^3'^ — a ~ d-€]{{&- y + {c - a)* + ((? - 6'/). 

/, 3.r-a-^~c=o, Art. 362, or jr= ifrt + ^> + 6). 

Exercise CXXXIII. 

.Solve the following equations :— 

1 (^ + 5)^ + 5('i'' + 7)* = 6(.r+9)*. 2 . 4(^+0*+9(''«^ + 2 )* = i3(.v + 3 )* 

3. ( 5 .*+ 2 F)» + (7.r+36)*=(7.r-H4'r)*+(5i:+13)*. 

4 . (.r- 3 )-*- 3 (ji:- 2 ) 3 -H 3 (;r- 1)^ “;r’=9-,r. 

6 (x-a)'x^d)~{x-ti-fiy. 6 . (x - i)^ =x{x ~ i)(x - 2 ). 

7 {x + a)* (.V -I- <5;* + {x + c)^={x- (if + (.r - Al)* -I- {x - c)*. 

8. 27(.r-2)i + (2;r- 5}3 4-(3Jr-7)^ = 9(-V-2)(2;t:- 5)(3^-7). 

9. (. 1 * - 2rf)3 +(.r - 2i},^ = l{x-a — b)^. 10. (x— 5)^+(.r — 7)^ = 2(.sr-6)*’. 

11 - 13^* + 3 <^ - 2;r)* -I- (3^ - 3a - 1 - 2x)^ - (3^ + 3^: - 2,1:)* «(^b - 3c + 2.r)*. 

12 {X- 2)3 + (^ - 5)3 + (,r - 7)3 = 3 (.r - 2){x - 5 )(;r - 7 ). 


II. EttUATIONS INVOLVING FRACTIONS. 


364. Multiplying across, fi^ ad^br. 

liquations such as the following can easily be solved by the above 
method. 


Ex. 1. 


Solve 


63 ^ 45 

7-^+3 93^ + 1*' 




Dividing both sides by 9, we have 


-J- * _5__ 

7 .r +3 9.r + ii ' 


Multiplying across, 7(9J!‘ + ii)*5 5 ( 7 ;v + 3) ; 
or 63;r + 77»35.if + i5 ; /. 28;r=-62 and /, x=-%l=^-2^\. 



3^4 
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Ex it 


Solve 


3^-7 

v+s 


6 x^j^ 

2 X +7 


Multiplying anoss, we have 

( 3 ^- 7 )( 2 r + 7 ) = (v + 5 )( 6 ^ - i) , 
oi 6^*-t-7ir-49 = 6;ir* + 29» — 5 

Siibtiactmg 6 x^ from both sides and tiansposing, we get 
yx - 29^ = 49 - 5 ; — 22;r = 44 and .*. ;r = -2 


365. Convenient Transposition. In Equations like the 
following, combine by iiansposition of terms, the simplest fractions 
with like denominatois 


_ - ^ , io;c+i 7 

Ex 1 Solve - 

, I2X + 2 

liansposing, -_g = 


i2r+ 2 _ 5r-4 
1 If -8 9 

5 t - 4 lor + 17 
9 18 

ior-8 - lor— T7 
18 


25 

18 


Alultiplying atioss, i 8 (i 2 ;r + 2 ) = 25 (i i 4 r- 8 ) , 

01 2162:+36 = 2751 --200 ; /, 2i6r-27i;A=s -200-36 , 
01 -59t=-236, and/. 1=4 


_ - . , 6r-7t i6r+i 124 —8;t 

Ex. 2 So ve ' + 2 V+ —=4Ta^— - - 

I3-2A ^ 24 3 

, 6a -7t « T2S-8a- 164:+1 

l.ansposmg,—^^ = 4 t'5 - ^ - — 

_ 106- 101 +64^-484:- i6r- I 
24 

Multiplying acioss, 13 —2r=6(6r--74^=»36;if-44, 
-38.r=-S7, and ;r = 4J = ^=ii 


366 . Bednotion « 1 i 7 Division. Sometimes it would be 
advantageous to biinglmproper fractiop^ to mixed quantities, so as to 
make the integral pans on both sides ol the equation the same 



HARDER SIMPLP: EQUATIONS. 


Ex. 1 . Solve ^■*'"'^ = 5. 

x-l X+2 ^ 

By division the equation reduces to 

( 3 +.r- 7 )+ = . 


5 8 

or —^-- - =0. 

x-i x+2 


Transposing and multiplying across, we have 

5';r + 2) = 8(.r- i), or 5.r+ io==8;r-8 ; 
/, — 3.r = - 18 and x = 6. 


Ex- 2 . Solve 


3^-14 31 - 8 3 -^ - 32 3 '!^ - 26 


x-^ x-2 


,r -9 


By division, the equation reduces to 

(3 + ~ 5 )- {3+^,)- {3+--)- {3+^) 


X - s X — X — n x-1) 

Simplifying each side separately, • 

{x- :i)-(x- S) (x q)-(X- ll) 2 2 

- ^ -=LL — - ^ ---- Q|---- 

(■^^-3X-i“5i 11 ; ’ (.r-3)(.i^'5) (^-9X^-i»; 

Dividing both sides by 2, and multiplying up, 

(;r-9)(.t:- 11)= (.*■-3)(;r-5), or x^ - 2ox +gg=x* ~Sx + 15. 

- 122r - 84, and x =» ? a = 7- 

o Cl 2 X-S 4 

Ex. 3. Solve-- 

3 X-S 3^-4 3 

Multiplying all the terms by 3, we gel 
i 8*- + 3 6;r^i5 

____ =4. 


V 

By division, the equation reduces to 

^6+ \ - (2 - ™\=4, or -lO. 

^ V 3 ^- 5 / \ 3X-S 3^-4 

Transposing and multiplying across, we get 

33(3^-4)= -7(3^“5). or 99^“'32“-2«^ + 35 J 
• 120jr «= 167, and ^ = rl o * tVs- 


• • 
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367. Suitable transposition and grouping of 

The following are typical examples. 


, Ex 1- Solve 


11 


2 X + (^ 2 X-^ 2 x — y 


II 7 f I I ) 

by transposition, - + = 9 i- 1 - . )• 

^ 2 ,r-fii 2X-~7 I 2 x — g 2 A' + 9 j 

. I i(2;ir-7) + 7^2.r+ti i_ 2;r+ 9 + 2Ar--9 

( 2 ;r + ii;( 2 ,r- 7 ) ( 2 x-g}{ 2 x + g) ’ 


or 


^6x 


36a: 


. Hence x = o, .^rt. 362 . 


4x^+8x-77 4Ar *- 8i 

and 4 x^ + 8x-77 = 4x^ — Si. 

(Cancelling 4x^ from both sides, we have 

8.r-77=-8i, 8^:=—4and /,x=-}. 

, - =—• (m- 1884). 

ior + 9 45 .r +2 i8a’+5 

Ji *7 ^ A 

Here, 


io.r+g 45A' + 2 i8Ar+5 i8a:+5 i8a: + 5 


By transposition, 


Simplifying, 


4 


io,r + 9 i8a: + 5 iBa: + 5 454^ + 2 


3^84:-4I 


4 ( 27 x-^) 


(ioA-+9)(*8Ar + 5) (i8Ar+5)(45.r + 2) ' 
Multiplying by iSat+s and dividing by 14 

2X— T QX — T , ,, . , ., 

( 2 ^-i)( 45 ^ + 2)“(ioa: + 9 K 9 ^-1 

io4r *7* 9 4 S'* ■ ** 

or 90 .t:*- 4 Li ^-2 = 90 Ar* + 7i^-9 ; /. -4i-i^-2 = 7i^“9 
— I I2,r= — 7 and ,*,*A’**y= Va¬ 
ses. Altemando. then ‘will 

o a c fl 

t 

The following are illustrative examples. 

« « c- 1 A-*-8Ar-fi5 x -7 

Ex. 1. Solve — 5 — 7 —-• 

AT*- 62:+6 x-S 


terms. 


) . 
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Alternately, we have 


x*~‘Sx+i$ x^-6x+6 


. 1^-7 


By division, ;r—i + — -=A'-I + * 


x -7 


X — 


X — 


.. > 


8 1 

/. ;if~7-8(A-5) = 8jr-4o ; 

-7^=-33 and x = V-4^- 

■Cl 01 /sjr-isX* A-ii; 

Ex. 2 . .Solve I -1 = 

\ 2 jr— 13 / .T -15 

Alternately, we have — 

X— 15 

4 ;r* — box + 22 5 _ 4 .r* — 52 : 1 : + 169 
x-\s *” ;ir-i3 


or 


225 t6o 

By division, 4 .v 4 — =4;r+ —~ 

^ X—l^ X - 1 ^ 


225 


i6g 


, or 225(x~ [S)=i6g(x~ 15) ; 


jr-15 A'-I3 

/. 225 A -2925 = i 69 ;»r- 3!;35 ; /, 56^ = 390; 

• V_ 3 <» II _^9 T 

. • X — — Da^- 


V 

359 . Ad Important Formula. 

nia + nc 'itui - ue 
nib + nd^^ ^ tub-ml' 

where m and n may be any quantities whatever, inteijral or fractional, 
positive or negative. 


Ex. 1. 


.Solve 



\X + 11 )(x + I 3 ) 
(2r + 7 X.r + 9 ) 


Multiplying out, 


x* + 2i y+ii4 x* + ^x •+■ 143 
2r* + i6.r + 64“ a*+16^+63 


. , diff. of numerators _ 144 -1^ 

,, eac Qf denominators 64-63 ^ 

/, A* + 24 A- + i44=A-* +i6ji:+64 ; 

8 x= —80 and x= - 10. 






368 


MATRICULATION ALGEURA. 


Ex. 2. 


Solve 



2;i:+ir 
2X + S 


Multiplying by 


2 X + 7 

2 ,r +9 ’ 


/ 2;r + Q \* _ (2X + il)(2X _ 
\2,r + 7/ ” (2.r + 5A22r + 9) ’ 


Multiplying out, 


4 r* + 36 r+a i^ 4;r* + 36£_+77 
4;c*+28jr + 49 4A;* + 28 r + 45 ’ 


each = 


diff. of numerator s 
cliff, of denominators 


81-77 

49-45 


4 

4 


= 1. 


4.i'* + 36 ;r + 8i=42:*-l-28;r+-49 ; 

8.r= -32 and /. 1:= -4. 


1 . 


Exercise CXXXIV 

Solve the following ccpialions • 
jr+l X 4 


2 3SX 14 


2 .r I - \x _ v - I X 

■ 3 4-^ “ 2 6 


„ 2.r + 3 dx I 'ox + 2 r + i 

6 . + = 4 — - . 

4 3^3 6 


4. - - - 

4^-3 3^-5 




Ny 7 i-|2r_2;r + 7 1 -a' 

3 42: 12 2 


. (15. M. 1885 .)/l 8 . 


22f+J 62--3 

x + 7 3^“- ’ 

5£j-7_ 152:- 11 
2:+i 32:+! 


V 9. ■°(^+^)-"3"6.r(|-'J.(C.E.i859.U0. 

54/ 


42:- 17 3f-222r 

9 " ~ 3I 


2r-i 5\2r-i 3/ 

22;-3 22:4-6 


23 


10(2:- I) * 


(a. e. 1891 .) 


13 . ■ (c. F.. 1868.) 

Sx-2 S ^+37 9 12-52: 18 ' 


,c 2 ( 4 ^+ 3 ). 3 

“• 'T+r+;r+i' 


10 ?£±i . 7f j: 3 ^ 6 

14 62:4-2 7 
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19. 


-+ 

^.X + I 


I 

3 ^ 


*= .*■+!. 


20 . + 

34r + S 6 2.r + 3 


X^0^ + 47 i2;«r + 38 5r+ii 

i« i3'^ + ^3 9 


(M. M. 1871.) 


V^ 23 . 

23 
% 25. 
* 26. 

27. 

\ 

28. 

. 0 . 


6a: + I3 _3^ + S _ 2r 
15 ”5^'-^5“ 5 ■ 


r — 

2.ar - 15 1 

^•+7"" 

2.r-6 2,jr + 7i 

7 A'+ I 


r- I ' 

9 \;r + 2) "^^9 

1 

1 2 

- 4 


X— 1 

x -'4 r~ 1 ' 

* »j 

6 

1 2 • 

3^-5 

‘ r-s~ 2.r-s' 

i 7 

to 1 

6.r + 17 

32:- 10 1 ~2X 

6- 5r 

7 -2X^ 1 + 

'5 

I4\r-i)“ 21 


(r. m. 1871.) 


34. 


132.^ +1 ^ 81^5 
3J«r +1 x-i 


( a . e . 1896.) 


(C. K i860.) 


(C K. 1871.) 


29. +,-L - ^ 

r 2 .*: 4 *ri 6jr + 5 4 j«: + 7 


2X~2l, 


105 


31. = 

.r+i 32 r + 2 ^ x+i 


32. 


/ 4 *- ^ 4 + 2 \ 

V 3^-2 /■ 

33. 

2r4 3 4 ^+«i ^ 3/1+3 

.r+i 4Jf + 4 ' 3.»^+> ' 

(H. M. 1889.) 

^.34. 

.'2. =.6.-2(^+-^V 

X + 2 \ 4 :+J / 

(C. K. 1873.) 

35. 

I 74-1 84-5 

3 6 ^- 3 ^'“ 3 -2 

• 

IC. K. 1888.) 

' 36. 

1,1 ' + ‘ -0 

4-J 4“ 4 + 3 x + 4 ~‘ 

(m. .m. 1887.; 

37. 

4 -l 4-2 4-5 4-6 

(C. K. 1865 .) 

4-2 4 ~ 3 ^ 4-6 4 - 7 * 
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M.A.'*~'24 



370 


MATRICULATION ALGEBRA. 



- ^“ 5 , 

_ ?"7. 

X— 4 

X— 10 

x -7 

^-9 

^ x-6 

X . 

Ci-X 

J'+r , 

8 —X 

-h 


— + 


X —2 

7-x"" 

.*■- I 

6-x 

X -2 , 

X-3 

X— l 

x-4 

~-h 


-h 


x-l 

x-4' 

x~ 2 

x^S ■ 


(B. M. 1887.) 


(C. K. 1887 & M. M. 1890,) 


2X+11 gv-g 4-1 + 13 rsr-47 , j o > 

x + S 3-’'”4 -v + 3 3.t 10 ' 

6-zx 3 7 - 2 »* I i+3r I , , 

—— • I = ^ -x+--. (m. M. 1867.) 

5 14 2r-I 10 7 35 ' 

77 r^_ 5 +A 3 _. („, ,88,.) 

3^ “4 iC*"-'; ^ ;i'-i ' ' 

I 

4^-17. io.r-13 81-30. 5.r-4 

- mm + -^ -t*-• • 

jr - 4 2.r - 3 2x-'7 x~~ I 


5 jli+^_- 5 +£=, 9 = ^ 

X— 5 x-g X- 1 

x--4 x ~7 , X ~2 

— - + - + —=3. (m m. 1S75.) 

I Jt — 3 Jf — 9 \ t J / 

3 - 26 ^ 5.r-24 ^ 3jr- 
jr 7 A -9 “ ;r- 5 2:- 11 ■ 


2r*-2r+i jr*+,r+i 

-1- ——- —2X. 

x— l x-\-1 


I ±^_ 2 + 3;r I + .3jr 

i-x 2-^x 1-3X 


ix-t.lx- 3 )'^ ^x-I)(Ar- 6 )'*'(x- 3 )(x- 6 )~x' ^ 

jr*+2;r + 2 + Sx + 17^ ■r* + 4;r+s x ^+ 6 x +10 

X+l X\-4 "* X + 2 X+3 

I 2r-4 ^ I A' - 16 2 ■^36__ 92 

V ^-25“ > 3 '-^- 49 “ 585 * 


x -7 


x-g X-2S x~4g 


>■{■1 


'* 5 5-'I: 

.r+i ;r + 4 


+ 370 


= 29 1 


64 . 

3jr-4 42 :+! j: + 7 

ri7“7r. 8r+c;i;l 


z+2 


x + 3 
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68 . 


4’'.-5 

X- I 


(jr + 6 ;(ji: + 9 ) 4:4-12' 


87. («Jl!9y 

jr-9 \2x-17l 


89. “.ri+^:J.= 3j: + 8 

4:-l ^-3 .T4-2 


^4r4-r(-*' + 9) ( 4 - 4 * 6 Vr 4 - 10 ) 

00, —^ B.-^-. . (m. m. 1889.^ 

( 4 : 4-2 4 r-F 4 ) i4r4-5A-^ + 7J 


4J05 _ J3 _ I ’8 y 6 _^ 

gx *8-24: X 24-6x 


. (c. E. 1881.) 


ar> (x-gVr--7) _(x-2)'r~4) ; 

® '( 4 :- 6 )( 4 :-ioj“ i 4 :-iX:r- 5 r 


63. 

\ 4 r+ 9 / 4:4-11 

65 . (^n'= 

\x~6! (4r-4;t4:-8; 


64 

^+5**4:*-i-5i 4-9 


66 . ( 4 :+ i)(x + 7]{2^ - 2o) = (x^ - SX + 2){x*+iix+iS). 

— . 2 20 _ 6 


67. 54 *' 


_^^29 

* 5 


-y 


= I. M. 1891.) 


4-4" 


(a. e. 1893.) 


7-^- 

^~ 7 -i 


69. -f — —5 - 4 - =0. (M. M. 1873) 

■*■ — 3 2:4-9 4:-27 .'*'-15 


3-4: 4:-3 ( 4 f 4 -ij* 4 - 4--1 3 

(m. M. 1877.) 


370. Literal Fquations. The following are typical examples 
of Literal Equations. 

9 

Ex. 1. Solve .- 4- -=«*4^». 

ox ax 

Mulbiplying hy ahx^ the L. c. M. of the denrs., we have 
a* 4- 4- b*)x^ 

, 4. A* I 
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£z. 2 . Solve —(c. K. 1892.) 

X •{•0 A + tt + v 

Multiplying crosswise, we obtain 

(^+ *).Ar + («+^) = (-ir+-3tf)(4: + ^), 
or X* + {2a + d}V + -lifi + 6)*mX* + {;ia t fi)x + ^a6. 

Cancelling x^ from both sides, we have 

(2ci + fr}x+a[u + ^) = (3rt + 6 )x + ^ad. 

By transposition, \2't’i-d)x — {^a+d)x = ^ad'-a(a+d)y 
or ( + ^) - (3'? + ^ } r = tf f 3^ - (<* + ^1}, 

/, —ax = u{ 2 d-a)y and /, r=*« —2/^, (dividing by a). 


•r-i n o 1 /// 1+rt nx + fi) 

BjZ- 3. Solve - r -r +- -=sm+n. 

x +6 x+ 4 

] 3 y d'vision, +« (* + —m+n. 

- in''-b nn-h\ m n ... ... , 

•-=-, or -w«=>-, (dividing hw a —o) 

x^b jr+-a ’ .T+ii 

/, ;«'r+ ii) = «(r 4'^;, or mt + m i=nx + nb. 

^ / \ a. j • n^ — ma 

By transpjsition, (;«-«)a:»««^ —and , , -. 

in —ft 


Bl. *. S^lve V 

j. \2X{-t1 + L/ x-\-d 

1 2 r 4 -^ 4 -^* C 2 a^ 4 -^ 4 -c)* 

Alternately, we have-- -- , 

.4J -f-ti X T O 


^ 4 r* 4 - 4 '« + <^)*' 4 -'^ 4 -<r * ^r^^Aib-^c^x+fb-^c^* 

Multiplying out, -- J+b - '' 


By division, 4(r 4 -^^)+ - - = 4 ^.r 4 -^) 4 - J 

: .*. {a-cnx+b) = {b-mx + a). 

.ir + <» X-ra 


{b-c* 


Multiplying out and transposing, we have 

,% (a - ^,(« 4 - ^ —a'^* - 2^c 4 - - 2/?^ 4 - " 

*» (a - ^ V* — a^(rt - ^) -1 ((« - ^ )(r* - a3) ; 


• • 


X 


C* - fth 

a + b-~2c^ 


(dividing by a-b). 
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Ex. 5. 


, ax-\rb +A•■ + £: 

oOlvG — i 2 i~ I • 

pX+^ px^-\-tjX\rr 


Here, 


axArb x‘ax 4 - h) 
px-^q" x\px+q) 


nx^ bx C 
P^*+q^ r 


9 


each = 


diff. of niimer.'.fors 
Uitf. of deiioniiiiriivjis 


c 

r 


f'{ax + b)=*c{px 4- q), or urx + br=>pcx + r^ ; 
/, {ar-pc)x=^cq~br^ and /. x= 


« « . , x — fi X —\b x—^c , ^ ^ 

Bl; 6 . ;,olve 3 . (c. K. . 896 .) 

Here, ( ^- l) + (^“ - A = 0 , 

\3« + Sc ) \5<;+‘ •/ \< + 3^ / 

* — .r — rt — 33 - 5c 

----- --J.--•- -=aOr 

Hence a: —— 3^—5i:=o, Art. 362, 
jc=aa + j^+ 5 c. 


Ex. 7. Solve / + - - + —- . 

X-\-6i A - 3 a .1 


T% . . I 2 

By transposition,-+ — 

^ ^ X T ox X - 3U 


6_ 3 

A “t"** A- + 2(i 


Ar-3'r + 2(jr+6«^ 

\,X + 6aj^AT - 3a) VA T u, A + iUf * 


• 3fl+Q« __ _ -ar 4-Q.r 
(Ar4-ba.^A - 3a; t- .y a r ac*;,‘ 

3 *' + 9 <»=*o> Art. 362 ; 

3A = “9a and at* -3a. , 

t 

The other equation, (at + 6a fjr-3a)-(AT+ a)(Ar 4-is inadmiss 
ihle, lor it wul be lound not to contain a at all. 


Ex. 8. 


Solve 


/ a: ^ X - 2a 4* b 

\x^6/ "" xi-ii-~?a* 
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Adding i to both sides, we have 

(X - + '.v x — 2fl + fi + X + a — 2fi 

x+a^2fi ’ 

j '.r -//) + ( r - d)}{fx - -(x^^yx 7 b) + ^ - ^)* \ ^ 2X-g-b 
~ {x-b}^ x + g-2b 

( 2 r-a-b)i(x -j^x - ffYx - fi'' +^x-b)^\^ 2 x-a-b 

.*. >,f-a-d =--o, Art. 362. 

/. 2 x—a + b and x=^(fi + b). 

The other equation, namely, 

{{x- a)* ~{x- u)[x bf}{x-\-a - 2 b) = (^ - 

when simplified, will be found not-to contain x at all. 


^Exercise CXXXV. 


Solve the following equations : 


^ bv av-b^ 

1. a. -- - —. 

a c 

axa cx-\rd 
' c be 

« ^ at* 

6. . - ^a^~b*. 

bx ax 


8. 


18 . 


n '* b d 

2. -+ - - =0. 

X c e. 


^ X x 

3. + . = c. 

a b 


dx 


(tC + 


ax 


d ■ 


„ ax CX I, rt ^ 

7 . ^ + y^gxMr-^Kfh-cx). 


ax bx 

+ 


I 


b^x-\-C] a^x-i-c) 

6 . 3 : + a 3^:-^ 
*U« “■ “• • 

4t+^ 2.f-a 


= 1. 9. + 


I 


I 


ab -ax be— bx ac — ax 


. (h. M. 1890.) 


X a + jr 2 a-b 
a + jr x 2X 


11 2r+'» + 

“^x-a) 2{x + a) "* 

13 . . (C.K. 1866.) 

^x + r px-r 


14 . {a+x){b-\rx)-a[b + e +^*' >868.) 

x-a x-h , X . X 

15 . -—. . (c. E. 1866.) 16 . - - + , 

a — b 2 x — a 2X — 0 


'-a 


I. (C.E. 1899.) 
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Hi • -J-p • ('’■ =■ ■*«■) 


b a — b ox nn b a-\rb 

- _-^. (c. K. 1859.) 20. ■ +—, =-. 

x-a x-b x-c ^ x-\-a x-vb x-^c 


a-\rb 


+ f —“ 2 . (A. K. 1893 .) 22. ' + - ' = -^. 

b-a b~c * x + a ,t-i-b x t-a + b 




a-x* b-x c-x b-x* . yo, . 

--- _ . . _ , (C. u. 1886 .) 

bvcb'ct 


x^ x-b x — c_x — (a+b + c) 
b 'c ^ a ~ abc 


(c. K. 1865 and M.M. 1863 .) 


^ ‘ ,= “.-- 7 -*+ ' • (A- K. 1894 .) 

.r + rt x^b x-^-a-\-b x 


x~a x-a\-c x-b~c x-b 


(c. K. 1890 .) 


x — a x-i%-\ x—b x-h-\ 

— - - »=■ — •, 

x-a-i X-a-2 X-b-\ x -b-i 

^abc a^b^ ( 2 a-^b''b*x ^ bx 

a ^ b + + 3^-*^+ 


[a-b)[x-a) {l - tf}{r - c) {a-bix-b) {c-d){x-d)’ 

(C. E. 1891 .) 

{x+n){x-k-b) (r + cKjr + r/', ^ ox- 


x^ra■^b 
/ 2 x-a\ * 


X + C+(f 


. (a. E, 1892 .) 


x—a 

x-b' 


38. 

\x-b > X- 2b 


v^ 33 . 


{x-aYx-\rb) x(x-i:)-b(x+c) . 

x-a+b x-b-c * ’ 


* , . » _ [ _._J_ 

(.r -i- a)* - 3 * (.*■ + b)* - <1* ** jr* - (a + ^ ^ j:* - (u - b)* 

aXc b + r „-c b-c ,_ 


X-2b X—2a X + 2b ar + 2rt 


. (M. M. 1888 .) 


x-6ab x-2a€ x-2bc ... 

-- - -3a + 2^+c. 

3u + 2^ 3rt+f 2d + i: ^ 
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VI a-x __ 2 fi* 

a*+ax +,r* ^ «* - ax + a* ~~ t a^x * 




;ir + « /2f + w + r\- ' a + x , o„. , 

38. - 7 -« I—- I . 39. i6l- I ^ — . fc. ic. i886.) 

x^fH \ 2 r + w + r/ Vrt + ;r/ a-x 

40. —+ — 7 =-+ —rv— • (k* 1882 .) 

;r+rt x-\-o .t+a-6 .»r + ^ + 6* 

-- A+4« + ^ 4:r + rt + 2 A mx-a — b mx-a-c 

41. —— -r+ -1 43.- - =• - . 

x + a + 6 x + a-b nx-r-u nx-b — d 


III EQUATIONS INVo .iVING SURDS. 

371. The following general method is observed in holving 

Irrational Equations 

Bnlo. Transpose to one side of Ifie e^ uaHcn a s.'rgfc redicai 
term by it setf and then si^ttai e (r tube {as the case mm be) both sides 
to get rid of this radical. Kef tat this f mess unlit at y nmaitun^ 
radicals in turn are removed. 

C» 

Ex. 1. Solve \l{\2-\-x) — 2-^ 4x. 

Squaring both sides of the equation, we have 

12+.r = 4 + 4 v^.r+jr ; /, 4 8, iby transposition). 

^ Dividing by 4, ^x=2, and /. ;r=4 (by squaring). 

Ex. 2. Solve 3+jr- sl'x^-i 9) “2. 

Transposing, 4 9) = i ■¥x ; 
squaring both sides, .1* +9 = i 4-2r+ 4r* ; 
transposing and taking away jt*, we have 
2jr=*8 and jr=:4. 

Ex. 3. Solve’»/(«+.!:)=.*»r(,r* 4 8a;r + ^*). (b. M 1865.) 

Raising both sides to the 2wth power, we have 

I I 

{(« 4* r,”}*"*={> * + 811^ 4 b^Y'”}* «, 
or (<*4*r)**=tr*4-8rt.r4^* ; «*42fi;ir + .*-*««j;*4-8ii.r4-^* ; 

cancelling jr* and transposing, we obtain 

6rtx*ia*-^*, and /. r==' ——. 
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1 . 

3 

4. 

5 . 
7 . 

9 . 


11 . 


13. 


15. 


17. 

19 . 

81. 


KgUATIONS INVOLVING SUkT'S. 

« 

Ex. 4 . Solve + + 

Clearing effractions, /. e. multiplying by J^2r4 3', 

2X + S=S+J{2a +7A2X + ^) ; /. ,J{2X + / (2a:+3)«2Jt-2 ; 
squari ng, 4X^ + 2o.ar + 21 = 4 r* - 8r -P 4 ; 
taking away 4r* and transposing, we obtain, 

2Sx= - 17, and /. r= 

Ex. 5 . Solve N/f4^ + 5 )“ Jx^ ‘^{x+^). 

Tianspo-sirg, v'f 4 *'+ 5 )= V{;r + 3\ 

.Squaring, 4 r+ 5 =jr + 2 ^(A* + 3 Jt)+.v + 3 . 

Transposing, 2 J'x^ + ^x)^^ 2(x+ 0 . 

Oividiog by 2 and squaring again, we have 

•»'* + 3Ars=,r® + 2jr+1 ; /. jr--i, (by transposition'. 


Exercise CXXXVI. 

Solve the following equations :— 

15+\/(^ + 7 )= iQ- (C. E. 1880.) 2 . 5+7 19. (cE.iSsq.) 

;,yf 3 r)- 4 === x/'3A' + 4)- (c. K 1863,) 

i)= I + ^’5r-2). (c. e. 1875.) 

+ n/ 5^+2. 6. J V'i7-i^--2'S) + |=»igV 

>Ax+ 9)°’ ^ Jx. (t:. K. 1861-62.) 8. 22r-h .o) + 2 V(.r + 6)«2. 


84:+ 4 
•/{X+s) 




10 . ^/x-»J[4 + x) = 


fc. E. 1868.) 
s/x- v/(rt+;r)- . 

n/(Av)+ ,^^,<4 + Jir)= ^r. 


^ 2 . Jx-hs/ia + x] 


(C. E. 1873.) 


ij{x-a)=> Jx+ •^{d-tx). 
a 4 rx - J{2ar+x*i = d. 

— tjx'^r tJx-\-2 V^(«x + a*)s= V a. 

»/(Qjr+i)+J( 4 ^+i)—^(jr + i). 22. x'U* + .r- 2 )= 3 -.ar. 


st ^«+.r)' 
14 . ,j{bx-\rx*)=\-{-x. 

16 . «+.r- +.r*) = ^. 

18 . a+ 4 '+ 4‘bx+x^)^b. 

20. Ar + 5= <^\r + 5) + 6. 
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23. 

2 i. 

25. 

27. 

28. 

30. 

31. 

.33. 

33. 

31. 

35. 


>/(5-^+9)- N/( 2 .r-i 2 )= >/{ 3 ;r+i). 
x+ s/(x^+g) = g. (m. m. 1889 .) 

=■/«. (c. K. ' 879 ) 26. X- J(2ax + x^) = a. 


\/{(x — a)^ + 2a^ + fi^} = x-a + fi. (B. M. 1886.) 

£9. ,/.r+ 

2(.r+2)=H- J^x^ + gxJrH). (C. E. 1877.) 
y/^x*+iix + 2o)- s/(a*+5J»:- |) = 3. (c. E. 1881.) 

+ 20 ^+17 - >/'(i6,r* + I I2r+io)} = 2(-r+ 2). (c. K. 1878.) 

+>/■(/**-a:*) = //. (p. li. 1892.) 

+ 5) + + 6 ) = >/■ 3 (^- 1 1). 





_4 

a;»r 



373 . Method of Identity. J'lie followinj- are typical 
•examples. 

Ex. 1 Solve v^(4;if + s)~ \/(42:” ii) = 2. (1) 

We have ( 4 .ar 4 -5) - (4.V - 11)=^ 16, (identically) 
t.e. {v'tV+5'}*-{N/(4.«^- i0}*=i6. 

Dividmj* this by the original equation, we get 

n/ 4 ^+ 5 )+v/(4*‘-»»)=8 . (2) 

Adding (i) and (2), 2 v^(4v+5)= 10 ; 

Dividing by 2 and squaring, we have 
42:4-5 = 25 ; /. 4.r«2oand /, x=»^. 

Ex. 2 . Solve x/( 2 ;r 4 - 1 )-« s/( 3 :r + 2 )= v'( 4 .*^ + 3 ) - n/( 5 ^ + 4 ).(l) 

Since ' 2:r-Hi) - (3.tr-h 2) = — (.r-l- i) = { 4 ^*h 3 )--( 5 ^+ 4 ) (identically) 
/, dividing the above by the given equation, we have 

^(2.r-f 0+ n/(3^ + 2)= x'( 4 ^ + 3 )-»- V( 5 .« + 4 )—-(2) 
Adding (1) and (2), we obtain 2 ^{2X+ i) = 2 \/(4.*’ + 3). 

Dividing by 2 and squaring, 22:+ I =4,r + 3 ; 

2;«:= —2 and jf= — i. 
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373. Hationftlisfttioji of Denominator. The following is 
illustrative example. 


Sz. 1 . 


Solve = 


Rationalising the denominator of each, we obtain 
^^ ' ■*■•^ 1 “*' 1 / 1 1 . { ' “ 5 ^ + [H + '> 

or vfi~ :r)- x/^i +:r) 4 -i^ 


s/(t -■r^)+ J ( I I -A -^ +1 


Multiplying by.r, and adding u]), we have 

2 V{i +^) + 2 V(i ■ 9 x) = 4 x^ or ^/(l +;r)+ ,^(1 -^)=> 2 ;r. 

Squaring, 2 + 2jii-x*)-= 4 x*, or 2 J{ i -;«r*)= 4 ar* - 2 . 
Dividing l)y 2 and squaring again, we get 

I ~x^~4t*-4x^ + i ; 4t‘* = 3A-* ; Jl:‘^=o or 4 a:* = 3. 

.r=o or x= i .J 


dl7k. Componendo and Dividendo. // then will 

a \ b_ v 4 -il 

a-b~ r - ft ’ 

The following is a typical example. 


Erl. Solve+ 

CI+X- V{2aXtx^) 

By Componendo and Dividendo, 

2 ^ 1 *+ r) ^^*+1 a + r _h*-hi 

2y/'{2(M+X*) 6^—1 ’ y/{2uX + X*)"“ d*—'l ’ 


a* •\-2ux -^-x* 
Squaring, - . - : 

^ 2axrx* 


‘*2ax + x* \h^—i) * I)*' 


2ax-i‘X 


* +I 


Inverting the terms. 


2fJX+X* 

a* “ 


4 ^*" 
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Adding i to both sides, we obtain 

--+,,or^—j i 

V ^ A*+l a: ^*+1 

h.xt. the sq. root, - - —-, or i + 

^ ’a 20 a 2d 


rj, X d* + x 

Transposing, -i-^ 

a 20 


2b 


, and 0*. 


Exercise CZXXVII. 

Solve the following equations :— 

1. >/(5^-i4)“ >/i54r-2i) = r. 2. ,J[x- i6)=^2. 

3 . s/(x-2)+y/(sx- 15)=^ '/(3;r-io)+ ^/(A'- 7 ). 

4 . (^/^* + 9 )+ n/ -r*- 9 )=. 44 - x/( 34 )- 

fc K. 1865.) 


T „ .o/i. N o \/-^+ 3 '<'-l). 

Vv-r + i,+ 1 ; 1) 

g s^^2r4-'^+ . .. n-y/( 2 ftr -x*) 

V^22r+•!;-Vt34r~2)”’'’ 


«-»- ^{2ax —X*) 


11 . 


12 . 


la 


V a + - iy ,tf * - tf.r,} 


l+x 


\-x 


1 +-i + +jr*) I--1 +-v/(l 4-A*)' 


I. (C. t'. A. 1882.) 


^x--»J,x-2) n/v^ + 2 ) 

II. V'\3x* + i 6, - J,3;r*-i6)«8-4>/'2. 

15. 4{u\-x-)\^ ^l{a- J 


Ce 
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375 Special Ai*tifl38S. Some equations require special arti¬ 
fices for their solution. 

Bx. 1. Solv-e 5?,-? = 1 + 

Wehav. 5^45., = !).. ^/(5,.)_3. 

Hence the equation reduces to 

v( 5 -*^;” 3 “*+ —^ ..-1— “*i. 

2 2 

is/(S^)-3«>2, or <^(5.r) = 5. 

Squaring 5 :r=a 25 and /, x=:^. 

Ex. 2. Solve 3f^(<i+ W{a- Jx)— Mb. 

Cubing both sides, we*get 

«+ Jx+a- ^/^ + 3 *^{(a+ Jx) a- X+Y(a- •/x))^b. 
Substit ’ting for M a + \/x)+ M'a— 

2 a + 3 ^^a^ — A,b=‘by or 3 — x )^^b — 2 a. 

<'ubing, 27 [a*-x)b~{b~ 2 a)* ; or a^-x— . 

27^ 


jr — 


{bj- 2 a)^ _ 8 /^ + r ^a^b + 6 ab* — 

27 ^ ” 2yb 


ta o c 1 «+^ s/i^+x)- -/'a-x) 

Ex- 3 . Solve - ;—2 -,- 8 = 64 .“--i. 

a- ^/(rt +x}+ *y(<i-;r) 

n+J(d*-x*) 2rt + 2 J‘/fa + jr>+^/(rt-jr) 

2 a-2^\u*-x^'r 1 

therefore multiplying both sides by " ~ ^ , 


-X)] 


, ^et +v:-"-*)} ’„64. 

^ ( V^(a+2r)2r)J , 


Extracting the cube root, 




By Art. 374, - ; squaring-= -- 

^ s/{u-x) 3 ^ ** a-x 9 

« 34 , 16 8 

By Art. 374, ^ , and ;. x^ «. 
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£x. 4. Solve 


9^ + 3 


gx-g 


n/v9-*’ + 7) + 2 n/\.9-^+i6)-5 


*6. 


Since 9^ + 3=(9^ + 7)-4 = { v(9»^ + 7 )+ 2 ]{ v''(9^ + 7)“2} ; 
and 9^-9='(9-^+>6)-25 = {^(9jr+i6) + 5}{ ^/(9;i:+ i6)- 5} 


Therefore the equation reduces to 
s/(gx+7) - 2 + v/(9.r +16) + 5 ■= 6. 

or n/’( 9 ^+i 6 )+^/( 9 ;r + 7 )= 3....(0 

Now, since (9r+i6)--(9;r + 7) = 9, (identically), 

Therefore dividing the above by the given equation, 
V(gx + i6)- ■/(9r + 7) = 3.(2) 

Hence, adding (i) and (2), we obtain, 

2 <yygx+ i6)=-6, or v/( 9 -^+= 

Squaring, 9;i:+i6=9; gx= -7, and /, x- —1. 


£z. 5. Solve v/(.r* + 39 ^ + 374 )—V(;r*+2o;r4-50 

Transposing, + 39^ + 374)- V 

= V(;r*-»-20jir + 5i). 

Squaring and observing that x^ + ^gv + $74 ^ (x + 22)(x + 17), 

( I* ■4* 2 2 \ 

j + 20.r + 5 K 

Transposing and simplifying, we have 

861_o- — Qc X * — 

/. I9,t+4i8 = 20jr + 34o and/, ;ir=78. 

« 

Ex. 6. Solve ^ (^) + ^ (.^ ^ ^ I-i-.) • 

Transposing, ^^ 

Extracting the square root, ^ ^ 
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Transpo^iing an J raising both sides to the 4th power, 
- 5 _ ^_ 3 _. . 3 .+ £^. 

3 +x 3 -.r * ' ’ 3 -x 

By Art. 374, ~*| = 4; and /. x^'^. 


Bx. 7 . Solve ^ J{a + ^ ^ 

Here, ( ^ + -\ Jiet+x) or = ! y/'x. 

\a xt at (} 


-- “7-, or (u + x)^= ;x^. 

ox b b 


Squaring and taking tht^cube root, we have 
^ 3 

‘•+^=0') •'■ 


a^-b 


n A . r r. K . 200+• T 20C^t) 

Ex. 8. Solve 6 /( 51 ')+ = 9 ;r+ 5 . 

q.r — 5 •* 

Transposing and resolving into factors, we have 

40 /i; + ? / r) ^ 1 / \ 

“(3'^^- n/5)*- 

Cancelling the common factor .and clearing of fractions, 
4o/5»(3 \/5)^ or (2s-5)^°(3'J^- ^5)^‘ 

T.aking the cube root of both sides, 2 /q *» 3 y/.r - /5 ; 
Transposing, 3 ; /. ^/x= /5 and ;r=5. 


Exercise CZXXVlII. 

Solve the following equations :— 


- x-ax » Jr 
1 . —, • (C. E. 1885.) 


2. 


•Jx 
ax - 1 


J\ax) t-1 


,4 +, (c. E. 1885.) 
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5 . 

«. 

7 . 

8 . 

9 . 


10 . 


11 . 


II 

14 . 



16. 


17. 


18. 


20 . 


21 . 


23 . 

23 . 
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ax-h* 


— - ^ e 


fj 

sjx^-n 


y/'ar'-h 

n 


■liiT.)-*.: 


\/x + d 


ijx+c 


-b 

=0. 


{.Jx - b)i^JX’-cj \^yPx-a) ^‘X-c) (V r-rtA vV-^)" 

(c E. 1867.) 

ifj^X,+ V:i-x)^^2. (C.E. 1885.) 

^'aAx) i- if{a-x) = b. 

V^{(2 1 + r,* + '>*}+ J{\2a’-x)^ + b*)-2a. 


a^-x* 


b— 


a+ «■*) 

v/'{ t^x* + b ,^/(4a*jr* + abx + b Jga^x* + 2abx}} ~ax + b. 


X- J(x*-a*) 


2 Ja. 


jg I + Jj^+ X 62 1+ -/x 

I - JxTx~ 63*1 - ^ix 


J x-\-a) + ^{x-a) 

N^U* + 33-*^ + + I «A + 35) = '/ ^ ^. 

I 

^ *^\a+x) + ^^*/ia+x)i» V.*'* 

Vl+a)(;~^)^+V(l-«)(!^)*-2y(l-«*). 
Jil+x + x*)+ >/(l^X + X*)=2. 

e*;)*«e-i)‘-Ks-s)' ' 

1 - ^x f (l± 
i + 5 «^ V \*- 


9x1 


19. 




I x/'' 2 +a:^— Jjr 

1+:r- ' ^ifiPrX)-\‘sJx' 

sjx - i 


Jx + \ 

i/( 3 J^;-i 


1 + 


. (M. M. 1866.) 


= 1 + 


X* -« 


. x*-a 
t* . -T--X- 


(B. M. 1875.) 
jr- Ja 


X- Ja x b Ja 


. (m. m. 1864.) 


2 
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85. 

36. 

87. 


'/(l 5 - 9 jr)+ J(io- 4 ;r)= n /(5 “■^)- (M- M- l 874 -) 


IV. EXPONENTIAL EOUATIONS. 

376 . In Exponential equaiions, the unknown quantity or 
quantities enter as an index or exponent of a quantity. 

Thus, a* = by is an Exponential equation. 

377. The simplest ca'jes of ICxponential equations that we shall 
here consider present the following ol)vious facts :— 

(1) If t/ien x~c. • 

(2) If a*—\., i/ien x — Oy for 01 *= (Art. 106.) 


Bx. 1 . Solve 3**‘* = 27 . 

Since 27 = 3 ^ /. 3 ***^" 3 * and /. .*--4 = 3 - 
/. .r = 4-|-3 = 7- 


Bx. 2. Solve 2*^*.3~*‘* = 648. 


Since 648 = 8 x8i —2* x 3+, 2*+*.3*+* = 2^.3*. 

2 *+* ■1X4-3 

/, —y- X - ^ =» I, or 2 *" * X 3 *" * — I . 

^ 3 

(2.3)®'* = I ; .*. ;r-I-o and/, Ar=i. 


Bx. 3. Solve . (i) 1 

= .(2) J 


(C. E. 1879.) 


From =a^ ;r+7+i =7 or jr+>^ = 6 . .,(3) ) 

From (2> a*‘'+^®+s=rt*®, 2j/ + 3r + 5=:2o, or3r + 2j^«i5,..(4) / 

From (4) subtract twice i'3), thus x -3. 

Hence, from (3) ^=*6 -2:= 3. Thus .r B»_y=3. 


M. A.— 25 






386 


MATRICULATION ALGEBRA. 

I 


Bx. 4 . Solve 2*‘‘* + 3*'-97.(i) 1 

2* + 3 V+a = 737 .( 2 ) J 

From (i) 2.2*+ 3*'= 97 , and from (2) 2* + 9.3‘'=i 737 
Now writing A' for 2* and J’for 3^ we have 
2 A '+]'=97 


) 


whence A'=8, r=8T. 


and -V+9K=737 
Therefore 2 *=> 8 = 2* ; so that 2: = 3. 
Similarly, 3<' = 8i = 3^ ; so that y= 4 . 


Exercise CXXXIX. 



Solve the following equations 




1. 

2-*'^* = 32 . 

2. 

3 . 2*+3 = 48 . 


3 . 

1. 

4 . 


5 . 


-1 

6. 

2*+»_2*-i6=o. 

7 . 

4 *+* 5 *+s = 

40000. 


8. 

3*= 

9^-*, i6a'* = 8*''*. 

9 . 


10. 43 «'-‘- 

i6*+>' 

1 

11. 2*4*'= 1024 




3 *+ 3 » = 


f 

3 * + 9 y = j 

la. 

3 * = 8«'+') 

13 . 

2^*= i6 X 4** 



14 . 4*.2>' = 2*® 


9V = 3*-9} 


X by 

/ 


2^*+*. 16**'= 2*5 

15 . 

a'*(a*+^‘'* 

a^/>* + 

- . 16 . 7*' 


2401 

, 6«*«) = .,,6. 

I 7 t 

a**.a'~^ = a 

1 ' 

Is. s'.' + z* 

= 851 


19 . 2r**^* = 4j/*l 




3 *_ 2 f'+* 



,r«'-+ = i ‘ j 

20. 

-ae — oi 

— y » - 

— 2 X4*, .r+j + ^= 16. 





V. HARDER PROBLEMS. 

* 2 (C 8 . We shall add here a few Problems of a harder type thar 
those Considered in Art. 163 with their solutions. 

£z. 1 . A farmer bought"equal numbers of two kinds of sheep, 
one kind at lfs .6 each, the oiher at /is 8 each ; if he had expendea 
his money equally in the two kinds, he would have had three sheep 
more than he did. How many of each kind did he buy ? (c. e. 1898.' 

Let X be the number of each kind of sheep bought. 

Then 2x is the total number of sheep bought. 

The sum expended on one kind ^Ks. 6 x and that on the othei 
kind^/^r.Sx, so that the whole sum expended = ^j.(62r +82:) a=/?j. 142: 
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If he had expended the sum equally in the two kinds, each kind 

"jx 

would have cost him Rs.jx^ and then he could have bought - sheep 

IX 

of the first kind and -r sheep of the second kind ; thus the total 

O 

number bought would have been sheep. 

Hence, by the question, we have 

IX IX . 

~+ g-=2.r+3, whence jf=72. 

Thus the number of sheep bought of each kind = 72. 

Ex. 2 . A bankrupt paid only lyr. (id. in the pound to his 
creditors, and then gave | of what he still owed to the lawyers. This 
left him £,1.0 for his current expenses. What was the amount of hi- 
debt 1 (c. E. 1886.) 

Let X be the amount of his debts in pounds. 

Since, in he paid 17J. (d. or I7|jf. 

in .^ 

Thus, he still owed £{x — \x) or ; but of this amount he 
gave away ^ths, 

*• i of remained. 

/, By the question, we have 

j*5;r -»20; whence 800. 

Hence the amount of debts = ;^8oo. 

Ex. 3 . Divide the number 127 into four such parts that the first 
increased by 18, the second diminished by 5, the third multiplied by 
6, and the fourth divided by 2 j, shall be equal. (B, M. 1883.) 

Let X be the common result in each* case. 

Then, since the first part +i8=*jr, /, the first part=;r— 18. 

The second part - 5the second part— at+ 5, 

The third part x6=:r, the third part*|;r. 

The fourth part-r2T=*.r, the fourth partB2TX.r. 

/, By the question, we have 

(jr- iS) + {x+s^ + U+2^xx^i27 ; 
whence .ira>3o, and the parts are 12, 35, 5, 75. 
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379. Work find Cistern. If an agent can do a work in m 
days, then the average daily work of the assent is i/w, taking unity 

to represent the work. Similarly, if an agent does ^-ths of any work 

in one day, he will do *th of it in ^th of a dav, and therefore the 
^ n m 

whole work in^ days. 
m 


Ex 1. A and B together can do a piece of work in 15 days ; 
A can do it alone in 24 days ; how long would B take to do it alone ? 
(c. E. 1877*) 

Let X be the no. of days B alone would take 10 do the work. 


In one day, B does -th of the work and A does j’^th of the 


work. Therefore they together can do 
one day. 



of the work in 


But, by the question, A and B together can do f>f fi'e work in 
a day, 

= ; whence Ar = 4o. 

X 


• • 


Hence B can do the work alone in 40 days. 


Ex- 2 . A can do a piece of work in 10 days ; but after he has 
been upon it 4 days, B is sent to lielj) him, and they finish it together 
in 2 days. In what time would B have done the whole 1 


Let X be the no. of days B would have taken. 

In one day A does Vtith of the w’ork and B does^th of the work 

X 


Therefore in 4 days, A does Vo or ‘^th of thel^ork and in 2 days, A 


2 2 

and B together do - '4- or 

10 ;i: 




th of the work. 


By the question, j ^ * » whence 5. 

Hence B can do the whole work alone in 5 days. 


Ex 3 A cistern can be filled in hilf-an-hour by a p'pe A, and 
emptied in 20 rnin bv another pipe B After A had been opened 
20 min, B is also opened for 12 min., when A is closed and B 
remains open for ^ min more, and now tlv’re are 13 gallons in the 
cistern ; how much would it contain when full ? 

Let X be the no of gallons that would fill the cistern 
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In one min. A brings in Vo*" gals., and B carries out gals. 
Now A is opened aliogeiher for 32 min. during which time it brings 
in or \%x gals., and B for 17 min., during which time it carries 
out klx gals. 

/, By the question, \%x — \lx=^ 13 ; whence x-(io. 

Hence, the cistern can hold 60 gals, when full. 

380 . Percentage. Problems relating to percentages require a 
knowledge of Profit ami Ij)ss. 

(i) If an article be sold at .'i profit of a per cent., then 
the sellini^price— 11 + xcost. 

(ii) If an article be sold at a toss of a per cent., then 
the selIiniTpricey 'Acost. 

Ex- 1 . I low much are eggs a score, when a rise of 20 per cent, 
in the price would make a tliffercnce of 4 scores in the number which 
could be bought lor A'.v. 10 ? 

Let X as. be the price of a score of eggs. 

The number of scores of eggs which ran be bought for R 5 .\o 

10 X 16 ifo 
«■-or — . 

.*■ X 

On a rise of 20 per cent, in the price, the price of a scote of 
eggs will be jr (i +Vao) or at., and the number of scores of eggs 

which can be bought for Rs. io=» —or . 

By the question, ’ whence x—(i% 

Hence the price of a score of eggs is 6 a. %p. 

Ex. 2. A person bought an article and sold it at a profit of 
6 per cent. Had he bought it at 4 per cent, less, and sold at Re 1 
more, his profit would have been 12 per cent. For how much did he 
buy it ? (jp. E. 1891.) 

X be the cost price in rupees. 

The actual selling price at 6 per cent, profit 
>^Rs.x(i + y'^jf) = Rs.Ux. 
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If he had bought the article at 4 per cent, less, the cost price 
would have been Rs.xi i — the selling price on this 

cost at 12 per cent, profit 

= 5J?(l + xjits) 

By the question, si5-*^=5ll-^+I tV ; whence .ir=:78^. 

Hence the required cost is /?jr.78. 2a. 

Ez. 3. How many bundles of hay at Rs.^ per thousand must 
a with 5600 bundles at Rs .6 per thousand in order that 

he may gain 20 per cent, by selling the whole at 11 os. per hundred. 
(C. K. 1875.) 

Let X be the number of bundles required. 

Price of x bundles at /v\r.5 per 1000= Rs.^jin^x = Rs.^fx^jX. 

.5600. Rs .6 . Rs.^^y 

the total cost of (at + 5600) bundles^^j-Cio^jr+^s"). 

The selling price at 20 per cent, profit on the above 

= /?j.(j5jjAr+* 5 ®)( • +1^0)= 5(4 iff'*' 

> 

But the selling price of (at +5600) bundles at nor. per hundred 
= tVb(-*‘+ 5600) flj. = ^j.T|^CT(Ar + 5600). 

By the question, *1*5600); 

whence at* 2080. 

^ Hence the no. of bundles required « 2080. 

381. Mixture. The following are illustrative Examples. 

Ez. 1. There are two bars of metal, the fir 3 % containing 14 oz. 
of silver and 6 of tin, the second containing 8 oz. of silver and 12 of 
tin ; how much must be taken from each to form a bar of 20 oz. 
containing equal weights of silver and tin ? 

Let X be the no. of oz. to be taken from the first bar, 

then 20.-AT is the no..second. 

Now, since 14 + 6=20, /, or of the first bar, and therefore 
of oz. of it, is silver ; 

and since 8 + 12 = 20, /, ^xs or | of every oz. of the second bar 
is silver. 

Thus, in x oz. of first bar, there are Vo.*’ silver and in (20 -at) oz 
of second, there are | (20 - x) silver. 
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But there are to be altogether lo oz. of silver in the compound, 
/, by the question, 15^ + 1(20-jr)= 10 ; 
whence ;r= 61 |, and 2013^. 

Hence 6| oz. to be taken from first and I3 j oz. from second. 

Ex- 2 . A vessel contains a mixture of wine and water, so that 
for every. 5 gallons of wine there are 3 gallons of water ; another 
vessel contains a mixture of g gallons of wine and 7 gallons of water. 
What quantity should be taken of each mixture so as to produce a 
new mixture of 30 gallons containing times as much wine as 
water ? 

Let X be the no. of gallons to be taken from the first vessel. 

then 30-.^ is the.second. 

Since 5 + 3 = 8, in every 8 gals, from the first vessel, we take 
5 gals, of wine and 3 gals, of water. 

in X gals, from the ist, we take gals, of wine and ^x gals, 
of water. 

Again, since 9 + 7 = 16, in dvery 16 gals, from the second vessel, 
we take g gals, of wine and 7 gals, of water. * 

in (30-.!') gals, from the 2nd, we take 1^(30-jr) gals, of wine 
.^nd T\(30 — ^)gals. of water. 

Thus, wine in the new mixture = {fjr+ tb( 30-'»^)} gals, 
and water.*=*{1-*^+iv(3o - ^)} gals. 

By the question, +1^(30 - :r) = 1 +tV( 30 -^)} ; 

whence ;»:= 18 and /, 3o-^a:=l2. 

Hence 18 gals, lo be taken from ist and 12 gals, from 2nd. 

383. Provisions. In questions involving provisions, bear in 
mind that the total quajitity of food lomumed^nutnber of men y, time 
X rate of allowance fer man. 

Ex. 1 . A garrison had sufficient provisions for 30 months, but 
at the end of 4 months the number of troops was doubled,- and 3 
months after, it was re-inforced with 400 men more, on which 
accounts the provisions lasted only 15 months altogether. Required 
the number of men in the garrison before the augmentation took 
place, (rf. M. 1871). 

Let X be the required no. of men, 
and a the monthly allowance per man. 

Then the total quantity of provisions■s3oajr. 
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Again, x men in the first 4 nionth.s consumed ^ax. 


ix .next 3 months consumed ^ax. 

and 2^ + 400.last 8 months consumed 8^2;r + 4oo)a. 


/, By the question, 4ax+6ax + 8 2x + 4o6)a ^oax ; 

Dividing both sides by 4.r+ 6r + 8{2.r + 4O0) = 3O2r ; 

whence .a:=800. 

Hence, the no. of men in the garrison at first was 800. 

£z. 2 . A ship left Bombay on a vovage of 3 weeks, with pro^ 
visions for that time at ihc rate of c seer a day for each man. At the 
end of a week a storm arose which washed 4 men overboard and so 
damaged the vessel that the speed was reduced by half and each man 
could be allowed only ^ of a .seer per dinu. What was the original 
number of the crew ? ^B. M. 1863.) 

Let .*■ be the original number of the crew. 

The total quantity of provisions in the 3hip = 3x 7 x i x.r seers 

= 2i.r seers. 


Again, .*■ men in the first week consumed 1x7x1 x.r or 7.r seers, 
and2‘-4menin the lemaining four weeks, which was increased 
from two to four, on account of the vessel’s speed being diminished 
by half, consumed 4 x 7 x “4) 2 i(r - 4) seers. 

By the question, 2Jx^7.r-\-2\{x —; 
whence x=vi. 

Hence, the original number of the crew was 12. 

383. Motion, in questions involving distance, time and rate, 
keep in mind that 

timersdisiajKelrate: distance = time X rale. 

% 

Ez. 1. A person has just a hours at his disposal. How fm 
may he ride in a coach which travels b miles an hour, so as to teturn 
home in time, walking back at the rate of c miles an hour ? 

Let X be the required distance in miles. 


X < 

Then ,=atime in hours taken by the coach. 
0 


and 

c 


.in walking back. 


. T. 1 ^ ^ L 

,, By the question, , +- =*« ; whence x= t-,— . 

pc o+c 

Hence the required distance is miles. 
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£z. 3. A person walks fiorn A to B, a distance of7i miles, in 
2 hours 17^ minutes and reliirns in 2 hours 20 minutes, his rate of 
walking up-hill, down-hill and on a level road being 3, 3^ and 3^ 
miles per hour respectively Find the length of the level road 
between A and B. tu m. 1884.) 


Letar be llie length of the level road between A and B in miles 


Then the remainder of the distance between A and B is 74 — a: 
miles, vvhicii is partly np-hill and partly down-hill. 


The whole time taken is 2 hrs. 17 J min.+ 2 hrs 20 min. = 4 hrs. 
57} min.’=4;| hours, during which the person goes up-hill 7A—Jrmiles, 
down-hill miles and on the level road 2jr miles. 


The time to go 7.) -.r miles up-hill 
,, .1 7j--^ miles down hill 


73 - r 
3 


hours. 



hours. 




/. liy the 


„ 2X miles on the level 

7i - , 7r X 2X 

question, -+ 4- -7 

.3 3 t 3^ 
whence = 


«“-^hotirs 



Hence the length of the le\ el roafl is 4^ miles. 

< -- 

X Ex. 3. A hare is 50 of her own leaps before a greyhound ; she 
lakes 4 leaps for every 3 that he takes, but he covers as much ground 
in 2 leaps as she does in 3. Ilow ni.iny leaps must the greyhound 
take to catch the hare ? 


Let be the no. of leaps taken by the greyhound, 

then 4A- is the no. of leaps taken by the hare in the same timCv 
and 4Ji:-l-5o is the total no. of hare's leaps. 

Again, let a denote the no. of inches in one leap of the hare, 

then is the no. of inches 3n 2 leaps of the greyhound, 

Ja is the no. of inches in one leap of the greyhound. 

Thus 3.r leaps of the greyhound = !« X3:r or ^ax inches, 
anil 4jr f 50 leaps of the hare =«,'4.r-f 50) inches. 

By the question, 5ajr=ti'4;r50) t 
Dividing by a, we have 'xx — ix + so ; whence x= too 

Hence the greyhound must take 300 leaps. 
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£z. 4. A train, 195 ft, long, runs at the rate of 20 miles an 
hour ; another 245 ft. long, runs on a parallel rail (i) in the opposite 
direction, yiij in the same direction, at the rate of 30 miles an hour ; 
how long will they take to pass each other ? 

Let X be the time in hours in which they pass each other. 

When the trains pass each other, they travel over a distance = 
sum of the lengths of the two trains 

= 195 ft.+ 245 ft-= 440 ft. = mile. 

^i) When travelling in the opposite direction, we have 

202? + 3or=-j*4 ; whence 2:- 

Hence the reqd. time==bd0 hour = 6 sec. 

(ii) When travelling in the same direction, we have 
3or - 20x<=-fj ; whence ^ = tib- 

Hence the reqd. time -ygo hour“30 sec. 

L 

Ex. 5 . The termini of a railway 126 miles long are at A and 
C, and the station B, at which a certain train slops 1 5 minutes, is 
70 miles from A. The whole journey from A to G takes 15 minutes 
less than twice as long;is the journey from A to B. Determine the 
.werage rate of the train, including all stoppages except that at B. 
(P. j. E. 1887.) 

l.,et X be the rate of the train in miles per hour. 

126 

The train lakes — hours to travel from A to C. 

X 

»■ 

70 

Also the train takes - - hours to travel from A to B. 

X 

. .1 . *26 j 2x70 , - ... 

,, By the question, - + - - 1 > (fo*' *5 mm. = 4 hr.) 

X ^ X 

whence 2:=* 28. 

Hence the rate of the train is 28 miles per hour. 

384. Motion up and down a stream. In such questions 
remember that the 

(i) rate of rowing down a stream^ rate on still water rate 
of current. 

andify) rate of rowing up a stream^rate on still waterrate 
of current. ^ 

Ex. 1 - A crew which can pull at the rate of 9 miles an hour, 
nnds that it takes twice as long to come up a river as to go down ; 
nnd the rate at which the river flows. 

Let X be the rate of the stream in miles per hour. 
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Then the crew can row miles per hour down the stream and 
'^-x miles per hour up the stream. 


Let I denote the distance rowed in miles. 
I_ 

9 --* 

/ 

9^A- 


Then 

and 


time in hours taken to row up the stream, 
... down . 


.*, By the question, -—==i2X - ; 

' 9-x g-\-x 

« ■ • 1 2 

Dividing by/, - --; whence ;ir = 3. 

9 - X 9+x 

Hence the rate of the stream is 3 miles per hour. 


£x- 2. A person rowed down a river, a distance of 15 miles, 
:n hours with the streanS, and rowed back again in 3I hours. Find 
the rate of the stream per hour. 

Let X be the raie of the stream per hour in miles. 

Since the person rowed 15 miles in hoi*rs, therefore his rate 
of rowing down the stream is oi" 12 miles per hour. 

Hence his rate of rowing in still water is 12 —;r miles per hour, 
and therefore his rate of rowing back was 12-x — x or J2--2ar miles 
per hour. 

By the question, —— =3| ; whence x=4. 

J 2 ^ 2^ 

Hence the rate of the stream is 4 miles per hour. 


386. Clocks. In questions relating to clocks and watches, 
bear in mind that the minute-hand travels twelve times as fast as the 
hour-hand. 

(i) When the hands arc coincident., i. e., in the same direction., 
there are no spaces between them. 

(iij When the hands are in exactly opposite directions, they are 
separated by jo minute-spaces. * 

(iii) When the hands are at right angles to each other (which 
happens twice m an hour;, they arc separated by or 45 minute- 
spaces. 

£z. 1 . Find yu) the instant of time between 3 and 4 o’clock at 
which the hour-hand and the minute-hand are exactly in the same 
direction, {b) that at which they are exactly opposite .each other. 
; b . m . 1862}. 
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{a] Let X be the reqd. no. of 

minutes after 3 oMock, 

then 1*4,r —the no. of minute- 

spaces the hour-hand will 

travel over in -v minutes. 

At 3 o’clock the hour-hand was 
ahead of the minute-hand by 
15 minute-spaces, 

the minute-hand has to travel 
+ rninutc-spaces to over¬ 
take the hour-hand 

X 

By the cjuestion, .r=i5-f ; 

whence Ar== i6/y 

Hence the hands are in same 
direction at min. past 3. 

ib) Let X be the reqd. no. of 

minutes past 3 o’clock, 

then fljar = ihe no. of minute-spaces the hour-hand will travel 
ftver in x minutes. 

At 3 o’clock the hour-hand was ahead of the minute-hand by 13 
rninutc-spaces, and the minute-hand must be 30 minute-spaces in 
advance of the hour-hand when the two hands are opposite to 
each other. 

/, By the question, .r= iS-h *^+30; whence .t=49,*f. 

I 4i« 

Hence the hands are opposite each other at 49 rV ’Tt^in. past 3. 

ISz. 2 . At what times are the hands of a watch at right angles 
to each other (a) between 2 and 3 o’clock, {b) betwen 5 and 6 o’clock 

(«) Let X be the reqd. no. of minutes after 2 o’clock, 
then Vi-^ =the no. of minute-spaces the hour-hand will move over in 
r minutes. 

.^t 2 o’clock the hour-hand was ahead of the minute-hand by 
10 minute-spaces, and the minute-hand must be ahead of the hour- 
hand 15 or 45 minute-.spaces when the two hands are at right angles 
to each other. 

By the question, .a;- ^10 -P j*=15 or 45, since the minute 

hand is to be in advance of the hour-hand, 
whence x^2.T 60. 

Hence the hands are at right angles once at 27^*^ min. past 2 and 
again at 3 o’clock. 
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(^) Lei X be ihe reqd. no. of minutes after 5 o’clock, 

then T*5jr=the no. of minute-spaces the Ijoiir-hand will 
move over in x minutes. 

At 5 o’clock the hour-hand was 
ahead of the minute-hand by 25 
minute-spaces, 

at X minutes past 5 the hour- 
hand is separated from the mark 
12 by (25 -k-j^X) minute-spaces. 

/, By the question, when the 
hands are at right angles, 

(25+i) ..sor - .5, 

according as the minute ^land is 
the more or less advanced of the 
two, 

whence A'=»43 x\ or lOtV* 

Hence the hands are at right angles once at loly min. past 5 and 
again at 43min. past 5. 

Ex. 3. Find the time after // o’clock at which the hour and 
minute-hands of a watch are distant d of the minute divisions from 
each other. 

Let X be the reqd. no of minutes after h o’clock, 

then x*5rs=the no. of minute-sp.ices the hour-hand will 
travel over in x minutes. 



At h o'clock the hour-hand was ahead of the minute-hand by 3^1 
minute-spaces, 

at X minutes pa.'-t h the hour-hand is .separated from the 12 
•o’clock mark by + minute-spaces. 

/, By the question, a - ^5-^ + ^ j « -l-//or according as the 
minute-hand is the more or less advanced of the two, 

* whence ;r—xf(54!±dJj. 


Ex. 4. A man who went out between 5 and 6 and returned 
between 6 and 7, found t»’at the hands of his watch have exactly 
changed places. When did he go out? (P. K. 1894,) 
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Let X be the reqd. no. of minutes after 5 o’clock, 

then ’^x^the no. of minute-spaces the hour-hand will 
travel over in x minutes. 

At 5 o’clock the two hands are separated from each other by 
25 minute-spaces, 

at X minutes past 5 the 
hour-hand is separated from the 
12 o’clock mark by {2S + j\x) 
minute-spaces. 

When the two hands exchange 
places, the minute-hand will be 
minute-spaces and the 
hour-hand x minute-spaces respec¬ 
tively from the mark 12, 

the hour-hand will be 
X (25 + minute-spaces after the 
mark 6, L e. {30 + 3 s + t 

minute-spaces after the mark 12. 

/, By the question,^ ^=*30 + 11 

(^5+ ,^ 1 ) ; whence :rs»i 33 T*s- 

Hence the man’s hour of depar' 
ture is 32-,*1 min. past 5. 

386. Formation of Squares. In questions relating to 
formation of squares remember that the 

(i) no. forming a square^{no. in front 

'^\) no. forming a\ssXliSi'it square = Uto. in froi^)*— ino. in front 

-twite depth 

0x^4 times the depth x («<?. in front—depth). 

Ex. 1. A number of troops being formed into a solid square, 
it was found there were 60 over ; but it would require 41 more to 
increase the side of the square one. Find the number. 

Let X be the no. of men in a side of the front square. 

Then the total no. of men is .jif*-l-6o. 

Again, to increase the side of the square by one man, the total 
no. of men in the square will be r'*. 

/, By the question, ;r*-h6o=a(:r+i)*-41 ; whence ;r=5o. 

Hence the no. of troops—so*-!-60=2560. 
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Sz 2. An officer can form his men into a hollow square 5 
deep and also into a hollow square 6 deep, but the front in the 
latter formation contains 4 men fewer than in the former ; find the 
number of men. (c. E. 1887.) 

Let X be the no. of men in the front of the hollow square, 5 deep, 

then x-4 is the no. of men in the front of the hollow square. 
6 deep. 

The total no. of men in the first case=s;r* -(jr - io)* = 2o.a:-100, 
and the total no. of men in the second case=(;r —4)*-{(jr —4)-12I* 

= (;r-4)*-(.r-i6)* 

= 24;r — 240. 

/, By the question, 2 oa'- 100=24.1;-240 ; whence ;r=35. 

Hence, the reqd. no. of men = 20 x 35 -100=600. 


SzerciBe GXL. 

t/' 

1. Find a number such that if | of it be subtracted from 20, 
and XT of the remainder from | of the original number, 12 time^ 
the second remainder shall be half the original number. 

A gamester at one sitting lost s of his money, and then 
won Rs. 10; at a second he lost \ of the remainder, and then won 
/?J.3 ; and now he has AV.63 left. How much money had he at first ? 

A fish was caught whose tail weighed qfts. ; his head 
weighed as much as his tail and half his body, and his body weighed 
as much as his head and tail. What did the fish weigh ? 

y^ 4 . A father’s age is four times that of his eldest son and five 
times that of his younger son; when the elder son has lived to 
three times his present age, the father’s age will exceed twice thar 
of.his younger son by 3 years. Find their present ages. ( b.m. 1882.. 

./ 5. A farmer bought equal numbers of two kinds of sheep, 
one at each, and the other at ^4 each. Had he expended his 
money equally in the two kinds, he would have had two more sheep 
than he had. How many did he buy ? (a.e 1891.) 

ViB. A person dies worth Rs. 130000 ; some of this he leaves to 
Charity, and twelve times as much to his eldest son, whose share 
is half as much again as that of each of his two brothers, and two- 
thirds as much again as that of each of his five sisters ; find the 
amount ofi'the bequest to the Charity 

7. A composition of copper and tin containing 140 cubic inches 
weighs 42!hs 3 oz. How many ounces of each are there, if a cubic 
inch of copper weighs si oz. and a cubic inch of tin 4I oz 
<M.M. 1891.; 
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/ 8 Whai quantity of com at per maund must a trades¬ 

man mix with 5^0 maimds at /fs.b per maund, in order to gain 20 
per cent, by selling the whole at 2 a. bp. per seer? (P.E. 1888.; 

9 . Divide the number 834. into two parts such that 30 per cent 

of one pan exceeds 40 per cent, of the other part by 6, ^C.E. •893) 

10. A can do a piece of work in 9 days, B in twice that time, 
C can only do ^ as much as A in a day ; how long vvould A, B and 
C, working together require to do the same piece of work? 
tC.K. 1876.1 

11 . A and B can reap a held together in 7 days, which A alone 
could reap in 10 days ; in what lime could B alone reap it ? 

12. A cistern can be filled in 1 5 min by two pipes, A and B, 
running together; after A has been running by itself for 5 min., 
S is also turned on, and the cibtern is tilled in 13 min. more; in 
what time would it be filled by each pipe separately ? 

U 13 A does f of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it ; in what time 
would they hive (hme the whole, each separately, or both together? 

'14. A man and his wife could drink a cask of beer in 20 days, 
the man drinking half as much again as his wife; but of a 
gallon having le.iked away, they found that it only lasted them 
together for iH day.s, and the wife herself for 2 days longer. How 
much did it contain when full ? 

15 - A boy buys a certain number of oranges at 3 for 2^, 
and one-third of that number at 2 for I; at wh.ti ]irice must he 
soli them to get 20 per cent, profit ? If his profit be 5J. 4^/, find 
the number bought. (C E. 1885.) 

r 16 A cask A contains 12 gallons of wine and 18 gallons of 
water ; and another cask B contains 9 gallons of wine and < gallons 
of water'', find how many g.dlons must be d?^lwn from each cask 
so as to produce by their inixluro 7 gallons of wine and 7 gallons 
of water. 

17 . A and B can reap a field together in 12 hours, A and C 
in 16 hours, and A by bini'sclf in 20 hours ; in what lime could (i) 
B and C together, (ii; A, B ai^d C together, reap it ? 

18 . A and B cm perform a certain task in 30 days, wording 
together After 11 days, however, B is called away, and A finished 
it b.’ himself 28 days after How long would ic take A to do the 
whole of the work by himself? 

*^19 Two vessels c-mtain mixinres of wine and water ; in one 
there is twice as much wine as water, and in the other, three times 
as much water as wine Find how much must be drawn off from 
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«ach, to fill a third vessel which holds 15 gallons, in order that its 
contents may be half wine and half water, (b. m. 1890.) 

20 . I bought a horse and a carriage for >^90 ; I sold the horse 
at a gain of 12 per cent, and the carriage at a loss of 4 per cent, and 
gained on the whole 6 per cent. Find the prime cost of the carriage, 
(B. M. 1885.) 

21 . A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of a pound a head ; after being at sea 20 days, she 
encounters a storm in which 5 men are washed overboard and damage 
sustained that would cause a delay of 34 days, and it is found that 
each man’s daily allowance must be reduced to ^ths of a pound. 
Find the original number of the crew, 

22 . A person walked out a certain distance at the rate of3I 
miles an hour, and then ran part of the way back at the rate of 7 
miles an hour, walking the remaining distance in 7 minutes. He 
was out 35 minute.s. How far did he run ? (a. e. 1890.) 

23 . Two persons started at the same time from A. One rode 
on horse-back at the rate of 7^ miles an hour and arrived at B, 
30 minutes later than the other, who travelled the same distance 
by train at the rate of30 miles an hour. Find the distance between 
A and B. (C E, 1873.) 

24 . Of the candidates in a certain examination, 45 per cent, 
passed. If there had been 30 more candidates of whom 19 failed, 
the number of successful candidates would have been 44’8 per cent. 
Ilow many candidates were there? (c. E. 1890.) 

25 . A man rides one-third of the distance from A to B at the 
rate of« miles an hour, and the remainder at the rate of 2^ miles 
an hour. If he had travelled at a uniform rate of 3c miles an hour, 
he could have ridden from A to B and back again in the same time. 

Prove that --f (c. E. 1889.) 

a 0 

26 . A travels at the rate of 3 miles an hour ; B leaves the same 
place two hours after A and travels at the rate of 5 miles an hour ; 
when and where will B overtake A ? (p. f. a. 1869.) 

/ 27 . At what time are the hands - of a watch together between 
5 and 6 o’clofck ? (c. E. 1886.) 

28 . ^B is a railway 220 miles long, and three trains ( P, p, R) 
travel upon it at the rate of 25, 20 and 30 miles per hour respectively ; 
P and Q leave A at 7 a. m , and 8-15 a. m , respectively and R leaves 
B at 10-30 A. M. \lhien and where will P be equidistant from Q 
and R ? (c. E. 1870.) 

M.A.—26 
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29 . The express leaves Bristol at 3 P. M., and reaches London 
at 6 p.m. ; the ordinary train leaves London at 1-30 P. M., and 
arrives at Bristol at 6 P. M. If both trains travel uniformly, find the 
time when they will meet. (C. E. 1892.) 

30 . A and B start together from the same point on a walking 
match round a circular course. After half an hour, A has walked 
three complete circuits, and B four and a half. Assuming that each 
walks with uniform speed, find when B next overtakes A. (p. E. 1892.) 

31. A alone can do a piece of work in a hours, A and C 
together can do it in d hours, .and C’s work is i/«th of B’s. The 
work has to be completed in ^ hours. Find (i) how long after A has 
commenced, B and C should relieve him, so as to finish the work in 
time ; (ii) how long after A has commenced, B and C should join 
him so that the three working together might just complete the work 
in time ? (M. M. 1867.) 

32 . A person sets out to walk to a ceigain town. But when he 
has accomplished a quarter of his journey, he finds that if he 
continues at the same pace, he will have gone only ^ths of the whole 
distance when he ought to be at his destination. He therefore 
increases his speed by a mile per hour, and arrives just in time. Find 
his rates of walking. m. 1875.) 

33 . A person has a number of rupees which he tries to arrange 
in the form of a square. On the first attempt he has 116 over. When 
he increases the side of the square by 3 rupees, he wants 25 rupees 
to complete the square. How many rupees has he ? (B. M. 1875.) 

3i. A number of troops being formed into a solid square, it 
was found there were 60 over ; but, when formed into a column 
with 5 men more in front than before and 3 less in depth, there was 
just one man wanting to complete it. Find the number. 

35 . Divide 90 into four such parts that if the first be 
increased by 5, the second diminished by 4, the third multiplied by 3, 
and the fourth divided by 2, the results shall all be equal. 

. 36 . Two casks, A and B, contain mixtures of wine and water ; 
in A the quantity of wine is to the quantity of water as 4 to 3 ; in B 
the like proportion is that of 2tto 3. If A contain 84 gallons, what 
must B contain, so that when the two are put together, the new 
mixture may be half wine and half w.iter ? 

37. A privateer running at the rate of 10 miles an hour discovers 
a ship 18 miles off, running at the rate of 8 miles an hftur ; how 
.many miles can the ship run before it is overtaken ? (B. M. 1865). 

i 

J 38 . An officer can form the men of his regiment into a hollow 
square 12 deep. The number of men in the regiment is 1296. Find 
the number of men in the front of the hollow square. 
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39 . An officer can form his men into a hollow square 4 deep, 

and also into a hollow square 8 deep ;the front in the latter formation 
contains 16 men fewer than in the former formation ; find the number 
of men. —•— 

40 . A regiment was drawn up in a solid square ; when some 
time after it was again drawn up in a solid square it was found that 
there were 5 men fewer in a side ; in the interval 295 men had been 
removed from the field ; what was the original number of men in 
the regiment ? 

^ 41 . At what time are the hands of a watch opposite to each 
other (ti) between i and 2 o’clock ; {b) between 7 and 8 o’clock. 

' 42 . At what times between 7 and 8 o’clock are the hour and 
minute-hands of a watch at right angles to one another? 

43 . It is between 11 and 12 o’clock, and it is observed that the 
number of minute-spaces between the hands is two-thirds of what it 
was 10 minutes previously ; find the time. 

44 . The distance from a place P to another place Q is 3^ miles ; 
two persons A and B start together from P to go to Q, the former by 
carriage which travels at the rate of 6 mil%s an hour, the latter 
walking at the rate of 3 miles an hour. If A remains at Q for 
15 minutes, and then returns by the carriage to P, find where he 
will meet B. (C. K. 1882.) 

45 . A smuggler had a quantity of brandy, which he expected 
would produce i8j. ; after he had sold 10 gallons, a revenue 
officer seized one-third of the remainder, in consequence of which 
the smuggler makes only 2S. ; required the number of gallons 
he had and the price per gallon. 

46 . A hare is 80 of her own leaps before a greyhound; she 
takes 3 leaps for every 2 that he takes, but he covers as much ground 
in one leap as she does in 2. How many leaps will the hare have 
taken before she is caught ? 

47 > If 19 fts. of gold weigh iS lbs. in water, and 10 lbs. of 
silver weigh 9 lbs in water, find the quantity of gold and silver in a 
mass of gold and silver weighing 106 fts. in air and 99 lbs. in 
water. (». m. 1888.) 

48 . The denominator of a fraction exceeds the numerator by 4, 
and if; b« taken from each, the sum of the reciprocal of the new 
fraction and four times the original fraction is 5. Find the original 
fraction. (B. M. 1892.) 

40 . Two towns L and M are 30 miles apart. A sets ofif from L 
to M, and B from M to L at the same moment. A reaches M 16^ 
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hours, and B reaches L 36 hours after they have met on the road'. 
Find the time taken by each to perform the journey. (P. E. 1887.) 

50 . A crew which can pull at the rate of 8 miles an hour 
down the stream, finds that it takes twice as long to come up a 
river as to go down. At what rate does the stream flow ? 

At what time between 4 and 5 o’clock are the hands of 
a watch coincident ? 

52 . A person buys a piece of land at A‘r.300 a cottah, and 
by selling it in allotments finds the value increased three-fold, so 
that he clears A!.f.i5oo, and retains 25 cottahs for himself; how 
many cottahs were there ? 

53 . liivide the number 88 into four parts such that the first 
increased by 2, the second diminished by 3, the third multiplied 
by 4, and the fourth divided by 5, may all be equal. 

54 . A merchant goes to three bazars in succession. .'\t the 
fii-bi he gains 15 per cent, on his capital ; and at the second 20 per 
cent, upon his increased capital ; and at the third 25 per cent, 
on what he then possessed on his return home he finds that he has 
gained Rs,26^g. Wflat was his original capital? (M. M. 1863.) 

55 . The charge for the first class tickets of admission to an 
exhibition was /?s 4 each and the charge for second class tickets was 
A’f.2. 8/t. The whole number of tickets sold was 259, and the total 
amount received for them was A’x.ysr. Ba. How many first class 
tickets were sold, and how many second class tickets ? (B. M. 1869.) 

56 . A receives a fixed sum as pocket money at the beginning 
of every week, and in each week he spends half of all that he had 
at its beginning. He had no money before the first pocket money 
was given him and at the end of the third week he has i.v. 2ff. What 
was his weekly allowance ? (B M. 1876.) 

57 . Find a number such that whether divided into two equal 
parts, or into three equal parts, the product of the parts shall be the 
same. (b. jM.‘i864.) 

58 . man walks from* the University towards Malabar Hill* 
at the rate of 3 miles an hour, runs part of the way ba(% at the rate 
of 8J miles an hour and then walks the remainder in i hour 5 min. 
He wa.s out 2 hours 44 min. ; find how far he had gone ? (B(|M. 1886.) 



CHAPTER XVII. 

HARDER SIMUI.TANEOUS EQUATIONS. 

I. EaXJATIONS INYOLYINa FRACTIONS 


387 . The following are illustrative Examples. 

• ■ (I) 


®x. 1. Solve 

2 8r-7 ^ 2 


X V^r\ 

- + - -- .r. 

2 3 


(2) 


,, . V .V . iSx — gv . X ■ i8:r-oy 

Hromd), ^ f-g^- = 5+^-3,or 3^ = 2. 

t 

Multiplying across, i8:r — i6jr—14, or 2^ —9>= —14... 

h rom (2) -=■ , or + 2 = 3.f, or 3.V — 2_y — 2. 

32 ^ 

Multiply {3) by 3 and (4) by 2 ; thus 

6jr —27y= —42 1 Ry subtraction, 

6,r- 4y= 4 J - 23y=:-46, /. j = 2. 

From (4) 32:=2^+2 = 4 + 2*a6 ; /. x = 2. 

Ex. 2 . Solve --+ — — = 1; 


x+y x — y 
4 3 _ 


2i 


x-^y x—y 

Multiply (i) by 3 and (2) by 2 ; thus 
9 


(0 

(2) 


I 4 " — 
x+y X 




Ry subtraction, 


,+7;=J- 


Fron\(i) 


8 1'-^ r I 

x+y ^x--y ^ J 

^ ? » substituting (3) 


x-y 4 x + y 4 4 

“I, /. x-y^2 .(4) 

Hence, from (3) and (4) by addition and subtraction, 
2;r*i6, or;r = 3 and 2y = 2, or^s*i. 


..( 3 ) 

( 4 ) 


.(3) 
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Exercise CXLI. 

Solve the following equations 


1. a. ) 

23-;r 2 n-ix ^ I 

^.+ Zz±..3o-7Jt::ld M7-24^ 1; 

^-18 ^ 3 J ' 5 ^-10 ^ 3 ) 

3 6jr+6v+ri 64 ^ . J_ A_^2a ] 

2 X + 2 y ~-7 ^^ 6 x + 7 jf- 2 Sy ' x+jf x—y ^ 

4;, + 3y-,„3Jf *-'^->'*- 3i| -5-I 

4- +3/ 7 8 ;f- 6 ;/ + 7 j J 

_ 44r*-y(jr + 3>') 'I 0 3° . 44 ■ _ 

5. 1^+,I--—----+3,-4* ^ 

1 ^4. ^ I 

(.r+7)(y-2)+3 = 2:rv-(A-+iX>'-i) J .r + y*"j 


3 64:+6v+ri 64 

2;r + 2y-7 ^^(ix-\‘7y 


(x+ 7 )(y 


„ 4^ +2ry + 288-6K* 

7 . -r-=^=2;r + 3/-131 

2r + i3-2y 

5 .t:-4y=»22 

a ] 9 .; 

J'-7 3 3 I 

55-'.2£| 

4 ^- 13 .- - 3 J 


^ + 


x-i-y 

x-y'^* 

6 

J-=i 

x-y 

x+y 

J?- + 

44 ■ 
-^ = 10 

.r-y 

x + y 


”-='3 

x-y 

.r + y 


(B. M. 1874.) 


10. 2’4ji; + -32/ 


32. 44-3^ \ 9. 5 = 1 

^3 3 I X y xy 

7x-3y 55-i2£j xy=^l^{y-x) ) 

'.r-i “ 3“ J (B. M. 1877.) 

•36r-*os „ . 2-6 + -oo5y •04;' + *i_ ‘07x-'\ 

- .5 " -6 ■ 

II. LITERAL EQUATIONS. 


388 . The following are typical solutions deserving of notice. 

I 

Ex. 1 . ^o\\^ axy=»c{bx-\ray) .(l) ) 

hxy^c[ax-hy) .(2) j 

Dividing both (i) and (2) by cxy, we have 


a b , a , . 

-=-+ ••■(3) 

c y ^ 

b a b , . 

- -- '—(4) 

c y X 


Multiply ( 3 ) by a, y + ^-1 

, ,, . ab b^ i 

„ (4)by^,-=y- ^ j 
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O K. a* + d* , a* + d* 

By subtraction,~ ; /, 

^ ^ ^ ** a*-d* a a 2 b* 

iTOm (3) 3-- Va. -- -a—ii- * 


• * 2a^ j , 

Bz. 2. Solve zx~a—^- —v' 

a+o 


2^-3 + 


X'-a 


■b* a a 

2b* 

‘b^'T ? 

a» + i5*“ 

!»+^* 


2ab 


a . 

. 

2 ^ -y. 

.wj 


2 ab* 


(m. m. 1864.} 


From (i) 2(.r-a)=s-^^ ; from (2)-3(^-A). 
Writing A' for x~~a and Y for we obtain 




.(3) and "^ --3F. 


From (3) A'- and from (4) A'- ~ib Y. 


” 2 ((i + b) 


= — 3^ F; whence } '=o and /, A'=o. 


/, x — a^o^jr— bj and X—at jf=b. 

Ex. 3 . Solve x^s — a(ysr -sx- xy) = b{zx — xy —yz) 

=^c\xy-yz - zx).„{i)t (2) & (3 ) 

Dividing (i) by axyZf (2) by bxyz and (3) by c.ryZt we get 


I I I I . V \ 

“ - — -— ...(4) 

a X y z 

till 

b^y~ z''x'”'^^ 

^ 

--...(6) 

c z X y J 

Adding (4) and (6), we have 
y a c ac ' 


Adding (4) and (5), we have 

2_ I I a + A 

'~z^~ b^ ab • 

, 2 ab 

Adding (5) and (6), we have 
_2 I i_ b+c 
x^ b^ c~~ be * 






X ™ 


b-^c' 
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TO— A c 1 a — b a-^-b 2(a* + ^*) , 

Bx. 4 . Solve -1-= —..•.(i)| 

X y a* I / 

a-¥b Cl-b - I 

^ H y —2.(2) I 

Adding^ (i) and (2) and dividing by 2a, we have 

1 I 2a , , 

x'^y~ a*-b* . 


(R. M. 1888.} 


Subtracting (i) from (2) and dividing by 2^, we have 

II 'lb . . 

- =r- --- .(4) 

X y or — b^ 

Adding (3) and (4) and dividing by 2, we get 

= . , and ^ , x^a + b. 

X a + b 

Subtracting (4) from (3) and dividing by 2, wc get 


Exercise CXLII- 


'lolve the following equations : — 

1 . ar — by-=a — by ^ + -.=* * . (M. M. 1868.) 

2a zb a+b ' ’ 


* 3 . {<a. — b)x + {b — c)y + cz—\. 

2ax + by + Xcz ~ 2. - (M. M. 1867,) 

'a + b + -- ?<5 + 2^)^' + 2^-sr = 3. , 

^ 3 ax + hy + cs^a + h+c. ^ 1 

‘IX hv 7.x 2y I I > (^*‘ 1865.) 

■ *1"- 

‘i + r ' b+c a+c a b) 

. a b a b a h , „ v 

4 4- = + == + - r. (M. M* 1873.) 

X V ^ z X ' • ^ 

5. Ui*+b‘^)(x— — ^«*y + 2. (M. M. 1875.) 

6. 2 ab{x~y)=^xy[a — h'\ ) 

2a^(jr+>';+;tr^{a + /^-h?a^)=.o j 
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III. RULE OF CROSS IIULTIPLICATION. 

389 . Theorem. If ax-hd}f+cs-=o .(i) 1 

and a'x’¥‘dy+(fz<==‘0 .(2) 3 

, X y z 

ihen will - , --T~= ~ 1 - T “ -»>-• 

he’-b e ea'-c’a ab -a'b 

Proof. Multiply (i) by c\ and (2) by c ; thus we have 

a(^x-\-bdy^rC<fz^o .(3) 1 

a'cx\ h’cy-\-cdz=o . (4j J 

.Subtract (4) from (3); thus {ac — a'c)x -^ribc' — b’c)y—o ; 

.*• — b’c)y = — {ad — a*c)x ~ {ca’ — da)x ; 

Dividing each by {bd — Ifc){ca'— da\ we have 

——= ——.Similarly, — -—;-—. 

ca -da be -be • ca —ca ab —ab 

Hence -— ; — z~r =* r *■ «.■—",« • 

be—be ca’ ca ab-a’b 


Thus, it appears that when we have two equations of the tyi>c 
represented by (i) and '2), we may always by the above formula 
write down the ratios ;ir ; y : ^ in terms of the coefficients of the 
unknown quantities by the following Rule :— 

Write down the coefficients of y, z and x in thetwoghen 
«;qiiations as shewn below, commencing with those of y. 



<iiid multiply b by c', and b’ by c for the denominator of Xy giving 
the + {plus) sign to the first product and the minus) sign to the 
second ; similarly treat c, a’ and c', a for that of // ; and w, h’ and 
b for that of z. Thus we obtain the required result. 


Ex. 1. 


Solve .r-2y + O' =0.. ..(i)' 

9 j:-8y + 3»=o.•(2) - 

2.r + 3y + 5o«*36. (3) , 


(C. K. 1887.) 


Krom (i) and (2\ by the Rule of Cross Multiplicationy 

•_.y _ __ “_ 

-2 X 3 -(^X^i “ 1 X9- I X3" i“x^-. 8 y- 9 x(- 2 ) 

V V tS X V Z 

or —^-5 = --■» -6“. 6 » or = = — = (suppose), 

-6+8 9-3 -8 + 18 2 6 lo V rr 

then x^^ky and z— 10/&.(4) 
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Substituting these values of y and s in (3), we have 
4 /&+i8^ + 5o/’=- 36, or 72k^2l^\ /, 

Hlence from (4), a*— i, y«3, and ^=5. 

Note.—The above relations may be reduced to the form .r/i=3^/3 = c/5; 
and thus we may take each=:j(. 

Ex. 2 . Solve ;r+y+aa>a+^+ir.(i )1 

^;r+<yr + «ar — tf;r + fly + ^^=a* + d* + c*...(2) & (3)f 

From (1) {x-d)+ {y-c)+ {2-a)= o. 1 
From (2) l>{x-~6) + c[y-c)+a{s-a)= o. J 

Then, by the /Cu/e of Cross Multiplication^ we get 
x-b y-c s-a , 

then Xb^^ica)l\y — c—iab)l' and s — a — ib-c)^^ 
or jr=^+ic-a)^’,_ya*tf+(a — ^)/’ and z=a + {b — c)l\ 

Substituting these values in (3), we have 
be + c(c - a)X’ +ac+a(a - b)^+ab + b(b-c)l'"* a*+ b*+c^ ; 
(a*+b*+c^ ~bc-’Ca — ab)l’—a* + b* + c^-bc-ca — ab ; 

k^\. 

Hence x^b-\rc — a^y^c-¥a~-b and z=^a^b — c. 

390 . The above formula may advantageously be applied in 
solving Simultaneous Equations involving only two unknown quan 
titles X and^. 

Ex. 1 . Solve rt;r+/^+<r=»o.(1) ) 

a':r+^'_y+c'=*o.(2) j 

The equations may be written thus 
ax-\rby ^rC. \ =‘0 ) 

a'jC■ + ^'^+^^I =0 J 

Hence by the formula, we have 

• X _ y I 

be* - b*e~~ ea' — da ab' - a'b * 

be' - Ve , ea* - e'a 


Hence x 
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3 . 

4 . 

6. 

8 . 

10 . 

12 . 

13 . 

15 . 

16 . 


Ezerciee CXLIII. 

a 

Solve the following equations :— 

x-2{iy-2z)=‘0 a. 2ji;-3;'+45=ro \ 

2y+3{x-s)«‘0 ■ (c. E. 1900.) 7jr+2y-6jj**o V 

5jr+7^+9ar=67 9:r + 5y-ioj=-8 j 

x+y+z=o. 6cx+cay+adz—o 'i , „ , ^ 

ax-{-dy-¥cz+{d^c)(c-a){a-d)"‘0 J 

4ax + ia+i)y=(3a-i)s 1 5 . x+6y^S^-^ 

{3a-i){x-y-i)+z^o [- (m. M. 1874.) 7:r-6y+ar*o 

x+y^z J ^r- 4 y + 2 sr *4 


x-¥y+z^ia-d>)[b-c){a-c) 
ax+dy+cz^o ^ 
a^x+d*y + c^z * o 


7 x— 6 y+z>=o 

3 -r- 4 >' + 2 sr *4 


(m. m. 1869.) 


x+y+z=ax+6y + cz>^o 

I -H-H-i"" I 

o-“C c — a a — o 


- (M. M. 1878.) 


ax-\‘by-¥cz=^a-\rb 'i 
bx-^rcy^az^b-^c \ (m. M. 1879.) 
cx+ay+bz=c+a ) 

x+y+z^a+b+c \ 

ax-¥by-\-cs^bC‘\-ca 4 ‘ab !- 
{b — c)x+ic-a)y-¥{a~‘b)z^o' 


9 . 2 ( 4 r+q)')- 7 ( 2 F + '?) 

7(^ + 2>')«8(y+^) 
5 .r+ 2 ^- 32 r -4 

11 . 4^r- i 3 y+Zz’»o \ 
7 x + 6 y-gz™o ( 

X y Z 12 J 


X+y + Z^O 

{b+c)x+{c+a)y+(a+b)z==o ■ (c. K. 1906.) 
bcx+tay + abz^i 

2ax-by^cz=o ’j 14 . x+y-{-z=sd+b+c 
ax~ 2 by+£Z‘«o j- bx + cy+az’^cx+ay-^^bz^bc + ca+ab 

ax + by-cz"»i j 

.ir + y+a^*o, ax + by + cz<^o ') 

bcx+cay + abz +(^ - c){c — a){a - 3)=o | 

6>'-4£^ jar—jr__ y-2z 
3 ar - 7 "* - 3 ^"" 3 >'- 2 ^"" 
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IV. METHOD OF UNDETERMINED MULTIPLIERS. 

391 . Consider the following three equations containing three 
unknown quantities:— 

ax'^by-\'cs^d . (i) \ 

.( 2 ) - 

.( 3 ) I 


Let /, w, n be three quantities whose values are at present 
undetermined. 

Multiply (i) by /, (2) by w, (3) by «, and add, then 
(«/+«'/// 4 - a"n)x + {bl + b'ni + b"ii)y + {cl ■\r dm + d^n)z 
^IdA- md' + nd" .(4). 


Let such values be given to /, m an'd n as will make the ( oeib 
(lents of_y and z each equal to zero, then 

bl-\-l/m-¥b”n=o .(5) 1 

cl-\-dm-k-d'nr~o .(6) J 

and {al^rdm + a''n)X = Id-^-md + n<t\ 

. Id-^-md . 

• • . 

From (5) and (6), by the Jlule of Cross Multiplication^ we have 

fc"'-rr rf-ib?'- bZ-vr^ 

where k may be any quantity whatever. 

/. m^k{b*’c-bd\ n^k{bd-Vc). 


Hence, k{b*c"-b"dh k{b''c'-bc"), are the multi pliers 

which will eliminate y and z and give the value of x. The value 
of X is found by substituting the values of l^ni^n in ( 7 ); thus, 
we get 

d h'd' - V) + + d'(bd - b'c') 

As in the value of .r, k becomes cancelled, we can evidently 
lake — b'^c-bd^ and bd — b'c for the multipliers which 
eliminate y and z and give the value of x. Hence, the following 
Rule to find x :— 

Multiply (i) by /IV'-^V, (2) by ^'"^-^^"and {'^hy bd - b'c, 
jind add ; then and z will vanish and x can be easily found. 
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Similarly the values of j/and ^ may be obtained. It will be 
noticed that 

fi) the value of y can be found from that of x by changinj; a, a\ 
a" into h\ S" respectively and vice vcfsti ; 

(ii) the value of z can be found from that of x by changing «, 
a** into c, c'' respectively and vice versa ; 
fiii) the values of x^y and z have the same denominators. 

Bx. 1. .Solve -r + 5j/-4.?— 5 . (i) 'j 

^x-2y + 2z=i4 ..» -(2) j- (c. E. 1867.) 

-io.r + 8y+ cr= 6.(3) J 

Here, -dV = ( —2)x i -8x2= -2-16= - 18. 

d''c - hd’ =8x (-4)- 5 X 1= - 32 - 5= - 37. 
bd ~b'c =5X 2-(~2)x(-4)=.io-8*»2. 

Hence, multiply (i) b^- 18, (2) by —37, and (3) by 2, 

- i 8 :r- 9 oy+ 725 = - 90 
- iii;r + 743'-743'= - 518 
- 20 jr+i 6 y+ 2Z~ 12 • 

By addition, — I49r= —596 ; /, .r«>4. 

.Similarly,^=5 and 5 = 6. 


Exercise CXLIY. 


Solve the following equations :— 
1. x+y+z — C> \ 

3 ir-y + 25 = 7 J- (k. m. i88o.; 

4 r+ 3 i '-5 = 7 I 


3 r + 2_>' + 35=20 
2.ir + 3^-5.5= -7 


J- (c. K. 1898.) 


4 ^- 5 j' + 7 -=* 2 i 


2. s.r + 2>/ + 5 = 3o \ 

*^ + tj'-V 6--=4 j 
2.r+ 5/ + 105 = 1291 

(m. m. 18O5 ) 
i. 2jr + 3y + 45=38l 
35-2^^ +55 = 26 - 
45 + 6^-35 = 21; 

(c. K. 1901.) 


3 . 


5 + 2>» + 35 =V 

2.V + 3y+5-i2 

35 - 4 _y- 7 ^*i^ 
x + ay+bcs=^a*l 
x+by+ettZ’^ b^j 
.tr + ey+abz = c*f 


(m. m. 1899.) 


6. x+y+z-<=s 1 3 

ax + by + cs=ii r 

+ b*y + C*5 = j 
8. ax + by + cs=‘if 
a^x + b*y + c*z =</* 
a^x+b^y+c^z=ifl . 
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V. EAST HiaHER SIMULTANEOUS EQUATIONS. 

392 . The following are typical examples with their solutions. 

Bx. 1 . Solve ^+>'“8. (i)^ 

:r*+>/*=:34.(2)] 

We have (jr'7')* = 2(Ar*+^*)-(;r+^)*-2 x 34-8*, from (1) & (2) 
= 68 — 64—4. 

Taking the sq, root, we h^ve :r —y= ±2) 

From (i) jr+_y= 8J 

i»y addition and subtraction, we obtain 

2.r= 10 or 6 and 2/ = 6 or 10 ; /, -i^ = 5 or 3 and yss3 or 5. 


Ex. 2. 


Solve .r*+_y*a»a® 
xy^b^ 



(c. E 1883.) 


We have (jf+_y)* = ,r*+^* + 2 ;ry=a* + 2 d*, from (1) and (2) 
and (x -y')\p»x^ + y* — 2xy^a^ — 2^*, from (i) and (2). 


fk 


Taking square roots, we have 

.v + y=± s/(a*+2^*)) Hence »J(a* + 2 b*)± s/(a*-2^*)}. 

-and x-y= ± '- 2 b*)} and y>^\{± >/(a* + 2^*)+ 


Ex. 3 . Solve;ry«io.(i),J'^ = 30.(2), ^.r=i2.(3). 

Multiplying (i), (2) and (3) together, we get 
x * y * z *= 10 X 30 X 12 = 10* X36 =io*x 6 *j» 

Taking the square root, xyz^ i: 10x6 = dk6o.(4). 

]->ivide (4) by (il, (2) and (3) separately ; 

" thus, 0= i6, x» ± 2 and_y*» i 5. 


Ex. 4. Solve (a + b)x + (a - b)y = J( 3 a + b){x +y)* _ 

(« - b)x - (a + b)y = i (a - sb){x +y)*. 

Dividing (1) by <2), we have 
(a + b^x■]-( i - f> y 3a-^-b 
{a -bjx - la + b)y a- 3 b' 


By Comp, and Dlvd 


ax "by 
'^bx^ay 


2 a "b 
aj^ 2 b* 


(1) 

(2) 


} 
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Now, multiplying across, we obtain 

a*x — aby + lahx — 2b^y = labx + ^a^y — b^x — aby ; 

+ ; /, — dividing by 

Substitute this value of :ir in (i), and we have 

2(a+^)j/ + (a-%- ;-( 3 « + ^)(3Ly)*j or (3« + %“( 3 «+^ 1 J'* ; 

.*• y“0 or I, and /, x=q or 2. 


Exercise CXLV. 


Solve the following equations :— 


1. .ay/+3;'=20 1 

2. x+y = 7 1 

3 . xy=2fyz^6) 

Sy-A^2xy J 

;r* + y* = 25 J 



(p. E. 1890.) 


4 . 


{a + b)x - (a-b)y^i\isa + 7b){x* -y*] 1 
(a - b)x + (rt + b)y « ^^' 7 a - 3 b)[x* -y^)\ ' 


M. 1871.) 


» 5. jr(j/+2’)-22, j'(2r+2r)—40, r(2r+j/) = 42. (m^m. 1857.) 

‘6. {ba-\rb)x + {,a-\- 6 b)y^-^^{a-\rb)xy 1 

- {()a- 2 b)x-{ 2 a-gb)y = -^^{a-\'b)xy J 


7 . 5;r + 4y+ 33r = 48^;'^ \ 

$x + 6y + sz = 46xyz j- 
x + 2y +^3—iSxyz j 

x{x-Vy^z)=\^\ 
y[x-\-y’\-z)»27 ^ 

3{x + y + z)^36) 

X 

11 . xy-\-->»\o^ xy*— x^ty. 


xy + 2(;r +y) - 8 j 

.r,sr + 2(2- + ^) = ii 

>'S' + 2(y + s')«=i6 J 

10. 3.a:-4y + 7‘8^“0 "j 

2x—y~2z=o > 

5 ^* + J 

18 . ;r*+y** 74 , 2:j'=35. 


VI. SIMULTA.NEOUS .EQUATIONS 
INVOLVING SUBDS. 

303 . The following are illustrative Examples. 

Bx. t Solve ^/Jr+Jy=2....(i)l jg^o.) 

^+y “3 .(2)J 

Squaring (i' 2: + 2 J{xy) <= 4I By subtraction, 

From (2) X +J' = 3 J and /, 42r>'-i...(3) 
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Now, since (.r—1, from (2) and (3) 

=8; x-_y=^z ^'2 1 

and.r+j/=s3 j 

By addition and subtraction, we have 
^“i( 3±2 s/2) andji' = Sl3+2 V'2). 

Ex. 2 . Solve J(x +jf) + J(x -^ {xy - j -j/*’)>...( i) I 

V(x+y) + if(x-j^)= J2 . (2) J 

From (i) s/(.r+^)+ K/(-r-^)=»|>^{2;r-2 

= iy{ +y) - Jix -y))*. 

iyij(x+y)-- x/(:r-y}l^ = {^/(^+>')+ N/(.r-j/)}x 
{ Jix +y) - J(x -^)} = {x +y) - {x -y) = 2y. 

s/(^-^)P = 8, and .J(x+y)- J(x-y)==‘2...{^, 
or {^S(x+y)+*S(x-y)W{x’¥y^ ~‘*f{x-y)\=^ 2 . Art. 329. 

/. *([x-¥y)-M{x~y) = 2! J2, from (2) 

^>f 2 . 

and *({x+y)+V'ix-y)— s/2, from (2) 

/, ^f(x-¥y)— s/2 and V(x—y) = o (by addition and subtractlon^ 

Hence x-^y=/\ and .r—^^=0, (raisinfi^ to the 4th power). 

/. x=2 and^=2. 


Exercise CXLVI. 

Solve the following equations 

1. V;/ - Jiy - 2x) = ^(48 - 2;r), I'fr - 15) =* 36. (m. m. i 868.) 

2. y/{x+ Jy)+ Jix- s/y)=?s/(rt + ^) } . 

jr —2 s/(**->')==« — 2 ^ j 

3. V(.r + 2 >^-i}. 

4. sAx-V(i5+2r)—V'fAr+j/) ) 

3 s/(*S+^)+ 2 s/(^+i')“ 9 >/(i 5 +-*^) J 

5 5 %sl(x-¥y ) ^ 2 -J') _ 3 „ 4 

X ^ " 3 ’ J' ’ ’ “ :r" " 5 • 
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Miscellaneons Simultaneous Equations. 

Solve the following equations :— 


1 . 

3 . 

4 . 


■ 4 , *+ ' “ 5 - (M. M. 1863.) 


I . * * . * 

+ =® 3 » + ^ ’ 

xyi ••{xy+xz^yz)^ 4 {yz+xy'-xz) 

'^b{xz + ys-‘Xy). (m. m. 1864.) 

x+y = 2 {z+i),y+z=x + iy z+x^^^^y+i. (M. M. 1866.) 

M. ,871.) 

2 3 4 ' ' 


4 .ir- 5 K + 6^ = 3 

8:r + 7 j' 

7x+Sy + g. 


+ 6^ = 3 

— 3^«»2 > (B. M. 

+ 95=1 3 • 


1862.) 


} 


7 . 


8. 2 X-‘^ + Z+l —0 

•5jr-3-*“6 


^ 9 . 

/lO. 

11 . 

^12. 

13. 


-- 6. ax-iy=^^id-a) 
by+2cz=‘s{a-c) 
ax + fiy + cz — o 

(M. M. 1872.) 

V< 

ii + 2x+y + 2Z= -3' 

2ie+x + 2y+z^i 
n + 2X+i2y + z = 2l ^x+2y = 4z 

u+x+ 6 y+z^io J (m. m. 1888.) 

ax-by>^^{b^a\ax+by=‘cii+z),dy-‘cz=^^{€-d). (m. m. 1870.) 
a{x+y)+Hx-y)^a*--ad + 6*l . „ , . 

i~x+y i^^x+y iy*"*' 


i-!r3+yf 5 ”S*' 


x-s y -2 


s6i. 


A 


- + ^-- = 6, '^+ - =5i +^=i6. (m. M. 1896.) 

*’ y z X z y 3 f * ' 


^6. 

17. 


X 

jr*+y* 


13 

xy=> 6 


] 


15. a{x+y)~d(x-y)m^2a* 

(a* - b*){x -y)=s4a*d 


ax+by+cz=‘3j a^x+6*y + c-^z=*a + d+c, 1 

a*;r* + ^*y*+<^*5r*a«3 j 

l+2y-3^z»2, 3 + 4 ^/.?* ii , 3;^-4s/^«i. 


M.A.—27 
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b a-\‘C a — cb , 

18 . '+ -+ =s«. (M. M. 1887.) 

X y X y 

19 . x+y+Z‘" 0 , ax + by+cz^Oy 
a*x + b'^y+c*z+{b — c)ic — a){a—b)^o. 

20 . x-{‘y+z^a-^-b+c, xla+yjb+z!cmm^ 

ax+by+cz=‘a* + b*-jr c*. 

VII. HARDER PROBLEMS. 

391 . We shall consider here a few harder l^roblems involving 
Simultaneous Equations with their Solutions. 

Ex. 1 . A pound of tea and three pounds of sugar cost six 
shillings, but if sugar were to rise 50 per cent, and tea 10 per cent., 
they would cost seven shillings. Find the price of tea and sugar. 
(B. M. 1866.) 

Let X be the price of a lb. of tea in shillings, 

and y .sugar. 

Then 4r+3y —6.(i) 

Again, the price of tea rising 10 per cent, and of sugar 50 pei 
cent, the price of i Ib. of tea=:rli + /(S5) = lJ.r shillings and of i Ib 
of sugar-+ shillings. 

/. .(2) 

Multiply (i) by 3 ; thus J.r+qy—iS '1 
„ (2) by 3 : thus V-*^ + 9>=i4 J 

By subtraction, sjr—4 and /, 5 ; 

Again, from (i), substituting :r, we have 
5 + 3 y= 6 , and \y^\. 

Hence the price of tea per Ib. is 5 shillings and of sugar jJ. 
or 4rf. per lb. 

Ex. 2 . A and B went out to shoot. A shot 3 pheasants foi 
every 5 partridges, and B 5, pheasants for every 9 partridges. A 
shot 4 birds to B’s 5 ; how many pheasants, and how i^ny partridges, 
had they brought down when they had shot 126 birds? (M. M. 1866.) 

Let yc be the no. of pheasants shot by A, 

and . ® ' 

Since A shoots 3 pheasants for every 5 partridges, 

and B.5.9. 

/, A shoots 5^ and B shoots qy partridges. 


J (c. E. 1904.) 
) (C. E. 1907-) 
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Hence, A shoots or Sx birds and B shoots 5>' + 9>'or 

I4y birds. 

«•, for every 4 birds of A, B shoots 4 x ^ birds. 

oX X 

By the question, 

8^ +14y = 126.(i), Solving, we have 

and 5.(2) ;r = 7, ^-5. 

Hence, the total no. of pheasants shot=3Ar + 5y=3 X7 + 5 X5 
‘='21+25—46 and na of partridges —126—46=80. 

Bx. 3 . A tradesman sells two articles together for ^5.46, 
making 10 per cent, on one, and 20 per cent, on the other. If 
he had sold each article at 15 per cent, profit, the result would have 
been the same. At what pr^ce does he sell e.ach article ? (c. E. 1891.) 

Let X be the prime cost of the first article in rupees 

and y . second. 

• • 

The selling price of the first article at 10 per cent, profit 
—.r(i+Tsb)A’j. or \h^Rs. and of the second at 20 per cent. 

profit+1^0) 

Again, the selling price of the whole at 15 per cent, profit 
-(^+/)(*or lG{x+y)Rs. 

*, By the question, U-^+^y^U(^+J') = 46 
/. I i;r + 12_y — 460 .and x +y — 40. 

Solving which 2:‘"y —20. 

Hence the required prices are Rs.\sX or .^j.22 and or 
JRs.24 respectively. 

Ez. 4 . Two men A and B are employed on a piece of work 
which has to be finished in 14 days. ^ In 3 days they do ^th of the 
work, and then A’s place is taken by C. B and C work for one day, 
and do ?^th of the whole work, and then B’s place is taken by A. A 
and C finish the work a day before the appointed time. Find the 
time in which the work could have been done (i) by each working 
separately? (2) by all working together. (M. M. 1886). 

(I) Let X be the no. of days in which A can do the work, 


y . B 

and z .. C 
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Then the daily work of A, B and C « * , *, and - respectively. 

X y z 

Since A and B do ^th of the work in 3 days, 

. 


Again, since B and C do ^th work in i day. 



Also the work is finished a day earlier, u r. in 13 days. 

A and C do in (13-3-1) or 9 days the remaining work 
which = i-(i+3*5)=J. 

/, By the question, 9 ^^+*)"=? . ( 3 ) 

Solving equations (i), (2) and (3), wet have 
a:— 20,^—60 and area30. 


Hence A, B and C can do the work in 20, 60 and 30 days 
respectively. , 


(2) Again,from (i) ? + * 


/ V I * 




ling 


Adding ftnd dividing by 2, 


xyz‘^ 


Hence A, B and C can together do the whole work in 10 days. 


Ex. 5 . A train running from A to B meets with an accident 
50 miles from A, after which it moves with |lhs of its original velocity 
and arrives at B 3 hours late. Had the accident happened 50 miles 
further on, it would have been only 2 hours late. Find the distance 
from A to B, and the original speed of the train. (M. M. 1857.) 

Let X be the distance from A to B in miles, 

and^ the original velochy of the train per hour in miles. 

X " ^ 

Then the usual time* hours. 

y 

The accident happening 50 miles from A, the train travels the first 
50 miles at the rate of y miles per hour, and the remaining distance 
(jT- 50) miles at the rate of \y miles per hour, 

and the whole time taken ■■ ( I hours. 

\y \y / 
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Similarly, supposing the accident to have happened loo miles 
from A, the whole time taken would be 

( loo . Jf — ioo\ , 

-H —;-1 hours. 

y ly / 

/, By the question, 


50 jr-so 

—ii-" 

y \y 


,+3—(0; 


loo , 100 

—“+ —i- 

y \y 


Subtracting, (2) from (i), we have 


- + 2 ...( 2 ). 
y 


- —+ 1 ; whence^ = 33S. 

y\y 

From (i), 5o+§^(;r— 5o)«*-r+3y ; substituting in this, 

we have 5o+^(;r-5o)=2r + 3X33^=»2r+ioo; 

whence ;r=200. 


Hence distance = 200 n%iles and rate = 335 miles per hour. 

Ex. 6. A challenged B to ride a bicycle race of 1040 yds. ; 
he first gave B a start of 120 yds. and lost by 5 seconds; he then 
gave B 5 seconds’ start and won by 120 ft. How long does each 
take to ride the distance? (c. E. 1881.) • 

Let X be A’s time in seconds to ride the whole distance, 

and .B’s. 

In the first race A rode 1040 yds. and B (1040— 120) or 920 yds. 

/, By the question, x — /gVtr ^ + 5 “ ilj' + 5 —(^)• 

In the second race A rode 1040 yds. and B (1040 yds. — 120 ft.) 
or 1000 yds. 

/. By the question, .r+5 .(2). 

Subtracting (i) from (3), we have 5 = iV ^~5 5 •** 

From (i) x=*ll x i3o+5»ii5 + S=> 120. 

Hence A takes 120 sec. or 2 min. and B 130 sec. or 2 min. 10 sec. 

Ex. 7. A boat goes up-stream 30 miles and down-stream 44 miles 
in 10 hours ; it also goes up-stream 40 miles and down-stream 55 miles 
in 13 hours ; find the rate of the stream jind of the boat. (c. E. 1880.) 

Let X be the rate of rowing in still water in miles per hour, 
and y the rate of the stream in miles per hour. 

Then motion up-stream (jr-/) miles per hour and motion 
down-stream™(2:-hy) miles per hour. 
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Subtract 3 times (2) from 4 times (i) ; 

/. - T^= I and /. x+jf -11.(3). 

x+y 

.Subtract 5 times (i) from 4 times (2) ; 

= 2 and ar - j=5 . (4). 

^ ^ y 

Adding (3) and (4), we have 2;r=i6 and /. x=S. 

.Subtracting (4) from (3), we have 2 y=> 6 , and >' = 3. 

Hence the rate of the boat=8 miles per hour and of the stream 
= 3 miles per hour. 


Ez 8. Two trains, 92 ft. and 84 ft. long respectively, are 
moving with uniform velocities on paralleljrails in opposite directions, 
and are observed to pass each other iiii^ sec. ; but when they are 
moving in the same direction, their velocities being the same as 
before, the faster train is observed to pass the other in 6 seconds. 
Find the rates at which the trains arc moving. 

I 

Let X be the speed of the faster train in miles per hour, 
and y the.other. 


then (a: + )0 miles per hour is the speed of the two trains 

moving in opposite directions and (x-~y) miles per hour is their 
relative speed moving in the same direction. Also the trains pass 
each other when they have travelled a distance equal to the sum of 
the lengths of the two trains, which =(92 + 84) ft.= 176 ft. 


. 1 *70 I? 

.. by the question, — -—;;—= 2—^ 

^ ^ 1760X 3(.*r+y^ 60 X 

d J 76 ^ 6 

J76ox3(.r—60x1 



From (I), we have ar+j' = 8o| andj/=30. 

„ (2), ,r-;' = 2oJ 


Hence the rate of the faster train is 50 miles 4|pd of the other 
30 miles per hour. 


Ez. 9. A certain number consists of two digits whose sum 
is 8, another number is obtained by reversing the digfts. If the 
product of these two is 1855, find the number, (b. m. 1877.) 

Let .*■ be the digit in the tens’ place, 

and^' the digit in the units’ . 

then the number = loa'+j/. 
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Also the number formed by reversing the digits is lOy+Af. 

By the question, x+j /—8 .(i) \ 

(io;»r+j/)(io^+.r)=i855.(2) j 

From (2), io;r* + roiji:>'+io^*=ii855.(3) 

Squaring (i) and multiplying by 10, we have 

i02r* + 20Ay/+ ioj^*=640.(4) 

Subtracting (4) from (3), 8i2:j/=»i2i5 ; /, .(5) 

Now +J')*“42:y = 8*~4X 15, from (i)and(5l 

= 64-60-4; /, Z-J/=±2. 

1 fence, we find A’ = 5 or 3 and >' = 3 or 5. 

Hence the number reqd. = 53 35 - 

% 

Exercise CXLVII. 

1. A man has in his purse sovereigns and shillings. If he 
receive as many sovereigns as he has in his purse, and pay away 
his shillings and an equal number of sovereigns he will have 8 
coins. But if he double the number of his shillings, retaining the 
original number of sovereigns, he will have 9 coins. How many 
sovereigns and how many shillings were in his purse at first ? 
(B M. r86i.) 

2 . Water is admitted into a cistern by three cocks, two of 
which arc exactly equal. When they are all open, Vaths of the 
cistern is filled in 4 hours ; and if one of the equal cocks is stopped, 
^thsofthc cistern is filled in 10 hours and 40 minutes. In how 
many hours would each cock fill the cistern ? (a. 1. E. 1889.) 

3 . The fore-wheel of a carriage makes six revolutions more 
than the hind-wheel in going 120 yards ; if- the circumference of 
the fore-wheel be increased by one-fourth of its present size, and 
the circumference of the hind-wheel by one-fifth of its present 
size, the six will be changed to four.^ Required the circumference 
of each wheel. 

4. A railway train after travelling for one hour meets with an 
accident which delays it one hour, after which it proceeds at fths 
of its forjner rate, and arrives at the terminus 3 hours behind time ; 
had the accident happened 50 miles further on, the train could 
have arrived i hour 20 minutes sooner. Required the length of the 
line. (b. m. 1866.) 

5 . A letter-carrier has to go daily from P to Q in a prescribed 
time. If he goes a mile an hour faster than his ordinary rate. 
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he arrives at Q half an hour before the time. But if he goes a 
mile an hour slower, he arrives three-quarters of an hour too late. 
Find his ordinary rate, and the distance from P to Q. (M. M. 1884.) 

6. A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would have occupied 
4 hours less ; and had the speed been 6 miles an hour less, the 
journey would have occupied 6 hours more. Find the distance. 
(P. E. 1889.) 

7 . A set of bearers on a Journey perform one-third of the 
distance at a certain rate and then halt one hour to take their 
food. The remainder of the journey is accomplished at only two- 
thirds of the former rate, and the bearers reach their destination 
in 7 hours after first starting. Had they travelled at the former 
rate 4^ miles further than they did before halting, they might have 
halted 22^ minutes longer and yet reached the end of their journey 
in the same time. Find the length of the journey, (m. m. 1885.) 

8. In a quarter of a mile race, A gives B a start of 22 yards, 
and beats him by 2 seconds ; and in a 300 yards race, he gives 
him a start of 2 seconds, and beats him by lo^ yards. Find the 
rates of each. (m. m. 1888.) 

9 . A room of which the floor is rectangular is such that the 
addition of a foot to the height will increase the area of the walls as 
much as the addition of a foot to both the length and breadth, the 
increase in each case being 60 square feet; and if the floor be made 
square, the perimeter remaining the same as before, its area will be 
increased by g square feet. Find the length, breadth and height of 
the room. (m. m. 1868.) 

10 . A horse-man travelling at a walking pace of 4 miles an 
hour meets a bandy going in the opposite direction at the rate of 
2 miles an hour ; after proceeding at the same pace for half an hour, 
he turns and canters back till he overtakes the bandy. If he had 
continued for another quarter of an hour before turning, the bandy 
would have been ^ths of a mile further on before it was overtaken. 
Find the rate at which the horse-man cantered. (M. M. 1869.) 

11 . A and B play four games of chance of whi^ A wins the 
first and last, and B the other two. The amount which each 
stakes for the first game is half the whole sum of money possessed 
by both together, and for the other games half the money possessed 
by the loser of the preceding game. At the end of the fourth 
game, A finds that he has 18 shillings less than he would have had 
if he had won them all, and B finds that he has 9 shillings less than 
he had at starting. Find the amount of money possessed by each 
at first, (m. m. 1871.) 
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12. A man rowing against a stream meets a log of wood which 
is being carried down by the current. He continues rowing in the 
same direction for a quarter of an hour longer and then turns and 
rows down the stream, overtaking the log miles lower down 
than the point where he first met it. Find the rate at which the 
current flows (M. M. 1874.) 

13. A boat’s crew rowed miles down a river and up again 
in 100 minutes. Had the stream been half as strong again, they 
would have taken 31 ^ minutes longer. Find the rate of the stream. 
(b. m. i860.) 

14 . A merchant has a certain number of Back Bay and 

Mazagon Shares. The market rate for the two shares was ^j.2000, 
but Mazagon Shares rose 10 per cent, and Back Bay fell 20 per 
cent. The value of the two shares became in consequence 12^ per 
cent, less than before. Find the original market value of each 
share, (b. m. 1867.) ^ 

15 . A criminal having escaped from prison, travelled 10 hours 
before his escape was known. He was pursued so as to be gained 
upon 3 miles an hour. After his pursuers had travelled 3 hours, 
they met an express going at the same ratft as themselves, who 
met the criminal 2 hours 24 minutes before. In what time after 
the commencement of the pursuit will they overtake him ? 
(b. m. 1883.) 

16 . A mail coach runs between two places A and B, and back 
again. A traveller who starts walking from A 5 hours before the 
mail coach is overtaken by it half way between A and B. He then 
doubles his rate of walking and meets the mail coach on its return 
journey 3 miles from B. The traveller then goes to B at the same 
rate and returns, and by the time he comes again midway between 
A and B, the mail coach reached A. Find the distance between 
A and B, and the rate at which the mail coach runs. (M. M. 1878.) 

17. A gentleman went out for a walk ; and after having been 
out 12 minutes, was overtaken by his servant who had run from 
the house at thrice his master’s pace. The master then bade the 
servant run back at the same rate to the Jhiouse and bring his cigars, 
while he walked on at his former pace. If the master was one 
mile from the house when overtaken the second time, at what rate 
did he walk ? (m. m. 1873.) 

18 . A and B start together on a certain journey. When they 
have walked a distance of a miles, A finds it necessary to return 
home, and goes at twice his former rate. He then starts again at 
mjn times his original pace, and just at the end of the journey- 
overtakes B, who since A left him, had gone at n(in times the 
original pace. How long was the journey ? (m. m. 1865.) 
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19 . A and B (one of whom could do the work alone in a less 
number of days than the other) agree to reap a held for /is.20. 
If they had worked together every day, the field would have been 
reaped in 15 days ; but at the end of 7 days A left off working for 
4 days ; and it consequently took 16^ days to reap the field. In 
how many days could A alone, and in how many days could B 
alone, have reaped the field ; and what part of the ks.20 ought 
each to receive for the work he actually did ? (B. m. 1869.) 

20 A person left Poona in the Sattara mail buggy at 2 P. M. 
and having proceeded a certain distance he went out of the buggy 
and returned to Poona on foot, walking at the rate of 3 miles an 
hour, and he reached Poona at 8 P. M. Had he gone 6 miles further 
in the buggy he would not have got bark to Poona till 10 hours 
40 min. P. M. How far did he go towards Sattara and what was 
the speed of the buggy? (n. m. 1870.) 

21 . A person rows from Cambridge to Ely, fi distance of 20 
miles, and back again, in 10 hours, Ihe^'stream flowing uniformly 
in the same direction all the time ; and he finds that he can row 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the time of his going and returning. 

22 . .Some smugglers found a cave, which would just exactly 
hold the cargo of their boat, 13 bales of silk and 33 casks of 
rum. While unloading a revenue cutter came in sight, .and they 
were obliged to sail away, having landed only 9 casks and 5 bales, 
and filled one-third of the cave. How many bales separately, or 
how many casks, would it hold ? 

^.^^ 23 . A number consists of three digits, the right-hand one 
being zero. If the left-hand and middle digits be interchanged, 
the number is diminished by 180; if the left-hand digit be halved, 
and the middle and right-hand digits be interchanged, the number 
is diminished by 336; find the number, (b. M. 1887.) 

24 . In a half mile race A gives B 22 yards’ start .and wins by 
6 seconds. In a three-quarter mile race he gives him 20 seconds’ 
start, but is beaten by 29 yds. i ft. In what time can each of them 
run a mile? (m. m. 1892.) 

I 

25 . Two trains start at the same time from A find B for the 
junction C. The train from A should run at 24 mile^ an hour and 
reach the junction half an hour before that from B, which travels 
18 miles an hour. But the former is so retarded as only to run at an 
average rate of 22 miles an hour. The two trains arrive atthe junc¬ 
tion at the same time. How far are A and B respectively from C, 
and how long were the trains upon the road ? (M. M. 1862.) 

26 . A and B start from opposite ends of a straight course, each 
walking uniformly. A, who is the faster walker, at the rate of 4 miles 
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nn hour and meet at the end of 2 hours. If, when A reached the 
middle point of the course, they had interchanged their rates of 
walking, they would have met a quarter of a mile nearer the middle 
point. Find B’s rate of walking, and the length of the course. 
(M. M. 1870.) 

27 . Two cyclists ride from A to B, a distance of 55 miles, and 
the first arrives 30 minutes before the second. They then ride 
from B to A, the first giving the second a start of 4 miles, and yet 
arriving 6 minutes before him. Find the rate of each cyclist in 
miles per hour. (B. M. 1901.) 

28 . A and B start simultaneously from Poona to go to Kirkee. 
A would reach Kirkee half an hour before B, but missing his way, goes 
a mile and back again needlessly, during which he walks at twice 
liis former pace, and he reaches Kirkee 6 min. before B ; O starts 
20 min. after A and B, and walking at the rate of 2\ miles an hour 
arrives at Kirkee 10 min. after B. Find the rates of walking of A 
and B and the distance from Poona to Kirkee. (u. M. 1868.) 


CHAPTER XVllI. 

RATIO, PROPORTION AND VARIATION. 

I. RATIO. 

395. The Ratio of one quantity to another is that relation 
which the former bears to the latter in respect of magnitude, when 
the comparison is made by considering, not how much the one 
is greater or less than the other, but what number of times, it 
contains it, or is contained in it, /. e what multiple, part, or parts or 
in other words, what fraction the first is of the second. 

This is, m fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the mere 
numerical difference between 999 and 1000 is the same as between 
I and 2 ; but no one would hesitate*to say that 999 compared with 
1000, is much greater than i compared with 2. The reason is, 
that the mind considers intuitively that 999 is a much greater fraction 
of 1000 than I is of 2 ; and this is what we should express by 
saying that the ratio of 999 to 1000 is greater than that of i to 2. 
On the other hand, we should say at once that 1001 compared with 
1000, is much less than 2 compared with i, the fraction in the 
former case being less than that in the latter. 

396. The ratio, then, of one quantity to another is represented 
by the fraction obtained by dividing the former by the latter. 
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Thus, the ratio of 6 to 3 is | or 2 ; that of 15 to 40 is 7 § or |; 

that of 4a to 6 d is 5* or — . 

63 33 

397 . The two quantities compared (if they are not mere num¬ 
bers, or algebraical quantities expressing numbers) must be of the 
same kind, or one could not be a fraction of the other. 

Thus, the ratio of J^s.g to /^s.12 is the same as that of 9 mds. 
to 12 mds., or of 9 to 12, or of 3 to 4, or of ^ to i ; since, in each of 
these pairs of quantities, the first is | of the second, and hence J 
is the value of each of these ratios ; in saying which we may 
suppose, if we please, a tacit reference to i,/f*. in saying that the 
ratio of/?jr.9 to Ar.i2 is f, we may either imply that /?s.g is ^ of 
/?J.I2, or that the ratio of J^s.g to 12 is the same as that of J to i. 

398 . The ratio of one quantity to another is expressed by two 
points placed between them, as « : wheraa and b are the terms 
of the ratio j the first term a is called the antecedent, and the 
second term 3 is called the conseqnent of the ratio. 

399 . A ratio is said to be a ratio of greater inequality, of 
less inequality, or of, equality, according ns the antecedent is 
greater than, less than, or equal to, the consequent. 

Thus, the ratio 5 : 4 is one of greater inequality^ the ratio 4 : 5 
is one of less inequality^ and the ratio « ; is one of equality. 

400. Problems upon ratios are solved by representing them 
by their corresponding fractions, which may now be treated by the 
ordinary rules. 

Thus ratios are compared with one another, by reducing the 
corresponding fractions to common denominators, and comparing 
the numerators. 


£z. 1. Compare the ratios 5 : 7 and 4 : 9. 

Here, 5 : 7 — " and 4 : 9= J. 

Now, 4, l- JS, ; but 45 > 28, /. 5 : 7 > 4 : 9 - 


Ex. 2. Find the ratio of ^ 

The reqd. ratio — f + l — yX 4 = 58- ^ 

401. A ratio of gf'eater inequality is diminished^ and a rati>' 
oj less inequality increased by adding the same positive quantity U- 
both its tef ms. 


Let r be the given ratio, and let x be added to each term, the 
3 

ka 

resulting ratio being » where .*• is a positive quantity. 
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a a+x 

r JTx 


ab+ax-ab — bx xia — b) 


b{,b-\rx) b{^b+x) 

'Or negative according as /i is greater or less than b. 


; Auda — b is positive 


Hence, 


and 



a+x 

b+x 

a+x 

b+x 


, if a bez>bit.e.f if a : ^ be a ratio of greater inequality, 
, if a he.<.byi.e., if a : ^ be a ratio of less inequality. 


In like manner, it may be shewn that a ratio of greater in¬ 
equality is increased^ and of less inequality diminishedy by subtracting 
the same quantity from both its terms. 


403. Compound Ratio. If the fractions denoting two or 
more ratios be multiplied together, the resulting fraction is said 
to be the ratio compounded of the ratios represented by them. 


Thus, \i a \ by c \ dy f &c., be any ratios ; their compound 

ratio will be ace &c. : bdf Scc.y or’^ . 

bdfScc- 


(i) The ratio a* : b* is called the duplicate (/. e. squared) 

ratio of a : b. • 

(ii) The ratio a} ; is called the triplicate ratio of a : b. 

(iii) The ratio Ja : Jb is called the Subduplicate ratio of a : b. 


Ex. 1 . Whnt is the ratio compounded of 2 : 3, 6 : 7, 14 : 15 ? 
The reqd. ratio—I X v x or 8 : 15. 


£z. 2. What is the duplicate ratio of 2:3.^ 

, The reqd. ratio=*2* : 3*—4 : 9. 

403 . The ratio of any two quantities cannot always be ex¬ 
pressed exactly by the ratio of two integers. For, if either, or 
both, of the terms of a ratio be a surd quantity; then no two integers 
can be found which will exactly measure their ratio. 

Thus, the ratio of n/ 7 : 4 cannot be exactly expressed by any 
two integers. * 

404 . When the ratio of any two quantities can be expressed 
exactly as that between two integers, the quantities are said to be 
commensurable ; otherwise, they are said to be incommensurable. 

Although the ratio of two incommensurable quantities cannot 
be expressed exactly by the ratio of two integers, we can always 
hnd two integers whose ratio diders from that required by as small 
a quantity as we please. 
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Thus. ?:®-45L5n-.u..66,4378... 

and therefor! ^ ^379 

4 lOOOOOOO lOOOOOOO 

and it is obvious that any degree of approximation may be arrived 
at by calculating the value of ^7 to more places of decimals. 

Ex. 1. If = find the ratio x \ y. 

Multiplying crosswise and transposing, we have 
39^ = 26^/; 3j:=2j'and xly^\. 

Ex. 2 . If 2;r*- I Lry+ i2y* = o, find the ratio x ; y. 


Dividing by_y*, 2-11^+12 = 0. P 


utting k for 


X 


2k*- ii/('+i2 = o, or (2/’-3)(/(’-4)^o. 

2 k — 3=*o, which gives | 
and >t-4=o, which gives 


= t 1 

/’ = 4 j 


Hence =3 or 4. 

y 


Ex. 3 . If ^ = 3 , find the value of 

y IX-try 


IX 


ix-^y 


-4 


3*+. 


_ >1 

» « V < 

— T X 


J + I 


= # 

T 3 T .f 


Ex. 4 . If 2a : 3^ be in the duplicate ratio of 2a-x : 3^-.r. 
prove that x* «> 6a^. • 


We have, 


2a 


f2a—x\^ 


Multiplying crosswise and squaring, we get 
2a'gd*-6^;r+;r*) = 3^f4(** — 4<ijf+ 2 :*) ; 

/, i Sad* — 1 2 a 6 r + 2ar* = 1 2a*d — 12abx 4- "ifix* ; 
:r*(2a —3^) = 6a^(2fi —3^'; /, .3r* = 6a^, 
since 2a-3^ is not zero, by supposition. 


405. It appears from Art. 401 that by adding the samt positive 
quantity to both the terms of a ratio, it is made more nearly equal to 
unity, and by taking ;r, the quantity added, large enough, it may be 
made to differ as little as possible from unity. The following is an 
illustrative example. 



RATIO. 


431 


Ex. A is 32 years old, B is 5 years old. What is the least 
number of years after which the ratio of their ages will be less 
than 3:1? 

After X years, A’s age will be 32+;r and B’s s+x years. 

I 

32 + X 

The value of the ratio > when x is gradually increased, will 


become less and less than Vt ^nd nearer and nearer to unity. 


When ' —asy, we have jr=l 
S+x 


and for this value of x the ratio 


of their ages will become 3:1, and for any greater value of x the 
ratio will be less than 3:1. 

Hence, the least number of years required is 5. 


Exercise CXLVIII. 

1 . Which is the greater ratio 
(I) 3 : 4 or 4 : 5 (2) r 3 : 14 or 23 : 24 ? 

(3) 3 : 7 , 7 : II or II : 15 ? (4) .r+y ' y i,x \ x-\‘y ? 

(5) \ a-h ox a* supposing li>b ? 

(6) ;r*+_y* : x-[-y or x^-\ry^ : jr*+_y*? 

(7) x* + y* : I or + : x^-x^y^rx^v^-xy^-¥y^ ? 

3 . Find the ratio compounded of 
(0 3 : S» 10 : 21 and 14 : 15. (2) 7 : 9, 102 : 105 and 15 : 17. 

(3I 169 : 200 and the duplicate ratio of I5<i* : 20^*. 

(4) 3^< : 4^ and the subduplicate ratio of 25^^ : 49a*. 

(5) X* - g;r+ 20 : and x* - i3.r + 42 : x^ - r^x. 

(6) \ a - by a* ^b*^ : (a + ^)* and (a* —^*)* : a^ — b^. 

(7) a* + i : a*-i, «♦ + ! : a*-i and (a* 


3 . What is the ratio compounded of the duplicate ratio of + ^ : 
a-by and the difference of the duplicate ration of a : a and a : 
supposing ? • 


4. 


Shew that the ratio 


(a + b)^ 
a-b 


■ , will be one of greater 
a — ^b ** 


or less inequality, according as 7^* is greater or less than 3^*. 

5. If a : ^ is a ratio of greater inequality, show that a : ^ is 
greater than a* + ^* : 2 fl^. (11. P. E. 1888.) 

6. If 4« : 5^ be ij;i the duplicate ratio of 4a+;r : 5^+.r, find 

the value of x. •• 
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7 . What quantity must be (i) added to, (ii) taken from each 
■of the terms of the ratio a : by that it may become equal to ^ 

8 . If 24 r+S : 3Jif + io be in the duplicate ratio of 3 : 4, find x. 

9 . If a : ^ be the subduplicate ratio oi a—x \ h—Xy find x. 

10 . If find the ratio x : y, 

sy- 7 x 3 

11 . If 7jr —4;/; 3jr + y = 5 : 13, find the ratio x \ y, 

12 . If ?= ^ and ^ , find the value of • 

04 « 7 4 bd- 7 ac 

13 . If ^ , find the value of . 

y 7 y--x^ 

14 . If f =s , find the value of --—. 

b 3 2rf-5d 

15 . If — , find the ratio x : y. 

X* +y* 41 

16 . If 63'* + 35;r* = 29;y^, find the ratio x :y. 

17 . If a : be in the duplicate ratio of a+x : b + Xy find x. 

(P. E. 1896.) 

18 . What number must be added to each term of the ratio 
8 : 5, to make it equal to the ratio 4:3? 

19 . A certain ratio becomes 4 : 5, if 2 be added to each of its 
terms ; and becomes 3 ; 4, if 1 be subtracted from each of its terms ; 
find the ratio. 

20. If from each term of the ratio a : by the quantity 

pb — <* 

be subtracted, shew that the resulting ratio will be a : pb. 

21. Two armies number 11,000 and 7,000 men respectively; 

before they fight each is reinforced by 1,000 men : in favour of 

which army is the increase ? (c. K, 1879.) 

« 

22 . If ^ : 7 be the ratio a : ^ in its lowest terms, prove that 

* T-r- . if (c. F. A. 1882.) % 

^+1 ^+r 

23 . Two persons are now of ages 36 and 31 years. After how 
many years will the ratio of their ages be less than the ratio of 
17 : 15? 

24 . What is the greatest integer which when subtracted from 
both the terms of 8 : 13 will give a ratio greater than 1:3? 
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406 . Many properties of ratios can easily be proved by assum¬ 
ing a single letter k to represent a ratio, or to represent each of 
-several equal ratios. 


Important Theorem, if a :h^e \d-^e 




then each ratio > 


( /i g^+qfc^+r e* +. 
pb’^ + qd^+rf’ 


re*-h... \ n 
rf>* + ...), 


where/, r, &c., n are any quantities whatever. 




k. 


Then a^6k, c^dk^ &c. 

(*^d'^k'^^ &;c. 

pof'—pb'^k'^y gc^'^qd^k"^ re^=ir/^^k*, &c. 

By addition, /a" 4 - qc'*^re*+ ...•• (pd*+qd^ + //'• + . ,.')k*. 
. pa^A-qc^-^re^-A-... 

'' pb*A-qd* Arrj*^... 

I 

( pa*A-qc*A-re*A‘...\n . ^ 

pb*A-qd^A-rf*A-"') b~ d~^''' 

Hence the theorem. 


Corollaries, (i) Putting »=i, 

, pa-AqcArreA-... 

each ratio —--j-— 

pbA-qdA-rjA-... 


(2) Putting/«=j7=;'=...-»« = 
<* + t + c-t-... 


I, 


each ratio » 


^ + r/- 4 /+... 


Thus, we see that each ratio is equal to ihQ ratio 0/f/te sum 
'•/ tiii the antecedents to the sum of all the consequents. 

, . . . a — c c-e a —e 

(3) each ratio - ^-y- ... ^ 

0 

Thus, we see that each ratio is equal to the tatio of the difference 
of any two antecedents to the difference of the Hvo corresponding 
'onsequents. 


407 . unequal, the ratio 

0 d f bA-dArfAr.. 

sn magnitude between the greatest and least of these ratios 
.Suppose &c. 


' lies 


M.A.—2i! 
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Let %^k. Then &c. 

6 a j 

a^dk, c<.dk^e<. fk\ &c. ; 

/• a+f+^ + ... < (^+/^+_/’+. 

, <14*fHh^4* ••• . • <* 


* * ^ + rf+/^+ ... 


i.e. <: the greatest of the ratios. 


Again, let ^^k' the least. Then > k\ 

q oaf 

a bk\ c > dk\ e > fk\ &c. ; 

a + c+e + ...>id+d+/‘+..,)/y; 


• ^ + c+g+«.. 

* * b-\r d-^rf ■\r ... 

Hence the theorem 


/>. the least of the ratios, 
R 


— 1 I/-- •' - + + ^ ! ace\\ 

Ex. 1. If >. prove that 


ace 
~b~ iT } 


1 ^ ^ ^ / 


Then a^bk^ c^dk^ e^^fk. Multiplying out, we have 
ace^bdjk^^ and ^J^k^ and /. 


bdf 


\bdf} 


Again, adding the three equations, we have 
rt + t + f? —(^+^/+/'K, and.*, 

^+«+/ 


Hence 


p- 

b^rd-\rf 

Ex. 2. 

.a c 

b“ d 

Let 

j= t='^- 

b 

d f 


. 2. If .« %= >, prove that each*= ( j'' 

b d r ^ - \b^ - + 2d*f^) 


a* — 2c*e^<Bi2d*/'^k^. 

- 3a*^* + 2 £:*f**( 3 * - 3^*</* + 2 tPf^)k^. 

. g6-3a>g*4-2f«^» . /«5-3«»tf*4-2r*^3 \i 

•• + \^^ 5 _ 3 ^S-^ 4 .- 2 ^y 3 y -A’ 
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Ezerciie GXLIX. 


1. If * .-K. 


b~c « a — b 


, shew that X'Vy-¥z—o.. 


a. If 


x-Vy y-^z z-x 


, shew that a-b-k-c—o. 


•» ir -*^ + 2 ^ 2 X-Z Sy-^X-^Z 

6 . If -=r -——mt - prove that each=»i. 

^x-z Sy+x 4y-4jr + ar’‘^ 

*■ ^“ r S’ p™''* ■ 

*• " r S- ‘r p™''® V 

®' ‘f r rf-;- P™™ liwy^r^jirfr^sTs) 

^ J ^”7’ P’*®'"® ^4 + 5^/-4:y4" ; 

o , - « iT (? f (a^b — ‘2c^e+"\a^c^c*\ ace 

®‘ V y>- 2Sjfy+3^+rrtf»£'*/ ” ^^7/' 


II. GRAPHIC REPRESENTATION OF RATIO. 


408 To represent the ratio ^ graphically. 

Take an abscissa OA to represent and an ordinate AP to 
represent a on the same scale. 


AP 


a 


Then represents the ratio “ , 

j^raphically. The magnitude of the 
angle AOP enables us to determine 
whether this natio is greater or less 
than another ratio represented in a ^ 
similar way. 

c BQ 

If ^ be a second ratio, represent it by , and let OQ cut AP 



at 0. 



436 


MATRICULATION ALOEBRA. 


Then by similar BOQ, AOD, - J- 

Thus, we compare the ratios ^ and % by means of the lengths 

o a 

of AP and AD. 


409 . A ratio of i(reater inequality is diminished by \adding the 
same quantity to both its terms. 


Let represent a given ratio, 

where OA is the abscissa and AB the 
ordinate. 


Produce OA to C and draw the 
ordinate CE. MakeCD = AB and DE 


been 


=sAC. Then the ratio q~ has 

CE 

altered to by adding the same 
•quantity DE or AC to both its terms. 


Z. 



The new ratio the old ratio , if OE’cuts AB below B; 

t. e. if the L EBD < the L BOA. 

But the L EBD*45“, for DB = DE. 

the new ratio c the old, if the L BOA >- 45* ; i, e. if the 

AB . - ... 

ratio is one of greater inequality. 


Exercise CL. 


1 . By means of squared paper compare the ratio with 

1^ T 17 lO 72 

TSTj air* 2K> 

2 . On squared paper represent the ratios 3, and see which 
IS greatest and which least. 


3 . Draw the ratio formed by the sum of the antecedents -f- the 
sum of the consequents of the following ratios. 


(i) 


3 10 

fti IT* 


fii) 


4 1 T 

Zy TT- 


4 . Draw the ratio formed by adding 5 to the numerator and 
denominator of Compare it with yy. 
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5 . By squared paper reduce f, to ratios whose deno¬ 

minator is 24. 

6- Measure abscissa: OC equal to 9 and 13. Measure 

ordinates ABj CD equal to 17 and 21. Find what angle the line BD 
makes with the line OC. 


7 . Find graphically what number must be added to each 
member of the ratio gj to make it i'’,. 

8. What number must be taken from each member of the ratio 
to make it | ? 

9. Two men share Rs.20 in the ratio 5 : 3. Find their shares 
graphically. 


10 . Divide 69 graphically so that the two parts may be in the 

ratio 9 : 14. ^ 

11 . Show graphically that, if^ are unequal, lies 

(I a f 

in value between the greatest and least of them. 


13 . The marks gained in an examination paper for which the 
maximum was 65 were 52, 40, 38. Find by a diagram what these 
would be if the maximum were 100. 


III. PROPORTION. 

410 . When two ratios are equal, the four quantities composing 
them arc said to be proportional to one another, 

ct c 

Thus, if T* , then the four quantities a, b, c and d are propor- 

0 a 

tionals. This is expressed by saying that a is to h as c is to d, and 
denoted thus, a\b w c \ d ox a \ b=c : d. 

The first and last terms in a proportion {vis. a and rf) are called 
the Extremes, and the other two {vis., b and c) the Means. Also 
d is called a fourth proportional to a*, b and c. 

411 . When four quantities are proportionals, the product of 
the extremes is equal to. the product of the means. 

For if then multiplying both sides by bd, 

we have x x bd^ \ x bd, or be. 

0 d 
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Hence, if three terms of a proportion are given, we can find the 
other ; thus 





, c 



412. If the product of two quantities he equal to that of two 
others^ the four are proportionals^ those of one product beinf^ (he 
extremes^ and of the other the means. 


For if ad=‘bc., then dividing both sides by bd^ 


, ad 
we have v-= 
bd 


he a c 


and I, a :b : : c : in which proportion a, d are the extremes, 

and hj c the means. 


413. Four quantities are said to be inyersely proportional, 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth, i. c., as the fourth is to the third. 

Thus, a, c and d are inversely proportional^ 

when a\ h\\ ~ : r, for - : - / ^== ^ = d : c. 

c d c d c d c 


414. Quantities are said to be in continued proportion, when 
the first is to the second, as the second is to the third, as the third 
is to the fourth ; and so on. 


Thus, a, r, &c. are in continued proportion, 


when 2= ~~ 
bed 


415. If three quantities a, b^ c form what is called a continued 
proportion, so that a : b—b : <, we shall have iie=h* \ or the 
product of the extremes is equal to the square of the mean^ and 

conversely. 

» 

In this case b is said to be a mean proportional between a 
and c; and c is said to be a third proportional to a and b. 


416. If three quantifies are in continued proportmn the first 
has to the third the duplicate ratio of that ivkich it has to the second. 


_ .r a b a a b a a a^ 

For, if .— , then -= i x -X 

be ebebbb* 

/• a : ^ is the duplicate ratio oi a '. b. 


Also, if four quantities are in continued proportion^ the first has 
to the fourth the triplicate ratio of that rvhich it has to the second. 
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^ a b c , a a b c a a a a* 

For, if T= - .1 then .“vX x *,X/X,««,,: 

bed dbcdbbbb^ 

/. a : d is the triplicate ratio of ^ 

417. Propositions regarding four quantities <7, c and d in 
proportion, may be obtained, like those on ratios, by the use of 
•fractions, and of these the most useful are the following :— 

a f ,, a c b d 

0) If^=^,then.H.^. = ,+^,or 

that is, 6 : ; c. (Invertendo). 

c . a b b c a b 

(ii) If ; = j, then rX = X or 

bd b c c d cd 

that is, a : c=*t>: </. (Alternando). 

..... ..a e . a , c ^ a-Vb C'\-d 
(.") If then ^+.-^+.,or ^ =-j- ; 

that is, «+& : ft-c+rf : </. (Conf^onendo). 

(,v) If then -^ i 

that is, a-ft : 6 = : rf. (Dividendo). 

/ V y a + b c + d .... , a — b c-d . 

(v) .Since - ,- «>—7 (111) and — t—~ ~r ("')» 

o a 0 it 

. ti-k-b b C'\‘d d (i-\rb c^d 

. . "7- X-;•»- T X ,, Of - i** —; 

0 rt — ^ d c — d a — b c-~d 

that is, « + & : a —ft = c + fl : c-r/. 

(Componeitdo and Dividendo). 

, .. a-b c—d. . b d . 

vvi) Since (iv) and •- (i), 

b a a c 

, a—b b c—d d a—b c—d 

bade' a c 

' that is, a-ft \ a-c-tl '. c. (Convertendo). 


a c , m a m c ma me 

,=» then —X .= -X j, or —.= -.; 

b d' n b n d nbnd 

that is, ma : nb^mc : lul. 


(vii) If 
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(viii) If then (“)*-. Q”, or 

that is, a* : 6*=c*‘ : d*. 

418 . // a : &=>c : <f, and b : e=fZ : f, then a : c«=c : f. 


For-= -and -=■ - 
^ e f 


a 


d 


6 ^ e“ d* ?’ e~ f 


This is the proposition ex soqnali referred to in Euc. V. 


419. Ij a : b~c : and e : t—O '• h, then ae : bf^ey : dh 

_ a c . e , a c c ir ae ce 

For and - x or J . 

This is called compounding the tw 4 > proportions, and so \v{ 
may compound any number of such proportions. 


420 . If four quantities form a proportion, we may dcri^e front 
them many other proportions all equally true. 


..a c , ma c _ , 

Thus, if then ,=» or ma : mb^»c : d ; 

b d mb d 


similarly, 


ma ; b — mc i d^a : mb^c : md, a : b^mc : md : 


and, in like manner, — 
’ tn 


—=e ; d, a 
m 


b 

m 



that is, either the jdrst or fourth terms of any proportion nia\ be 
multiplied or divided by any quantity, provided that either the 
second or third he multiplied or divided by the same. 


Hence we may get rid of fractions, when occurring in proper 
tions, by multiplying the ^rst and second, or first and third. &c., 
terms by the L. c. M. of their denominators. 


Thus, if la : • «V» (multiplying isl and 2nd by 36, 3rd 

and 4th by 2oo\ we have 4^1 : 3^ = 15 : 16. % 


Ex. 1. Find a fourth proportional to J, 5 and 

Since (Art. 411}, this is 

a 5 

Ex* 2 . Find a mean proportional to 4 and 16. 

Since (Art. 415), this is /,,/(4X 16)— 



PROPORTION. 


441. 


Ex. 3 . If^= *8^7-1903^- 


We have 


'a\^ a a a a b c a a 


( 1 )“ 


b b b b c (i d 


1 or IT 


b^ d' 


Ex. 4. If rt : b — c : r/, express {a + d) — {b+c) in terms of a, b 
and c only. 

Since ad^bc, and /, d^^^. 

0 d a 

Then(rt + flr)-(d+<:)= (a + ^^^)-{b + c)» 

\ (t / ti 

a{a — b) — € a - b) {a — b){a — c) 

•“ — ——- _ - , ■ • 

« a 


Ex. 6. Ifa:^ = 6*: d^ show that if a be the greatest of the 
four quantities a, b^ c, d^ then d is the least. Hence show that a — t 
> c — d ox a'^d’> b-\-c. 

J 

.Since ajb — cjd and a the greatest of the four, 
a;b is an improper fraction, as also c d. ^ 

c is greater than d Similarly, it may be shewn that b is 
greater than d. 'riuis b and c are both greater than d^ and d is- 
the least. 

^ • • r ^ ... a-b c-d 

Again, since from Ait. 417, (iv), —y- = , 


, a-b 
•* c -d~ d 


an improper fraction. 


/. a — b':>c-‘{ii 1 by addition, 

and ^+r/=»/ 5 +rt? J a-{‘d>b-^c. 


Exercise CLI. 

1 . Find a fourth proportional to 

(i; 3, 5, 6. (ii) 12, 5, 10. (iii) t, iS I- (iv) la, 3^, 5<iV. 

2 . Kind a third proportional to 

(i) 4, 6 . (li) 2, 3. (iii) J, (iv) [a-by, 

3 . Find a mean proportional to 

(i) 4,9. (ii) 4» (iii) ii» ifV. (iv) I2abc^. 
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4 . : b'^b t‘, prove that 

(i) : a^b*~-c* : c. 

(3) : rt+^=a *—: a~c. 

(a^b)^ (b-c)^ 

(4) a’-2b + c= -= 

a c 

(5) ma^’~nb* : ill'llnc=^pa* -^qb^ : pa-^-qc, 

(6) a + ^ + c : a —^ + r=(rt + 3 + f:)* : <1* + ^* + ^*. 




5 . 



c 

d 


, prove that 


(I) («+iKc-l-rf)-^c + rf)*=^(rt + 3'A 

« I? 


6 . \ia \ b=sc \ d and w : n—p : shew that 

ma + : ma '-nb= pc -^-qd \ pc — qd. 

7. U a \ b — c d^e : then a — c\ b—f-c : //. 

8 . If rt, c be in continued proportion, shew that 

4. + r»'frt" - 

9 . If [x*—y^'Ss^iy* — z*'^x, show that .r is to 7 in the duplicate 
ratio of-r andji^. (c. F. a. 1867.1 

10. If y is a mean proportional between x and show that 
xy-¥yz is a mean proportional between .r* + y* and (P.E. i8go.) 


11 . Find in its simplest form a mean proportional between 

6+ and 8- \^48. fp.K rgo2.) 


421 . Many questions in Proportion may neatly be solved by the 
method explained in .\rt. 466. 

% 

Ex. 1 . If a \ b=»c : d^ show that 

ma^nb : mc-¥nd— >f{pa*-^qb*) : >J{pc*’Yqd*). 

\ 

CL C 

Let r= then a^bk, and^=</^, 
b d 

, ma-\-nb inbk-¥nb bjmk^-n) b 
*'mc^nd mdk-\-nd d{mk+n) d‘ 
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and 


Jlpa* + qb*) p b*k* + ^( pk* + y) ^ ^ 

^+ yrf*)** el^{pk* +y)“ ' 


Hence, 


;«fl + v/( +y^*) 


, each being equal to 

a 


mc-Vnd s/( ^ + y^* j 

Ex. 2 . \i >i \ b=c \ d, prove that 

7« + i2d : 3.'?+5^=7<^+12^^ : 3^+5^- 

Let 7= then a=bk, and c^dk. 
b a 

^ 7a+f2b 7bk+i2b_bl7k + ^2)_7k+i2 
■* 3 ^+ 1 ^“ <J; 3 ^’+ 5 ) 3^+5 ’ 

7C+J2d 7<ik->r\2 d_ rt'(7^*+12) _ 7>t + 12 

3^+5^^"’ idk-^^d~ rf(3>fr+5) ~ 3/& + 5 
7 a 4 -i 2 ^ 7^1-12^ 


and 


H ence, 


12 

— . , each being equal to --j- 

3 c + 5 ^^’ ^ ^ 3 ^’ + 5 


3 «+ 5 ^ 

Ex. 3. If a, c and d are in continued proportion, prove that 

\ab-\-bc-\-cd)*=‘[a* + b*-\-c*){b* + c*-\-d*). (c. E. 1887.) 

1 

b 


Let 


a 


b 

Then k 


c d 


a* 


Again, k* 


ab 

ab 


b* 

be' 


a* + ^* + c* 
ab + bc-h-cd' 

ab^bc-\‘cd 
b*~ c*~ ii*~ b*-k-c*Vd* 
, a*+^* + g* ab-¥ bc-¥cd 
“ * nb'^bc-Ved 


be 


6 

cd 

cd 
7a ‘ 


(I) 

..( 2 ) 


, from (i) and (2). 


^»+ir* + rf* 

Hence (<*d + +^rf)* =■ (rt* + ^* + c*){b* + c*+d*). 

% , . 1 f* 3 £■ , 

Ofneriotse thus : Let ~.= ,—k. 

Ota 


'I'hen c^dk ; b*^ck=dk* ; a^bk^t^k^. 

Now, +trf)* =" y X d)* 

- {kd^Ji-* + /fr* +1 )}* = k*d*{k* + /fc* +1 )*, 
and (a* + b* + c*)ib* +e*+d*)=^ {ii*k6 + d*k* + d*k*){d*k* + d*k* + d*) 

d*k*{k *+^’* +1 ).d*{k* + /{’* +1) 

^d*k*{k*^k* + i)*. 

Hence {ab+bc+ctf)*=‘{a*-¥b*-{-c*){b*+c*+d*), for each is equal 
to the same quantity. 
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Exercise CLII. 


1 . If a : : rf, prove that 

(1) a±d : a>=^c±ii : c. (c. k. 1862.) 

(2) a : d’^a:kc : d-kd. (C. E. 1872.) 

(3) ma — nd : a^rh^mc — nd : C’^rd. (c. K. 1893.) 

(4) ma’\-nh : vic-¥nd=‘b^c : 04 ^^. (c. E. 1876.) c 

i (S) 2a+3^ : 4a + 5 ( 5 =< 2 ^r+ 3 f/: 4c + 5</. (a. E. 1892.) 

(6) a : a + tf=a+^ : a’^b-\-c-\‘d. (a. e. 1894.) 

(7) a* + ^* : a* = — (a. e. 1889.) 

(8) : b*-k-d^^-ac : (C. E. 1877.) 

(9) a*+/»* : a* — b'*=^ac-¥bd : ac — bd. (C .K. 1879.) 

(10) a^d—bc^x^acib — d). (C. E. 1890.) « 

(11) + + + (a. e. 1890.) 

(12) V(a*+t*) : + : mb-^nd. (c. E. 1880.) 

(13) «*±c* : : {b^df. (c. E. 1872.) 

(14) {a + c)^ : {b + dj^^aia — c',^ ; b{b — dy. (C. E. 1888.) 

(is) +b^]^ : {c^+ d^)* = a~b : c — d. (c. E. 1895.) 

(16) V“(3a* + 4^*) : 5r(5rt^-6£-3j— v'( 3 ^*+ 4 ^*) : ^(5b^—6d^). 

(C. K. 1900.; 

(17) 4(«+i)(t+rf)=^rf^i^^+ (C. K. 1874.) 


. n. I I 1 I ifrt ^ » 

(18;-h a"^ X.I !• (t^» I'* 1884., 

///a nb i>c qd bciq p 11 m\ 

(19) — —^-^-^(a-\-d)-(b-\-c). (b. i>. E. 1886.) 

a 

4 

(20) ^ is inversely ^is ^ (m. f. a. 1884.) 


} (21) a*+ad + ^* : a*-ab-¥b* = •¥ cd-^d* : ^•*-crf+^^(c. E. 1894., 

(22) pa*+qc^ : pb*+qd^<=^ma*— nc* : mb^-^nd^. (c. E. 1899.) 

(23) a : £=\f(a* + b*) : Vic^-k-d*). 

(24) (lai+mbi) (,^+J^)"(^<^ + »^<^*)(j3+^J)• 

(25) a^b^ytc^ : -3a<f*«ia* + 5tf* : b^ + sd*. (a. E. 1902.} 
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If <:.and d are in continued proportion, prove that 
%/(a^)- n/W++ (m.f.a. 1890.) 

3 . If a : b^b : c^c : prove that 

a : : b^+c^+d^. 


I 

5 . 


If 


a b c , a pa}-\‘qb^-\-rc^ 

b c d ^ d pb^ +qc^ + rd^ 

I f a: : a my : b : c, prove that 
{X’\- y’\-z'\^ 

(rt+i + t)* 


AT* j/3 ^3 

a+l2+ 2’ 
a* 


(C. K. 1901.) 


(C. E. 1898.) 


1 ft* : </=Ar: then will : A:^=r*+rf* : at*+;>'*. (P. E. 1892.) 

7 . If shew that a* +a^+ ^* : : c. 

.t (A. E. 1895. ) 

8. If a : b :: c: d and p\q w r : j, prove that 

ap-^cr : bq-^ds \ \ J{acpr) : J{bdqs). (A. K. 1896.) 


422 . The following examples will illustrate the converse theorem 
onsidered in Art. 412. t 

Ex. 1. If (a + »+^r+/f)(a--^-i+//) = (a — 
ro prove that a, b^ f, d are proportionals. (C. F, a. 1893.) 

We have \{a+d^ +(b’¥c)}{{n+d}-~(b + c)}^^{a‘-d) -ib-c)}{{a-‘d) 
+ 1 )}, or (rt + rf;*Art. 124 

or (a+d)*- {a-d)*^(b + c-(b-c)*, by transposition, 

4ad=4bCf or ad •‘be. Hence a \ b—c\d. 


Otherwise thus :—Writing the equation in a' fractional form, 

, a-\-b^rC'\rd a^b — C^d 

we pave—xi-j"- 1 -rTy* 

* a-b+c—d a-b-c+d 

r^. J a + c a-c a+c b+d 
Hence, by /),vd. 


Again, by Comp. ^ 


Divd.^ 


a 

c 


and a : b>mc : d. 
d 


Ex. 2. 11 a+b : b + c==c+d: d+a, prove that 

a*^c or a + b + c+d^o. (C. E. 1891.) 
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We have (a+ 3 )(//+a)»s(^+i:)(^^+rf). Art. 411. 
a*+(^+rf)a+W=c* + (^+</jc + ^<i^. 

Transposing and reducing, 

a* —c*-\r{.b-^d){a - c)^o^ or {a —c)ia-{-bd)=o. 
/, either a —^■aso, /. e., or « + + f+ </=o. 


423 . The following is an example of ‘<t’ theorem explained' 
in Art. 406. 

£x> If a .: : <1=^6 : show that 

each ratio= + + + (c. e. 1882.)■ 


u 

Since 

0 


c 
• 8 

d 


e 

7 ’ 


each ratio 


<1*+^:^+^’^ 

'• ^ d^~ + 

”v \b^ + d^+p) ' 


Exercise CLllI. 


1 . If 3a+4^ : $a+6b^y+4d: ^c4r()d, then will a : b—c : d. 

(C. E. 1897./ 

2 . If (2rt+3^+5f+4rf)(2a- 3^-5^+4<f)=«(2a + 3^-5f-4</) 

x(2/i —3^ + 5^—4//), then will ad: dc—\^ : 8. 


3 . If {pa-\-gb-¥rc-¥sd){pa^qb-‘rc-¥sa)^[pa^qb4‘rc-sd)X 
{pa-\-qb — rc — sd)^ shew that bc^ a</, ps^ qr are in proportion. 

(n. P. E. 1890.) 

4. \ia: b’^c \ d—e : show that 


(1) Eath ratio + {pb^ •>rqd^ . (a. e. 1893.) 

I \ 

(2) Each ratio =*(rt* - : {b^ - ^bdf+f^) . (m. f. a. 1887.) 

>^\/^ + 2tf+3A* ac4rce . 00 \ ^ 


(4) d!*+£‘*+^* : d*+</*+/*«»r^ ; df. (C. e. 1876.) 

(5) a^4rC^+e^ : b^-k-ifl+f^ssace : bdf. 


5. 


If ab^-cd’^eft show that 


ac+ce+ea a*+c*+e^ 

bd/XblTd'+f)^ d»f*+fH*'+b*d* 


. (b p. e. 1889.) 
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6. If X \y*^y : JT, find the simplest value of 
(xy + yz-t-ix)>' 


7 . What number must be added to each of the numbers 3, 5, 7, 
10 to give four numbers in proportion, (c. k. 1893.) 


8 . If X and 7 be unequal and .*• have to_y the duplicate ratio of 
;r+^ to^ + 0, prove that ar is a mean proportional between x a.ndy. 

9 . If c and if are in continued proportion, show that fi+c 
is a mean proportional between a+fi and c+if. 


10. If^ is a mean proportional between a and c, prove that 

11 . If « : : f/, prcte that - - -- 7 .-— 


12 . 


ir=.-:-, prove that . 


.X 

a 


x-Va 


y^rb + + 

• (a. e. 1899.) 

13 . If a • ^ :: c : d, and if x be homogeneous with c and 
//, then a^+x^ : b^c^ •: i +x^la^ : d^. (M. M. i860.) 


14 . If x-^2y : a + ^b’^y + ^t : a+/[b, prove that .t: : j'='rt +5^ : 
2a + 5^, and that y + 2*:: x+3y=4a+isb : 7^ + 20^. 


lY. PROBLEMS IN RATIO AND PROPORTION. 

424 . The following are illustrative examples. 

Ex. 1 . Divide 39 into two such parts that the greater increased 
by 6 shall be to the less diminished by 3 as 5 to 2. (c. E. 1859.) 

Let X be the greater part, 

then 39 -a: is the less part. 

/, by the question, j«?+6 : 39-;r —3*5 ; 2. 

2(;r+6)=*5(36-;r), or 2.j: + i2»i8o-s.r. 

/. 7^=168 ; /, .r-24, and 39-;r-i5. 

Hence the parts are 24 and 15. 

Ex. 8. A certain number consists of two digits ; the left-hand 
digit is double the right-hand digit, and if the digits be inverted 
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:he ratio of the number thus formed to 6o is 4 : 5. Find the 
number. (C. k. 1874.) 

Let X be the right-hand digif, then 2x is the left-hand digit, 
and the nuinber=,r-f 2;r x 10=21 jr, and the number formed by invert¬ 
ing the dig its =2.tr-f 10 x a* =i2jr. 

.11 • 12^- 4 , 

.. by the question, .r = 4. 

Hence the number«2i X4 = 84. 

£z. 3 . Two vessels contain mixtures of wine and water in the 
ratios of 8 to 3 and 5 to i respectively. In what ratio must liquid 
be drawn from each vessel to give a mixture in the ratio of 4 to 1 ? 

J.et X be the number to be drawn from the first, 
andj^ .second. 

"ince 8 + 3 -»ii, Z. m first, wine™^'^ and water*=-ji, 
and since 5-t-1 “6, in second, wine = * and water*^. 

Now, X quantity drawn from first, will contain ^\x wine and 
.vater, and y quantity drawn from second, will contain wine and ty 
vater. 

by the question, {jX + ^y: t’ 7 ^ + ^/-4 : i- 
tV + = 1 + ftiT. or T 1 -i- = fl y- 
x = ^x V7 = and /. ;r : j/* n : 24. 


Exercise CLIV. 


1 . Solve the following equations :— 

i\) 6 x-‘a : 4 x~-d :i ^x+d : 2 x + a. (jM. m. 1859.) 

(2) .V ; 27 y : 9:: 2:x-y, 

'3) x+y+i : x+y + 2:: 6.7 ) 

y + 2x:y — 2x:: I2x+6y-3 : 6y ~ i2x•• i j 

, ^ax + ^v cz + ax dy + qz 

-« -A=.r-hy + £'. 

c'z by ax 


.' 5 ) 


a-^-b-Yc 


a h b c £ a 

+ - '+- -+ ' 

■ — i • (C . 1 . 1 87 1 .) 

I (I 1/ 


2 . What number is that to which if i, 5 and 13 be severally 
added, the first sum shall be to the second as the second to the 
third ? 
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3 . Find two numbers in the ratio of 2\ : 2, such that when 
diminished each by 5, they shall be in that of : i. 

4 . A’s present age is to i 5 ’s present age as 8 : 7 ; 27 years ago 
their ages were as 5 : 4. Find their present ages. (a. k. 1900.} 

5 . Three numbers are in the ratios 2:3:5, and the sum of 
their cubes is 4320. Find them. (p. k. 1900 ) 

6. Two numbers each consisting of the same two digits are 
in the ratio of 4 : 7. Find the numbers, (p. e. 1896,) A-C 

7. Find two numbers in the ratio : 2|, such that when 

increased by 15, they shall be in the ratio : 2^. (p. e. 1899.) 

8. A and ^ trade with different sums ; A gains fls.2000, 
ft loses /vV.500, and now A's stock : ^’s :: 2 : ^ ; but, if A had 
gained y?jr.ic>oo, and ft lost /?j.85o, their stocks would have been as 
*S • 34- Find the original stock of each. 

9 . In a certain e.Yam^nation the number of those who passed 
was 3 times the number of those who failed. If there had been 
16 fewer candidates and if 6 more had failed, the numbers would 
have been as 2 to i. Find the number of candidates. 

10 . A quantity of milk is increased by watering in the ratio 
of 5 : 4, and then 12 seers are sold ; the rest*, being mixed with 
3 seers of water, is increased in the ratio of 7:6. How many 
seers of milk were there at first ? 


V. HARDER RATIO AND PROPORTION. 


425 . The following are typical solutions of some harder ex¬ 
amples in Ratio and Proportion. 


Ex 1. If 


X 


b-\‘C — a c+a — b a-{’D~-c 

{b — c)x-\-{,c — a)y-\-{a — b)s. (c. E. 1878.) 


, find the value of 


Let each of the given ralios=/t; then 

.v = [b-\-c—a)kyy—{c-\‘a — b)k, s={a ■¥b — c)k, 

/. the given expression = {(3 — <r)(^ 4 ^c—a)+(t:—«)(«:+« —^) 

+(t* — b)(a +^ — c)}k 

Tm{b*^c* — a(b — c) + c^ — a*-^b(c-a)+a^ — b^— c{a — b)}k 
^^/,2t.c2 + c*-a* + a^-b^-{a(b-c) + b(c-a) + c(a-b\}]k 

—0x^=0. 


Ex. 2. 


If ^ cx — as^ bs-^cy 

c b a 


then 

a b 


s 

c 


M.A.—-29 
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Let each of the given ratios «=>&; then 
ay~-bx»ck\ /, acv^bcx^c^k, multiplying by 

cx — €tz^bk\ bcx — abz^b*k . b 

bz — cy^ak ; abz—acy ■> a*k^ . a 

Now, adding the equations, we have 

^’-o. 

ay —ay-^jr*»o, or ay^bx ; /, ^. 
c a 0 

=so, and cx — az^-^o^ or cx — az ; = ^ . 

a c 

X V z 

c' 


.. cx-az 
Also-;- 


Hence -='^' 
a b 


Ex. 3- If a{y^z)‘=b{z+x)=*c{x+y), prove that 
y-~z z-^x x—y 
a{b — c) b^c — a) c{a — b} ' 

Let each of the given ratios=^’; then 


b^ 


k 

• 

1 

ii 

' I 


i_/. y-^ 

y-\-z ’ 

\z-¥x 

X +_V • 

' ■' Kx-^y){z-¥x) 

k 

.\c-a^k\ 

f I 

I > 

\^k 

z+x 

\x’¥y~' 

y-^z) 

' {x+y)(y + z}‘ 


a~~b^k\ 

f I 

' > 

\«k 

x-^y ’ 


z-^x) 

' ’\y+z){z-¥x) 


.\a{b--£)^k* 

Similarly, 

» 

and 


y^ 


{x-^y){y’^z){,z-k-xy a{,b-€)' 

— X 


y-z 


(x+y)(y+z)(z+x) 

k* 


(x+y)(y+z)(z+x) 
b(£ — a)~~ k* 

x~y __ ^X’\’y)iy‘¥z){z + x) 

k* 


Hence 


y — z 


z-x 




a{b - c) b{c -a) da-b)' 
Otherwise thus :— 

k k k 

We have v+sr—-, ar+jc — -, ar+y«* - 
a b e 

kib-~c) 


y-z^k\ - 


0 - 0 


be 


. • - .A 

’ ’ * <i(^ -1) abc ' 


Similarly, the others-*-^ . 
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Ez. 4. 


If Shew that 


2a26+ c 2tf+a 

3(a+d+c)(x+4y+ 3 ^)= 'ja+Sd+g£)(x +j'+z). 

Let each of the given ratios ; then 

sum of numerator s x+y+x 
"* sum of denominators'* 3(a+J^) . * 

Also >&» ^(2^ -J') +^( 2 J'-x) + r{2z^x) 

P{ 2 a+d)-^ g[ 2 d+c) + r{2c+a) 

^ x{2p-~r) +y(2g-p) + s(2r~g) 

** a{2p+r)+d{2g+p)+c{2r+g) 
where />, g and are any quantities. 

Now, give such values to />, g, r, as to make 2/5-^*= i, 2^'-/ 
= 4 and 2r—g^3y so that the numerator of (2) becomes ;r+4^ + 33’, 


.(2) 


Solving the above equations, we find ^■=2, 7 = 3 and ^=3. 

x + Ay + 3z ;r+4y+32’ 


/, from {2) 


«(4 + 3) + ^(6 + 2)+^(6 + 3)^ 7 a +8^+9^ 


•••(3) 


Hence, ~ » (3^* 

3{a+d+c) 7 a + Bd+<)c ' ^ 

3(«+^ + tf)(^-' / + 3^)=a(7'»+8^+9r)(^+^ + ^). 


Exercise CLV. 

- , . ^a + d~-c h+c-a c+a-d 

1 . Assuming that r-j— = —1 -=- 

® a+d d+c c + a 

IS not*»o, show that a^b»c. (c. E. 1873.) 

x y 


2 . If 


, and that 


, find 


(b-~c)(b+i:-2a) (c^a)(c+a-2b) (a ~b)(a+b- 2 c) 

the value of x+y+z. (c. E. 1889.) 

„ <2-^ c-a *a+l> + c . .1-1 

3 . If —rT'*" i—;—“ —:— “ —— »then each of these 

ay+bx bz+cx cy+az ax + by+cz* 

ratios* ■ . » supposing a + b + c not to be zero. 

4. Shew that if ^---+-^ = 1, and a^^b+c is not*o, 

c a 0 

then fc. E. 1875.) 
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5 . If X : ax^-by-\rcz^y : bx-\‘Cy-\-az»s •:cx-Vay^rbz^ shew that 
each of these ratios=s supposing x^y-^z is not=ot 

(c. E. 1902 .) 


6 . 


7 . 


If a{y-i-z)=ib{z-¥x) = c[x-\-y\ prove that 
a’~b b — c c — a 

b 


x* —y* 






If 


y+z z-j^x x+y 
a(b — c) b{c-a) 


, prove that 
c(a — b) 


X* —j/* 


(M. F. A. 1887.) 


a .r a-a’ 6-0' c-c , 1 r 1 

8 . If fj —prove that each of these 

_ aV -a'b _ bc’ — b'c _ ca^ — c’a 
“ - a!^b' ~ c'a'' - ’ 


9 . If -7-^-=* -7;-i = - : , » prove that 

b-\-c-a c'-\-a-b a^b-c ^ 

(a + 3 + <r)( yz-^zx-fr xy) = {x +_y +z )(ax + by + cz). 

10. If X : (b + c)=‘y : (c + a) = z : (a + b), prove that 

a : (y+z- x)=b : (z+x-y)=sc : (x+y^z). (c. E. 1903.)' 

11. If (a+b+i:}x=(b + c-a)y=(c+a-b}z = (a + b-c)7c^, 

, , I I I I , 

show that- + -+ =1 . (c. E. 1905.) 

y z TV X 


12 . If 


x + ^y 
Za-C 


y + 7.z 
lb-a 


2r + 2;r 
ic-b 


—. , show that 


l{x+y+z)(ga + Sb-c) = 2(a + b+c){6x + ijy+7z). 


AT — 


yz 


13 . If- 

1 -y2 

the ratios is equal 


zx 

V 

— ^ , and X and y be unequal, then each of 
i-zx' ^ ^ ^ 

to ;r+> + ^ or :r‘*+y** +5r'*. (B. P. E. 1892.) 


-- ,, 4^+5y-65 2x-y + z x-3y+2z 

**• ^' sa+^g-Ti - r j^li+AC “ 3i«-66 + 2c) ’ P™™ 

(yx +y - 3^)(9^J - 75 ^ + 38^) =» f 3 -=^ -1+ * 4 ^X 1 5 « - 6^ - 2c). 


that 


15. 






— ~ Tit prove that -— = 
ac b* ^ c 


2 a 

J' 
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16 . If (^ + c)x={jc-\r a)y =» (a + b)Zy show that 

x—y _ y-s _ z^x 

7 ^-a* ' 

17 . If (a + d)(j'+s-A:) = (d + {:)(ar+jf-y)=«(c+a)(;r + y-3r), then 

“Z. y — z z^x 
— a* — b* — c* * 


18 . If 


show that 


b-\rc-a c-\->*^b a-^b-^c^ 

(a + ^ + c){x(y +jsr) + y(z + x) + z[x +_y)} =s2{x +y + z){ax + by+cz). 


19 . If a{x--y)+a^=b(y-z) + b* = c{z-‘x)+c^i then 


each 


£t + b+c 


on Tf , J' ^ u 1- x^ — y* 

20 . Ifrt+ ,- =ab + - -- , then each = tf-|-i- . 

b-c c-~a a-b 

21. If alxbmy ■\-cnz=apx^rbqy ^ (rz ^ax^ ■¥by'^'Ycz* 

prove that x[mr-~nq)’\-y{np-lr)-\-z\lq~-%iP')^o. (P. K.1887.) 


VI. VARIATION. 

426 . When two quantities are such, that their ratio is 

that is, remains the same, whatever values we give to the letters 
they contain, one of them is said to vary as the other. 

The sign used to denote variation is oc (read varies as). 

427 . Hence if A«.B^ (where A and B are used to denote, 

not numerical or consfaniy but algebraical or variable quantities, 
such as admit of different values oy giving different values to the 
letters they contain) then, according to the above definition, the 
value of the ratio A ; B will remain constanty whatever may be the 
values of the quantities A and B themselves. If then we put m 
to denote this constant value, • 

we have ^ = nty or A = mB ; 

IS 

-so that, when one quantity varies as anothery they are connected by 
a constant ^nultiplier. 

428 . Hence also if A’^cBy and a, b be any pair of values of 
A and By then for any other values of A and By 

we have A : B^nf»a : b. 
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\\\3X\St when one quantity vafies as another^if any two pairs o 
values be taken of them^ the four will he proportionals: 

or since A : a :: B : b, 

we may slate this by saying that if one of them be changed from 
any one value {A) to any other value (a\ the other will be changed 
in the same proportion from the value (B) corresponding to the first 
to the value (b) corresponding to the second. 

429 . The following terms are used in Variation 

(1) If A =^mB^ then A is said to vary directly as B. 

fH 

(2) if A= f then A is said to vary inversely as B. 

(3) U A =‘mBCy then A is said to vary jointly as B and C. 

Q 

(4) , then A is said to vary directly as /> and 
inversely as C, 

I 

430 . The following results in Variation are deserving of notice. 
0) If Ao^B and B^C^ then AocC. 

For let A^mBj B=^nC \ then A^^mnC and.'. ^ocC, since 
m, ffy being constant, so ^also is mn. 

So also, if AocB and then 

(ii) If A^C and Z?ocC’, then A±BocC and J{AB)»cC. 

For let A^^mCi B'^nC \ 

then A±B = mC^nC={m±.n)Cj and .'. A^BogC ; 
and ,J{AB)^ >/{mCyt,nC)^ 'f{mn)Ct 

and therefore y/{AB)o<C. 

I 

(iii) If i 4 oc 5 C, then 5 oc^, and^ 7 *c^. ^ 

I A A A 

For let AmmfnBCj then , or B<x „ ; so C-c . 

(iv) If AocB, and C®eZ?, then AC *>c BD. 

For let A^ntB, C'^nD ; then AC^mnBD^ or AC^ BD. 

(v) If A ••c B, then A" oc 5 *. 
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(vi) If AocB^ and P be any other quantity, 

then AP oc BP, and^«*c ^. 

P P 

431 . If A^B when C is constant^ and A^cC when B is 
constant^ then A*>cBC when both B and C are variable. 

Since AocBj when Cis constant; 

A=*mB^ (where ;« does not contain B as factor).(i) 

Again, since A^cCy when B is constant ; 
mB^Cy when B is constant; 

/. m^nCy (where n does not contain Cas factor).(2) 

Also fly being a factor qf w, does not contain C. 

Hence, from (i) and (2), we gel 
A = nCBy (when n is independent of B and C). 

/, A«iBC. 

Note. The following is an illustration of the Ibove. 

In a triangle, the area oc the base when the altitude is constant, and oc 
as the altitude when the base is constant. When both base and altitude are 
variable, the area <>c base X altitude. 

Ex. 1 . If aocby and «=» 10 when ^=4, find b when «« V* 

Here a = inby m being a constant. 

The statement, that «= 10 when ^=4, enables us to find m. 

From (i) io=a;«X4; /, * 

Thus the relation between a and b is a^\b. 

Hence, when a — y, we have V = 4^* 

Ex. 2 . If ^ —the sum of two quqptities, one of which oc jtr and 
the other <»c x*y and when i, J'“6, when :rs*2, y^20 ; express y- 
in terms of x, 

\jtxy-p + qy of which p^x and 

Also let p^mx and q=anx*y where m and n are constants. 
f,y»mx-¥nx*. 

Putting^=6, I, we have 6=/« + w...(i) 1 

Also, putting ^<=20, ;r««2, we have 20*i2;«+4«.(2) j 
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Dividing (2) by 3 and subtracting (i\ we get 
«=4 and m = 2. 

Hence_y=^2x+4x* is the required relation. 

£z. 3 . The wages of 100 men for 6 months amount to 10800. 
How many men can be employed for 7 months for ^5.4536. 

Denoting the number of men by a, of wages by w, and of 
months by df we know that ro oc a, when d is given, and 7 £f «>c d^ when 
a is given. 

7 u oc ad \ 7v^mad. 

The first statement gives 10800=*;;/ x 100 x 6 ; 

;;/=*i8and 'w=\Zad. 

Hence when 7£/=4536 and <^=*7, 
then no. of men= - = 36. 

Exercise CLVI. 

I 

1 . If a oc b*c, and when a«i, b-=2, f=3, express a in terms of 
b and c. 

2 . If xy oc + and 3, 4 be contemporaneous values of x and 
j/, express xy in terms of x^ +y^» 

3. If a *c b, and when ^ = 3, a ==4, find the value of a when 5. 

4 . If y 1/.*:*, and when =»8, 10, find the value o(y when 

5. If*jr=^+f, P y and jr oc i/y, and if when>'= i, ;»:=* 18, 
wheny=2, ;r= 19^, find x wheny = 11. 

6. If y=»the sum of two quantities, whereof one is constant, 
and the other *« x inversely, and when :r •* 2, ^ = o, when ;r « 3, y — 1, 
find the value of y, when ;r=a6. 

7 . If y —the sum of tyo quantities, whereof one is constant, 
and the other «»c ay, and when ar —2, >^=3—2^, when<r= —2, v= i, 
express y in terms of *■. 

8 . If yssthe sum of three quantities, which vary as x, ar*, x^ 
respectively, and when jr=i, 2, 3, y=6, 22, 54, respectively^ express 
y in terms of x. 

9. If y»the sum of three quantities, of which the first «»c ar*, 
the second ec a:, and the third is constant; and when ^=1, 2, 3, 
y =6, II, 18, respectively, express y in terms of x. 
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10 . Given that s «»c x-^y^ and y «»c x*^ and that when the 
values ofy and s are J and \ ; express s in terms of x. 

11 . If;r varies directly as^ and inversely as sr, and when 
yt^d and S'— c, find the value of when_y=^* and z"»c*. (c.F.A.1877.) 

13 . If :r °c and 3’*oc ~ , shew that sr ©c - oc 
y X y ^ 

13. If a* + ^*oc a*—prove that a + ^ oc a — b. 

II. Given that jr + y varies as sr +* , and x~-y varies as sr - - , 

find the relation between x and s-, if sr = 2, when j: —3 and^'= i. 

(B. P. E. 1888.) 

15 . If ;ir, y^ 3 be variable quantities such that y + sr —;r is 
i'onstant, and that {x y- 93 )l^x+s — y) varies as ys-, prove that X'\ry+s 
varies as ys. 

16 . If varies as sr when y is constant, and if + ^ varies 

as y when s’ is constant, shew that when both y and s vary, then 
-r+y +S’varies as ys*. (C. F. a. 1871.) • 

17 . Find how soon 20 men will earn Rs.y^^ if 3 men earn Rs,i) 
in 16 days. (M. F. A. 1885.) 

18 . Nine horses having 4 feeds a day can be kept for 3 weeks 
for /12 8.f. OT(f. ; what will be the cost of 15 horses for 36 days with 
3 feeds a day ? 

19. With a capital of ^j.450 a man gains Rs.gg in ii months. 
What profit does he make in 10 months on a capital of Rs 1000 ? 

20 . Prove that the volume of a sphere whose radius is 6 inches 
is cqucal to the sum of the volumes of three spheres whose radii are 
3, 4, 5 inches respectively. [Given the volume of a sphere ••c'jadius)*]. 

31 . If ar varies as (A: + a)(y + ^), and is equal to (a+ ^)* when 
x^b and y=><*, find the value of 3 when x<==a + 2 by y=‘ 2 a+b. 

33 . Thff area of any triangle varies jointly as any side, and the 
perpendicular let fall upon it from the opposite angle ; express the 
area of the right-angled triangle ABC in terms of the sides AC^ BC^ 
containing the right-angle, it being found that, when the sum of the 
two sides is 14 feet and hypotenuse 10 feet, the area is 24 square feet. 



CHAPTER XIX. 

ELIMINATION AND SPECIAL ARTIFICES. 


I. ELIMINATION. 

432. Elimination is the process of obtaining from a given 
system of equations containing one or more algebraical quantities, a 
new equation free from those quantities and involving only the others. 
The result thus obtained is called the Eliminant of the given 
equations. 

Thus, to eliminate x from the equations 

ax^rb^o .(i) and a'x+d’*«o^ 

we have, from {i) x^ —bja^ and from (2) .*•=■ —6'fa'. 

Equating these values of x^ we get 
d V 

— sa— y.ox a'b^ab' \ i.e. a'b-ab'^o. 
a a 


Thus, we obtain an equation free from the quantity x and 
involving only the other quantities which occur in the given equations. 
The result a'^ —a^'=o is called the Eliminant. 


Ez. 1 . Eliminate x from the equations 

Ax^ + Bx + C—o .(i) 1 

A'x* + B'x + C'=:^o .(2) I 


(C. F. A. 1864.) 


From (1) and (2', By the Rule of Cross Multiplication.^ we have 

X I 

' B'C'~ CA^-C'A "■ A W- A'B ’ 


_ X* 1 / ^ \ * 

BC^ffC^ AB'-A'B’“ \CA'-C'a) ^ 

{BC^B'QiAB'^ A'B)^{CA'-CAY, 
which is the required Eliminant. 


Ez. 2 . Eliminate r and y from the equations 

ax-^-by^Crt a'x^h'y^d^ a'*X’\-V'ytm(f. 

From (i) and ( 2 }, we have ai: -I- 4^-^so 1 

a'x-\-lfy-c'—o J 
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By the Rule oj Cross Multiplication^ 

X _ y I 


— bc'+b'c ab‘- a*b' 

T_r b'c-~b(f , ac'a'c 

Hence - -n and y= —--— 

ab' — a, b abl — a b 


Substituting these values of x and> in (3), we have 



or a'\b*c - be*) + b*\a(f - a*c) - (^'{aV - a 'b). 

/, a'*{b'c — be*) + b"iac* — «'<:)+ c*'{a*b — ab') =o. 
i.e. a!\bc* - b’c) + R\ca' - c*a) + c**{ab* - alb) = c. 

Ex. 3. Eliminate x,y and s from the equations 

ax-^-by-^-cs^o . (i) ' 

a'x-\rb'y^-c*s»o ••• ... ( 2 ) - 

a"x-\-b'y-¥(l’z^‘0 . (3^ , 


From (i) and (2) by the Rule of Cross Multiplication^ we have 

X y z . 

. p—„ = T = —D -suppose. 

be-be ea^ — ca ab —ab 

Hence X’=^{bc* - Rc\ y^k{ca' - f'a), z - k{ah* — a'b). 

Substituting these values of x^y and z in (3', 
a"(bc’ - b*c\k + b''{ca* - c*a)k + i^\ah*- a!b\k^o. 
f,a"{bc''b*c)-¥b**{ca*-(la)-\-(l*{ab*-a'b)-o^ dividing out hy k^ 


£x. 4. Eliminate x and y from the equations 
ax-i-byssc, bx — ay=iiif x^+y*=i. 

Squaring (i) and (2) and adding Uie two results, we get 
a^x* F b*y^ + b*x* +a*y* =“ ^* + 

.-. + + {a^+b*){x*-kry*)-c^ + ti*. 

Bin from (3) x^+y^^Jf .*. + 


Ez. 5. Eliminate x from the following equations 
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From (i) 

f jr + * ^ sr+- = /nK. 

.••■(3) j 

\^/ X 

( 2 ) 

/ i\» I 1 

lx — 1 *=«, X — =n .. 

-( 4 ) J 

\ X/ * X 


Adding and subtracting (3) and (4\ we have 

11 1 - A 

and ~ tr. 

2 1111 ^ A 

Hence, 2;rx - = or -n^. 

X 

Ex. 6. Eliminate jjf and j/from the equations 


x-\ry — ay = 

Squaring (i) and subtracting (2), we git 

2xy = a^-b, or xy=^ia* — 6 ) . (4) 

Again, cubing (i), x^+ $xy{x+y) = a^ .(5) 


Substituting (i), (3Aand (4) in (5), we have 

<r+3X ^(a* — or a^--3a^ + 2^ = o. 

Ex. 7 . Eliminate x, y and s from the equations 

x*{y + e) = aj v*(z + x) = bj s^{x + y) = Cj xyz 

Adding fi), (2), (3) and twice (4), we have 

a-\-b+c-\r2d’=x*{y-^z)-^-y^(z-\-x)-\-z*{x +y)-\-2xyz 
^iv+z){z+x){x ^y) .(5) 

Again, multiplying (i), (2) and (3\ we have 

^ abc=x*y*z^(y+z){z+x){x+y) 

—iPia + b-^c + 2 d)t from (4) and (5). 

0 

Ex. 8. Eliminate .r and^ from the equations 

x+y+z=^ajyz+zx+xy = bj xyz^c. 

We have identically^ {z — x){z —y){z — s’)=o, ' 

or z^ -{x -k-y ■¥z)z‘^ -{-{yz -{-zx •\-xy)z -xyz^o. 

Now, substituting from the given equations, we have 

z^-az^ + bz ~c=o. 
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Exercise CLVII. 

1 . Eliminate x from the equations :— 

(l) X-¥ + ^ ] (2) X^+ ^ = 

X I X 

— V 

SX+ * =4(«^-d3) 
X* 


I . { 
: — ^a — b I 

X J 


(3) 


a—c— - — hx 

X 


2 . Eliminate x and y from the equations :— 

(1) ;r + y = «, ;r*—= = 

( 2 ) ax-\-by=^c^ a'x + by = c', x*+y^=^. 

3 . Eliminate x and y from the equations 

ax+by=‘x+y+xy=sx^+y* —1 = 0 . 

i. Eliminate x^y^ z from the equations :— 

, . y — z z-^x , x-y 

(1) - =a. - -b^ —— -r. 

y-Vz z-^x x^y 

(2) ax-\-yz^hCy byArzx^ca, cz-^xy^ab^ xyz^abc. 


^ 3 ) 


z 


y + z 




z+x 


b^ - — r. 
.r + y 


, . y z z X .XV 

(4) 

(O = -^-= 

by+cz czy-ax x-\-y 

5. Eliminate x^y^ z from the equations 

ax-\^hy=z^ by-\-cz=x. cz-)rax=y. 

6 . Eliminate x from the equations 

ax^-Vhx-yc-o. a'x^-\-h*xJrd^o. 

7 . Eliminate x from the equations 

c 

8 . Shew that if ax* + by* + cz* ^ax^by->rcz ^yz + 0ar + 2ry = 

* then —a)(r+«~^)(a + ^ —^). 

9 . Eliminate x, y, z from the equations 

(1) x*{y-s)^a,y*{z-x)=:^b, z*{x^y)=^Cy xyz^d. 

(2) x->ry-^z^a^yz-\-zx-k‘Xy»b^ ;r* + y* + s:*»r, xyz^d. 


ix\^ X fl 

A> a /, 

a\S . rt . /j 

r\» 


.) ’ (. 


.) 
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10. Eliminate a, c from the equations 

fis+cy=at a£^+cx=tf ay+Ar^f. (C f.a. 1870 & a.i.e. 1893.) 

11 . Eliminate / and w from the equations :— 

and —/;r + w/^*o. (P. E. 1902.) 


II. SPECIAL ARTIFICES. 

433. The following are typical examples with their solutions 

Ex. 1. Jf x{lf-c)+y{c-a)+z( a 

^bz~~ cy cx — az ay — hx 

prove that -r-=-« -r- • 

b — c c — a a — b 


We have i*(^— + a) + — ^(identically) 

and x{b — c)-{-y{c—a) z\a — b)^o^ (given) 
by the Rule of Cross Multiplication^ we have 
b — c _ c — a a — b 
hz — cy~cxr-az ay -bx ' 

bz — cy cx — az ay — br 

javTICC " . • 

b — c c^a a--b 


Ex. 2. 


If x—cy^bzyy=az-¥cx^ and Z’^bx-Vay^ 

w* 

shew that 


I — a' 


i-b* 




Erom the given relations, we have 

x — cy — bz»o.,.{i\ €X—y+aZ’=o,..(2), bx+ay-z 

Frpm (i) and (2), by the Rule of Cross Multiplication^ 

X ^ _ g 

ac^b bc-\-a^ i—c* . 


Similarly, from (2) and (3), 
and from (i) and (3) 


I—a* ab-^c ac-¥b 
X y z 

ab'¥c'^ I ^tf+a* 


Hence, from (4) and (5) we have 


z^ 


(ar+^)(l-a*l (i-f*)(atf+^) 


f, or 


z* 


— ^ l-c* 


o...(3) 

....'( 4 ) 

.(5) 

.(6) 
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Similarly, from (5) and (6), we have 

(i (ad+c){i^d^) ’ 

Hence the result. 


I - a* 




Ez. 3 . If <i;r+^+^:3’=»o, and ajx + djy + cIs^Oj prove that 

ax* + by^ + C 3 *+(a+b+c){y+z){z-^x){x+jr) = o. 

From the given relations, we have 
ax+by+cz^o 1 
and ajfz+bzx+cxy^o J 

By the J^u/e of Cross Muliiplication, we have 

x{y* — z^) y[z^t-x*i^ ZyX* • 

/. rtsssAjr,'^* — a*), and /, ax^^kx^\y* -z*). 

/Js=^(2r*—;c*), and/, by^ ^ky^[z*— x*). 

c — kz{x^ —y*)f and /, cz^ = kz*{x* — y*). 

* '• 

By addition, a+b-\’C^k{x(y^-‘Z^)+y{z*’^x^)+z(x^-~y*)} 

wmk[y--z)iz-x)ix-~y), 

and ax^ +by^ •{■cz^ •^k{x^(y^ — z^) +>'*(»* — x^ )+z^{x^ — J'*)} 

- -/6(y* ^x*)ix* 

Hence ax^ + by* + ^^* + (« + 3 +^)(y+ z){z + x){x + y) «*o. 


£z. 4. Having given x^^by-^cz + du, y^ax-^cz-^du, 

Z’^ax-¥by-¥dUy u^aX’\-by-^cZy 

. , abed 

show that-—' + —-+ I- 

i+a 1+^ * 1 + c i+d 

Assume ax+by+cz + dussk^ .(5) then, 

from (i) ;r + <»:r or x{i+a)=k ; from (2)y(i+b)^k ; 
from (3) z(i+e)^k and from (4) «(i 

/, ;r(i +a)—j/(i +b}"‘z(i +c) = u(i +d)^k. 

k k k . k 

-ITrf- 


i+b' 


k ^ k 
—— and u ■■— 
i+c i+d 
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Hence 

or 


ak bk ck tik 
I+a”^ i+b l+c I 

^ 4 . ^ ^ 4 . ^ 

I+<* 1+^ !+£■ I+</ 


= ky from (5) 
• I. 


i z ~~ jr)* 

Ex. 5 . If 8 are unequal, and if 2 a-^y^ -, and 


_ .jjgr - — then will 2a — 3.r = — ^— , cand x +y + s = a. 


We have from (i) 2ay—^y*=(8^x)^, 1 
and from (2) 2a8 — 28* = (x~-y *. j 

.by subtr. 2 a(y- 8 )-‘ 3 (y^-z*) = ( 8 -x)* -(x- y)* 

= -(y- 8 )(y + s-2x). 

'dividing by 7 —s', which is not=*o, we have 
2a-3(>' + s:)= -(y + 8-‘2x) ; 

*. 2a = 3(y+8)-(y-t-8-2x)=-2(x + y+ 8 ) ; /, a^x+y+z .(a> 

Again, since, {z-x'f or sr* —2sr;r+;r*=»2ajy-3y*, from (i) 

— 2 (;r + y + s')^ - 3y*» («) 

=«2;rjr-j/* + 2_ys’. 

/, j/*- 2_ysr + 5r* or (j-3r/*=:2Ary + 24 'S’ —2r*.=»2.r(jr+y + s')-3Jr* 

= 2a;r —3.V* from (a) 

= ;rf2a- 32 '). 


Ex. 6. If 

prove that 


/( mb + nc - /a) ” m^nc + fa- mb) «(/a + mb - //cj ’ 

;/ 

+ rs--a^r) ~y{cz^ax-^ z(ax+by-cz) ’ 

X * y z ^ 


We have 


then k- 


mb + nc — la 


m 

nc Aria — mb 


n 


la + mb - nc 


= /&, suppose ; 



2/a 2 mb 2 nc 
nyArniz IzA-nx _ mx + ly 
2lmna 2 lmnb ~~ 2 lmnc 
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+ yUz-k-nx) _ z[mx^ly) 

2imnax ~~ zlmnby “* 7 ,lmncz ' 
nxjr+ mxx _ Ivz + nxy __ mxz + lyz 
. by cz 

‘2ly3 ^ 2mxz znxy 

by+cz-^ax cz + ax — by nx-Yby — cz ’ 

zlxyz _ zmxyz _ znxyz 

x^by + e:z — ax) y(cz + ax — byj z(ax+by~^z)' 


Hence dividing by zxyZy we have 

_ I __ M ___ ft 

x(by+£z — ax} y(c 3 +ax-by)“" z(ax+by-cz) ' 

i)therwise thus : Let each of the given fractions 
by-\-cz — ax ^ by-¥cz-ax 


then l'= 


also k=s 


I*a* -(ffib^nc)^ {/a + nc- mb){la + mb - nc) ' 
x 


/(fnb + t,c-ia) ’ 

x(by + cz — ax) 


-j — 


l{/a + nc- inb){la + mb - nci{mb + nc - la)' 

. i _I_ 

'* x{j)y cz - ax) k*{mb-\-nc—la){nC'\rla~-mb){la-^mb — nc) 


similarly 


m 


y{c 3 +ax-by) 


—same thing, &c. 


Exercise CLVIII. 


1. If (bx - ay'f — (3* - ac){,x* - az)^ prove that 

{by — cxY = (^* - - cz). 

2. If and y{z'^ ~x^) = {c-a)zx^ 

prove that z{x^ -‘y*)-=^{a'-b)xy. 


3. 


If ax-k-by-\rcz—o, and alx-¥bjy-\-clz~Oj 

then will ax* + by* ■YC 3 *-\-{a + b-¥ c){yz + zx + xy) - o. 

If b 3 -\‘Cy—a, az-\-cx^b and ay-{-bx^c^ 

• prove that 


a* h* c* 


I -jr- 


I -j/* I - z^ 


*• Jf ,Tr+/«+ iV»r+«»+i+U»/='- P™'" ‘bat .either 
■Unn = I or (l +/)(l +»*)(i +»)=* - I. (B. P. E. 1889.) 
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6. if ia + d-i-c)(a + d+d)^{c+ii+a){c+ii+d')j prove that each 
of these quantities is equal to 

(a - c)(a — d)[d - c)(d — d) 

{a + d-c-df 

7. Uad-^{a+d){p+g)+pg=^o, and £d-l{c+d)(p+g)-\-pg^o, 

u u . (a--c)(a-d)(d-K)(d-d) 


,hewthat 

\ 2 / {a + d-c-dy 


a If <.^£r J:-, then each - -i' . 

X y z 

9. if — b* =» b* — 6 * “«;*-• a*, she\% that 

^ be - ca - b* . « . 

--- + -+ =o. (b m. 1891 .) 

a-b b-c €~a 

10 If a{J)y’\rCz — ax) = b{jcs-\-ax-byy—€{aX’\rby — cz)^ 

V-\-3-X 3+x-v x+y-3 

prove that --- 7 —= —-- 

a b c 

11. If and i/.r+ 1 /> + r/r—I, find the value of 

%{ax^ ^ by* -V C3^). 

i rr b — c c—a a~b , ... 

V 12 . If , + + .- v—o, P‘''^ve that two of the quanti- 

\Jfbc i+ea l+ab ’ ^ 

ties a, b, c must be equal to each other. 

13. If {a^b + e}^ 3^ shew that 

(a + b+e)***^+b***** +^**^*, n being any positive integer. 

14. If -ys=y* - :i V, and if x and _y be unequal, then will 

each of the expressions - 4 (-^* + +•-*>■=-* — J^v- 

15- If —x*-~ ~y*j prove that each»= —'?*> being 
y-¥z s+x '' ' ,r + )' ’ 

given mat x and y are unequal. 


y+ £■ 


s-*-r 


16. Having given = 

t-XT myn\s \—y* m-\^ 


prove 


that, if x.y be unequal, —^ t= ^ ^ . 

^ ^ 1-3* /// + nxy 

17- If a, b, c be unequal, and a+ . = ^+ » 

' + + a* + ^* + r* 

_^2 

then each=^+ .a 1,» if a + ^+c=»i, then each of these 

« + ^ + r* 

expressions vanishes. 



CHAPTER XX. 


INEQUALITIES AND MISCELLANEOUS THEOREMS. 

I. INEaUALITlES. 

434 . IneiJUftlity is the method of determining which of the two 
given algebraical expressions is greater of the two. This is best 
done by shewing that if a and b be real quantities^ and b^ then 
a - b is a positive quantity. 

435 . Most of the results in Inequalities may be obtained by the 
application of the following genera! theorem ; - 

The sunt of the squares of two unequal quantities is always 
greader than tzuice their product. 

That is, 

Kor, let a and b be two real unequal quantities ; then is 
positive or negative, according as «or < A 

lJut since the square of every quantity, whether positive or 
negative is always positive, 

— 3 )* or is a positive quantity. * 

> 2ab. 

Note. If = then + = Hence rt*+ i 5 ® is never less 

thtih lab. 

Ex. I If Uy b ami be any unequal positive quantities, prove 
that lb+c){e+a) n + b) z^iabc. 

Since b^+c^ > ibcy -vc^yibc or (d + c)* :> 

Similarly, (t’ + rt;* > 4 Ca and (« 4 > 4 ab. 

Hence, by multiplication, we obtain 
{bh-c)^,c+af{a+bf 

Ext. th^ sq. root, (^+<:) + > ^abc. 

X y 

Ex. 2 . A man receives -ths of Ts.io and afterwards - tbs of 

J' X 

Hs.io, He then gives away /Pj.2o. Shew that he cannot lose by the 
transaction. (C. E. i88l.) 
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The total sum received — of JRs.io. 

Since .0 (?+^)-2 o-.o(^+^-2) 

— a positive quantity, 
he cannot lose by the transaction. 

£z. 3 . Which is the greater, V's + or <J$+y/io} 

-/S +-Z? > or < ^3+>/i^ 

according as 12 + 2 (s/(35) > or < 13 + 2 (30), squaring, 

„ ). 2 J(3S) > or d + 2 ^(30), 

„ „ 140 ^ or <: 121 + 4 is/(30;, squaring, 

1, i9>or<4V(3o), 

„ „ 361 >> or <: 480, squaring. 

Now, we see that 480>• 361, therefore iJz+Jio> •/s+‘/y. 

Exercise GLIX. 

(All the quantities below are real, positive and unequal.) 

- „ , a+d 2 a 6 , , a 6 * l I 

1 . Prove that-> ——., and that 7. H— > -. + 

^ 2 a +6 b* a d a 

2 . Shew that the sum of any fraction, and its reciprocal, is > 2. 

3 . Shew that 

(i) a^+b^ •:> a^b+ab*. (2) a*+b* + £^ ^ bc+ca+ab. 

(3) ab{^a-¥b)-¥ac{a+c)+bc{b+c) "^babc. 

(4) >’^{ab{a + b)+ac{a+c)+bc{b+c)}. 

(5) + >(a*+^*)*. 

4. If 2r*aaa*+^* and shew that xy > ac-^bd or ad-i-bc. 

6. If a >bt shew that al^—b^c 4a^(a — b) and > - b). 

6. Shew that (a+ 3 +^)* > 27 abc. 

\ 

7 . Shew that abc ^{b + c — a){c +o - b){a+b—c). t 

8 . Which is the greater :— 

(i) 3 +n /5 or 4+^/ 3 ? (2) or s/ 3+3 s/ 2 ? 

(3) .r*+1 or x*+x ? (4) 2(1 +a*+a+) or 3(a+a») ? 
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9 . A man receives (jr + 2«)/y of Rs.$ and again jfl{x + 2a)oi 
He then gives away Show that he cannot lose by the 

transaction. (P. E. 1889.) 

II. MISCELLANEOUS THEOREMS. 
i36> Meaning of A/o. By actual division, we get 

A 

, =A+Ajf+A:r* +Aa:* + A;»:^+ . to an infinite number of terms. 

I —x 

If in this result A be made equal to unity^ the left-hand side 

A A 

becomes —or , and the right-hand side becomes 

A + A + A + A + A + ...to an infinite number of terms 
=aA X 00 =: 00. 

Hence A/oaa 00, {an infinitely large number), 

437. ffihe sum of the squares of any number of real quantities 
be zero^ then each of the quantities is separately equal to zero. 

Let A* + B*+C* + ...=ao, where A, B, C,...are all real quantities. 

Now the algebraical expression for which A stands may be 
either positive or negative, but its square is always positive ; hence 
A* is essentially positive. Similarly B*, 0 *,...are all essentially 
positive. Now, since none of the quantities A*, B*, C*...is negative, 
their sum cannot be equal to zero, unless each of them bd equal 
to zero. Hence A*=o, B* = o, C*=o, &c. and A*-o, B=o, C—o, 
&c. Hence the result. 

Ex. 1 . If and a, ^ and ^ be all real, 

then a^b^c. 

Multiplying by 2 and transposing, we get 
2i»* + 2^ * + 2^* — o. 

Ke-arranging terms, we get 

{b* — 2bc-^c*)'¥{c*~- 2 ca + a*) + (a* - 2a/i + —o, 

or /i)*+ —o. 

Hence ^ —c—o, ^—<1=0 and a —or a^b^c. 

Ex. 3 . If (<ir+^y-|-r;y)*»(a*-h^*+^*)(2r*+>* + ar*), prove that 
xla=»ylb^zjc. (c. F. A. 1869.) 

Multiplying out and cancelling like terms, we have 

2 a^;ir>' + tacxz + 2bcyz *» a*' y* -1- a*)+ b*{z* + .r*)+ c*{x* +^* ).• 
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Transposing and re-arrauging terms, we have 

— zabxy + b*x^) +(c*;r* - 2acxs-{-a^s*) + (,b*3* — zbcys+c*y*) - o, 
or {ay-bx^^’^{cX’-as)*+{bs-cy)*^o. 

Hence ay-~bx^Oy cx-az—o and bz -cy^o. 

. ay^ bXy cx = az and bz « cy. 
yl^^xja, xjassc/c and zfc-^y'b. 

Thus xla=‘ytb=*z c. 

438 . If A X B =o, then either A =o or B =o, but not necessarily 
Aa=o and B=so. 


For, if A —a, and B =o 


} 


then AB=o. 


or if As=o and B 
Also, if A=so and Baso then also ABs=o. 


439 . If in finding the value of an expression, it assumes the 
form o/o (which is Indeterminate in value) for any particular 
value of any symbol, we must by suitable transformation change 
the expression into another of equal value, such that, it may not 
take the form o/o, for the proposed value. Fractions which assume 
this form, are called Taniwing( fractionB. 

x^ _ 

Ex. 1 . Find the value of - , when x^^^a. 

x-a 

Here the expression assumes the form o/o, when a is substituted 
for X. Now, to avoid this form, we proceed thus :— 

^ »x* +ajr + <?*=a* + a* +a*=Sa*. 


Ex. 2 . Find the value of \ z i when ;r-i. 


The expression * 


;r*-4T*+6jr-3 
(jr-i)( 3 ^- 5 ) 3^-5 


{x-i){x*-yc’k-l) .t*-3r+3 

I 

_ 3-5 


1 - 3+3 


- 2 . 


Exerciie CLX. <. 

1. If a*+ ^* + 2 «' 2 (a+^), prove that 

2. If (a+^)* + (^+^)*+{f4»rfl*«4(a^+^f+^:rf), then a*d 

3. If a*+^*+c*-» 2 (a+^- 1 ), prove that and c^o. 
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4 . What is the only solution of (j: + 2a)*+^*~o ? (P. K. 1889.) 

5 . If i+.r;r' + yy=» s/{(i 

then and y—y. 

6. If (£*--r)* + (^-rf)* + (a* + ^*--!)(£:*+//*—i)—o, prove that 

(< 2 *+^*)(<r*+ //*)=* I. 


7 . 

6 . 

9. 


If +y + 2 ■> (I +;«:)(I +j^), prove that x "=jf = 1. 

If + + show that either rt+^ + i:=o or 'a — b^c. 


Find the values of, (when ;r*=»<») 


(1) 




x — a 


(3) 






.r* — a* ■ 


(3) 



(4) 


—a* 

* 


10 . Find the values of^ 
.^ *+•3^-3 6 

- ^x* + 8.r — 
2 Jr*-3;r* + i 


'0 ..T-' 

f2) 


, when .r=s3. 




-*5 
, when ;»r ■■ 1. 


REVISION PAPERS IV. 


Paper I. 


1 . Resolve into factors :— 

(i) i2A:* + 7 jr-12. (ii) 4a* + *-</* + 4 <i 3 + 2<r//. 

2 . Divide (a»-^*)*-(a*-3a^ + 2iJ*)* by (a-^)*. 

3 . Find the G. c. m. of i - 4x* - 53 Jr + 30 and 

** —jr* —3i;r—15. (c. F. a.* 1882.) 


4 . 

5 . 

6. 


Simplify 


a:*+(« — b)x --ab 


(C. F. A. 1863.) 


X*4r{^a-*rb)X-^ab 
PAvc that + 


If 2J—a + d+<:, prove that 

(j - a)^ + (J - b)^ + (f - c)* - 3U - «»)(f - b){s - r) 
- i (a* + - 3 abc). (C. F. A. 1878.) 
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7 . Solve the equations :— 


3X-2 2x , x + s 
~2 8 “ 5 lo ■ 


(C. F. A. 1879.) 


/ ( 2 ) [ 




8. A number has three digits, the sum of which equals 10; the 
first and third exceed the second by 4, and the first and second 
exceed the third by 8. Find the number, (c. f. a. 1867.) 


Paper II. 


1. Multiply + by 

\y%. Divide (jr* + 2A7--(;r* - 4 .^ + 3 >'*)* by {x-y'J^. 

3. If a + ^+r»o, prove that 

{dc+ca+aij^ + ia^-dc^d*-ca)(c*-ab)—o. (m. F. a. 1888) 

i/ll. Find the G. c. m. of 6 x*-7x^ + 2 and 2jr*+6x'*-A---3. 

*' (c. V. A. 1878.> 

5 . Resolve into factors the expression :— 

(/^ + 0 '^* + ^+ 0 (^+ 0 -(>* + !)( y*+j'+J){}'+0- 

(m. f. a. 1887.) 


0 . Prove that (y+az)^ 4 -{z+ax)^ + (at+ ay)^ ~ 3 (/+ az){z + ax) 
X (.r+iiy) —(i + a^){x^+y^ + - ^xyz). 

7. Solve the equations ;— 

•' (0 (C. F. A. 1869) 


8. A bag contains 160 groins consisting of half-crowns, l^hillings, 
six-pences and four-pences, and the values of the* sMis of money 
represented by each denomination of coin are the same ; how many 
of each are there? (c. F. a. 1874./ 


Paper III. * 

I. FindthevaI.ieof^(}±|)+^|3(l_t«*'| 

+ v''(a*-2a^+4^*), when 
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2 . Multiply together ;r -1 + ^,'2, x + 2+ ,r - i - Jz, 

and x+2- Jy 

3 . I f a* = ^* + prove that 

{ai- 6 -i-c){d+c-a){a+c-d){a + d-c)^4b*c*. 


4 . Simplify 


62f*+;r-i 6£*+iir-4-3 2;r*+9;i: + 4 


jr*- i6 


^ " 2r*-5ar-i2 ' 9;r2-i jr*-i6 ' 

5 . Divide j:®-^( 4<* + ^)A* + (rt + 2^)(fl* + 3^*) by x-¥£t+2b. 


6. From the equation ^ ^ - 


y-S 2 -r {x- 2 )(y-s) 


sso, find the 


value of xjy. 

, ." 7 . Solve the equations : — 

(I) ^ + '^= 5 , ■^+^ = 7.* (2)^+^=»29, ‘’-^ = 2. (p I. E. 1889.) 

23 .5 ^ A- X 

(c. F. A. 1887.) 

(3) 32^-27=15, 5r-2;ir» I, jr+)/ + ar = 25. fc. F. a. 1879.) 

8- Take any number, the one next to it,* and a third equal to 
the product of the first two. Add together the squares of the three 
numbers and prove that the result will always be a perfect square, 
whatever the number j’ou choose to start with, (a, i. t. 1893.) 

Paper IV. 

1 . Prove that ix+y]^^iS+y^-i-sv_y{x+y)(x^ + xy+y*). 

2 . If =3, prove that :r®+^j=>o. (C. F. A. 1883.) 


2 2 

3 If;r=/ 

2-y ^ 2 - 

tion between x and v. 


2 2 2 

, s = and u = , find the rela 

2-^ 2-u 2-V 


imp * y ^ + jgr)(eix ^by) + (a + b)*xs 

5 . Eliminate x and y from the equations 
• ar+^*a,j/+j;-^andg-^+ 

6. Solve the equations 

„£r?- -Lr 9 . £ri5 . (p.,g ) 

'*-9 x-tf x-17 ' ^ 
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( 2 ) ■*/(.►x/(v+i}, jr+^-6. (C F. A. 1883.) 

( 3 ) bs-k-cy^a^ extrasayArbx'^c. (C. F. A. 1870.) 

7. Prove that + will be a perfect square for 

all values of x, if (a*- 4 d;*=* 64 //and c*’»a*d. (A. I. e. 1891.) 

6 . A merchant buys goods at 24 guineas the cwt, and by 
retailing them at 5r. ^d. the lb. makes 10 per cent, more profit than 
if he had sold the whole for ^^240. What weight did he buy ^ 
(A. E. 1897.) 


Paper V. 

. / 

Resolve into their simplest factors : — 

1(1) S{2x+y,^+{x-2y)^. (2) ( 2 «-^)^-(rf- 3 ^)*. 

2 . Prove that {x+y)ix+y- i){x+y- 2 ) 

^x(x- i){x-2)-\-3xix-i)y + 5xy{y-i)+y(y-' i)(y-2). 

3 . Determine w and « so that + may be 

an CAact square, (m. F. a. 1895.) 

1 . Resolve into four factors the expression ii 5 (d+rr) + 3 ^(^+a) + 
•c^a+b) + 2{b*c*+c*a*+a*b*)+4abc{a+b+c). (m. F. a. 1888.) 


6. Plot the points (10, 10), (15, 18), (30, 22), (39, 10). If the 
quadrilateral joining them represents afield, each square unit re¬ 
presenting one-tenth of an acre, find the area of the field. 

Mj. .Solve the equations : — 

3 + 2Ar 5 + 2jr • 44f*-2 


(0 


I - 


l+2jr 7 + 2X 7 +l6jr+42r*' 


(P. 1. K. 1890.) 


,-i 98 jr +3 

\ ' ■ + - -52-0. 

* 4 'SX + $ '$x-i ^ 


(3) T+>'+^=o, a*x+b*y+c*x^o 

"x y 


A • jr ^ a 

J 


(C. F. A. 1863.) 

I 


7. Eliminate x andy from the equations 
(i) ay+bx=bkt iy+Ax^mb*, and x^+y^^b*. 

(z) x*-y*—ax-byy ^xy^bx+ay^ and 1. 


8- A and B travel together 120 miles by rail. A takes a return 
ticket for which he has to pay one fare and a half. Coming back 
they find that A has travelled cheaper than B by 4a. zp. for every 
100 miles. Find the fare per mile. (p. e. 1890.) 
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Paper VI. 

1 . Draw the graphs of i, 4r-3y=o, y-jir=2, in 

the same diagram. What do you deduce as to the three simultane¬ 
ous equations ? 

2. Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


-5 

3 

1 7 II 

1 

i..'* 

7 

1 

1 -I -s! 

-8 


3 . \ix—pa~'b — c^y=‘Pb — c — a2iaA.s^pc—a-~b^ prove that 

+yi + sr3 - ^xys * (/ +1 )*» ^ - 2){a} + - ‘^abc). 

4 . Prove that {x +y)^*= +y* + Sxy{x* +xy + y^)^ + 

4x*y^{x*+xy +y*)* + 2x*y*. 



.Simplify 


2.r«-5;r + 3 3^*±^_zA^ 

2Jir-3 x-i 


2 ( 3 ** — 13 V- 10 ) 
• 3.r+2 


Solve the equations :— 

i \ __(x-c)(x- /i) 

x-a-b ”” x-c-^d 


(C. F. A. 1876.) 


f 2 ) J(x+2)-i- J(^- 3 )=S. (P. 1 . E. 1890 .) 


t,' ' 7 . If 2.r=a+ - and 2y =»^+ find the value of 

a b 

xy-^ O- 

8 . Kliminate x^y and z from the equations 

(1) axArby-\-cz^a^ bx^rcy-\raz*^b, cx-\-ay-\rbz^c. 

( 2 ) i/.r+i/y-l-i/;?=ai/a,;«r+y+s'=^,;r*+y*+ 5 r*-:fT®, jr*+ y^+af* = rf*. 


Paper Vft. 

1 . Find the values of 4;r - 32:* for integral values of jt from-3 
to 3. Tabulate your work. 

2 . Divide {a+b)* + {a* -b*)* +{a - bP by 3a*+^*. 

3 . Find the L. c. M. of Six^-x^y*), 6{x*y* + y*) 

9'2r* -2:*y+2ry* -y*). 
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2x^ + St+4 4x* + 8x+6 


5 . Solve the equation 


X + 2 

Test your solution. 


2 X + S 


6. Solve the equations 3;r + 4_y+i4**o, 5^ — 2j + 6=o. 

Deduce the solution of the equations 

.3 4 5 2 , 

■^+ -+I4-0, ^-+6=0. 

X y X y 

% 

7 . If four positive numbers are in continued proportion, show 
that the difference between the extremes is at least three times as 
great as the difference between the means. (P. K. 1900.) 


8 . 1 bought a horse and carriage for /^.8oo. I sold the horse 

at a profit of 20 per cent., and the carnage at a loss of 4 per cent., 
and found that on the whole transaction I had gained 5 per cent. 
What was the original cost of the horse ? 


• Paper VIII. 

1. Multiply + 4 a^d + Sad* +8^* by a* — 4 a*d + Sab* — 8^*. 

2 . Extract the square root of 

x*{x*-\-y*-^z*) + 2 x{y+x){vz-x*)-\ry^z^. (m. M. 1890.) 

3. Resolve into factors :— 

:r* + 6;r—187 and ;r*-5;r* + 9;r*-7A: + 2 . (b. M. 1901.) 

4 . Find the G. c. M. of 

- 2a;r* — 5 2 *x — 12a* and x^ — 7 ax* +13a*.*’ — 4a*, (a. E. 1891.) 

5. Simplify . 


6> Solve the equations:— 

' ' ‘ a»(;r+a) - ar + i “ 


>• I* * • I 


(2) 


a 4 rC 

X’-2d 


'b-¥c _ a-e b-c 
x-2a^ x-^2b"‘ x-\‘2a ■ 


gjc+i ^ n(at^ i) 
;r + a a.r +1 

(M. M. 1888.) 


7 * A man rows to a place 48 miles distant and back in 14 hours. 
He finds that he can row 4 miles with the stream in the same time 
as 3 miles against the stream. Find the rate of the stream. 

(p. E. 1897.) 
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8 . A man spends Hs.yoo in 45 days ; make a graph and read 
off from it his expenditure in 17, 32 and 41 days, to the nearest 
rupee. 


Paper IX. 

1 . Divide x^+x*+4x^+2ix* + 2^x—40 by 2?*+44?+5, using the 
method of detached coefficients. 


8. Find the H. c. F. of + i3;r*-3o;ir + 8 and x^‘~ 4 x^ — 

iix*- 5 q*;+i6. 


3. Simplify 


I 

x-a 


1 

x+a 


2 a 

x*+d 


■(- 

i*' 


x^+ax+a^ X 


r* — + a* ) ’ 


x* — a^ x*+a^ 


4 . If a6+6c+ca==Oj prove that (a+ ^+<:)**=«*+ — 

(M. F. A. 1894.) • 


5 . If 


d c 

b’¥c~ C’¥a a-¥b 
■equal to ^ or> i. (m. f. a. 1895.} 

6. Solve the equations :— 
fx-a\* x-2a-b 


, shew that each of these fractions is 


(.) (; 


■^b) “ ;r+a+2^' 


ax ^ bx , , 


7. Simplify the expressions 

I.% - b*x^*^ ix^ (sv+y 3x ->^\ 

a^bx* ^^\]y^x}\x+y’~x-y}^ 

/ X I , * L I 


8 . A man travels part of a journey on a bicycle, and then for the 
last 72 miles takes a train which travels four times as fast as he did 
on his bicycle and arrives at his destination in 3^ hours from the 
start. If he had travelled the whole way in the train he would 
have saved hours. Find the length of the journey in miles. 
(b. m. 1902.) 

* Paper X. 

» 

1 . If the coefficients of x* and of x in the product of 2x*+^* 
+rtj»r-10 and 3;r*-aar*- iOjif+4 are equal to one another, find the 
value of a. 
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2 . Find the G. c. M. of 44:* —209,r*+15 and Ar 

(m. f. a. 1891.) 

3 . Prove that if .a: + -««a, ;?+ -««r, then 

y "'z X 

(l — tf3).V*+2^=s(l —+ -^^)^"*+2r 

=(i+ + 2a. (b. P. E. 1891.) 

4 . By addition or subtraction, after multiplying by a numerical 
&ctor if necessary, prove that the expressions 5A+ + 2;r*+2Jr* + 2;r + 5 
and 2x^ - 5^® — 5jr*- ^x-\r‘ 2 . have no common factor in x. (b p.k. 189;.) 


5 . In the same diagram draw the graphs of 

y—jr + 3, 2y—X‘=8y and 2y+52r=:2o. 

What do you deduce as to the roots of the different pairs of 
equations ? 


6. Solve the equations : 

, , (.r + a'f;ir + ^) x-c-d , 

(1) - --(a 

{x c){x-ir d) x-a-b 

(2) x + 2y + Zff^==(i,y + 2z + :^v—b, 


. 1900.) 

S-\r2X-\‘XV — C. 


(m. k. a. 1894J 


7 . If 


a* + — c* — /f* 

a^b-\rc-~d 
nc—bd 


a‘ 




b-^ C^tf 
ad—be 


, show that tr+ ^=»<;+<^and 


a-b-Vc-d a-b-c+d' 


(m. k. a. 1892.) 


8. The denominator of a certain fraction exceeds its numerator 
by one Two other fractions are formed, one of them by adding 
9 to the denominator, and the other by subtraciing 6 fioni the 
numerator, of the original fraction. These two fractions are equal. 
Find the original fraction. 

9 . An old clock increased uniformly in value from /i\r.45 in the 
year 1890,*to A’j.S? in 1899. Find graphically its value in 1893, 1894 
and 1897, to the nearest half-rupee. 

10 - A, B, C, D are four railwjiy stations. F-om B toCis2j 
miles more, and from C to ID 5^ miles less than from to B. A 
train starts from A and travels at the rate of 14 miles an hour At 
B an accident happens to the engine, which causes a delay of 6 
hours. After this the train proceeds to C at half speed. There 
another delay of A an hour occurs and then the train movesa on to 
D at a speed further diminished by one mile an hour. A man starts 
from A at the same time as the train, and travels straight across 
country to D, a distance of 58 miles Including stoppages he 
averages 3 miles an hour and reaches D just with the train. What 
is the distance by rail from A to D ? (m. m. 1880.) 



CHAPTER XXI. 

QUADRATIC EQUATION.S. 

410. Equations in which the square of the unknown quantity, 
..nd no higher power, is found, are called Ckaadratic EquatiOllB 
or equations of the second degree. 

411. Quadratic Equations are of two kinds 

(i) Pure Quadratics, in which the square only of the unknown 
quantity is found, without the first power. 

Thus, .r* —9=0, 3,r*=<l2 are Pure Omuiratics. 

(ii) Adfected Quadratics, where the first power enters, as 
well as the square. 

Thus, x* — ;^x + 2 -o is an Adfected (Juttdrajic 


I. PURE QUADRATIC EQUATIONS 

442. Pure Quadratics are solved, as in simple equations, 
1>> collecting the unknown quantities on one side, and the known 
quantities on the other We shall thus find the value of jr*, and 
thence the value of x (taking the square rout, to which we must 
prefix the double sign ( a i. Such equations theiefore will have two 
equal roots, with contrary signs. 

Ex. 1. Solve the equation JT*--9=-o. 

Here, by transposition, x*^c)^ .t - ±3 

Note. If we had puliA'=i3, we should still have had only 
these two different values of r, vh .r= ^3, .*:= - 3 ; since —x— +3 
gives .» «= - 3 and - .r•■= — 3 gives x= + 3. 

Ex. 2. Solve -;(3 a* + 5)-.V.'* + 2 i) = 39 -“ 5 ^*- 

Multiplying by 24, the L. c. M. of the denrs. 8 and 3, we have 

3(3^* + S)-8{jt:* + 2i)=936- I20,r*, or Jt*- 153=936-- i20jr* ; 

By transposition, ji:* + i2o;r* = 936 + i53 or i2i;c*=io89. 

.•. Y*V *®9 and ±3. 
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Bx. 3 . Solve 

*’-II 2^»-9 

By division, (5+5*^)+ 

72 54 

" -II "" 2.r»-9 x^Ti^ (dividing by i8). 

• • 4(2Ar* — 9) = 3(,ar*— 11)^ or 8x* — — 33 ; 

• ; •’• ^*=1 and .•. ± 


EzerciBe CLiCI. 


►Solve the following equations 
1 . i**= 14 - 3 *'. 8. 2 :» + 5 - ■ - 16 . 

L *7 «sckj -7 65 jr 

.r 7 


.4 .A 

4 .r* 


3 * “ 5 )*“’ 25 . 

fi- ri + 

I +a: I - ^■ 


7 . 

(2Ar - 5)* * _ 2o.y + 73, 

8. 

x^+ 7 x^ 

7 (x + 3 ) + 4 - 

9 . 

— 3 ){x + I) as 3(2jy — I). 

10. 

(x- 2 )(x- 

5)- 10. 

11. 

2Ar*+io i;o+:r* 

*5 25 

12. 

15x* 
4 " 6 

+8 

--= 2 .y *~3 

13 . 

45*J-5_ 2.r*-5 72:*-25 

10 15 "20 ■ 

14 . 

I 4 r* + 16 
21 “ 

2t* + 8 2Ar 

8;r* -II™ 

15 . 

^ 1 
x-z x +3 

16 . 

^+3 X- 
X+ 2 '*' X- 

2 AT- 1 ■ 

17 . 

^+l^;r + 2_ Ar + 3 
:r-2 ;r-^* 

18 . 

x+2 iiAr+i8 

_ T « 2 — -- 

19 . 



X-l X-- 

2 iia'-i8 

- 5 )(.*■- 9) = - 5)f ^2 . 27). 



♦ 


20 . 


+ 7)(^* - 4)=(.^r + I )(x» +14X + 22). 


21. ^ - 4 ^ 9 +Jr ^ 9 - 

■^-4 :t:+4 9-;r“g+;r- 

23. 5 ( 12 -.y) 

■*■“4 2;ir+3 “ “* 


22. 


» .. 3 -*^ 


l-AT 

I+2f 

i+x 

24 

3 - 1 ^+I 

2r- 2 

S 

4 X + 3 

4^-3 9' 
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10. Eliminate a, c from the equations 

fis+cy=at a£^+cx=tf ay+Ar^f. (C f.a. 1870 & a.i.e. 1893.) 

11 . Eliminate / and w from the equations :— 

and —/;r + w/^*o. (P. E. 1902.) 


II. SPECIAL ARTIFICES. 

433. The following are typical examples with their solutions 

Ex. 1. Jf x{lf-c)+y{c-a)+z( a 

^bz~~ cy cx — az ay — hx 

prove that -r-=-« -r- • 

b — c c — a a — b 


We have i*(^— + a) + — ^(identically) 

and x{b — c)-{-y{c—a) z\a — b)^o^ (given) 
by the Rule of Cross Multiplication^ we have 
b — c _ c — a a — b 
hz — cy~cxr-az ay -bx ' 

bz — cy cx — az ay — br 

javTICC " . • 

b — c c^a a--b 


Ex. 2. 


If x—cy^bzyy=az-¥cx^ and Z’^bx-Vay^ 

w* 

shew that 


I — a' 


i-b* 




Erom the given relations, we have 

x — cy — bz»o.,.{i\ €X—y+aZ’=o,..(2), bx+ay-z 

Frpm (i) and (2), by the Rule of Cross Multiplication^ 

X ^ _ g 

ac^b bc-\-a^ i—c* . 


Similarly, from (2) and (3), 
and from (i) and (3) 


I—a* ab-^c ac-¥b 
X y z 

ab'¥c'^ I ^tf+a* 


Hence, from (4) and (5) we have 


z^ 


(ar+^)(l-a*l (i-f*)(atf+^) 


f, or 


z* 


— ^ l-c* 


o...(3) 

....'( 4 ) 

.(5) 

.(6) 
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Similarly, from (5) and (6), we have 

(i (ad+c){i^d^) ’ 

Hence the result. 


I - a* 




Ez. 3 . If <i;r+^+^:3’=»o, and ajx + djy + cIs^Oj prove that 

ax* + by^ + C 3 *+(a+b+c){y+z){z-^x){x+jr) = o. 

From the given relations, we have 
ax+by+cz^o 1 
and ajfz+bzx+cxy^o J 

By the J^u/e of Cross Muliiplication, we have 

x{y* — z^) y[z^t-x*i^ ZyX* • 

/. rtsssAjr,'^* — a*), and /, ax^^kx^\y* -z*). 

/Js=^(2r*—;c*), and/, by^ ^ky^[z*— x*). 

c — kz{x^ —y*)f and /, cz^ = kz*{x* — y*). 

* '• 

By addition, a+b-\’C^k{x(y^-‘Z^)+y{z*’^x^)+z(x^-~y*)} 

wmk[y--z)iz-x)ix-~y), 

and ax^ +by^ •{■cz^ •^k{x^(y^ — z^) +>'*(»* — x^ )+z^{x^ — J'*)} 

- -/6(y* ^x*)ix* 

Hence ax^ + by* + ^^* + (« + 3 +^)(y+ z){z + x){x + y) «*o. 


£z. 4. Having given x^^by-^cz + du, y^ax-^cz-^du, 

Z’^ax-¥by-¥dUy u^aX’\-by-^cZy 

. , abed 

show that-—' + —-+ I- 

i+a 1+^ * 1 + c i+d 

Assume ax+by+cz + dussk^ .(5) then, 

from (i) ;r + <»:r or x{i+a)=k ; from (2)y(i+b)^k ; 
from (3) z(i+e)^k and from (4) «(i 

/, ;r(i +a)—j/(i +b}"‘z(i +c) = u(i +d)^k. 

k k k . k 

-ITrf- 


i+b' 


k ^ k 
—— and u ■■— 
i+c i+d 




MATRICULATION ALGEBRA. 


Hence 

or 


ak bk ck tik 
I+a”^ i+b l+c I 

^ 4 . ^ ^ 4 . ^ 

I+<* 1+^ !+£■ I+</ 


= ky from (5) 
• I. 


i z ~~ jr)* 

Ex. 5 . If 8 are unequal, and if 2 a-^y^ -, and 


_ .jjgr - — then will 2a — 3.r = — ^— , cand x +y + s = a. 


We have from (i) 2ay—^y*=(8^x)^, 1 
and from (2) 2a8 — 28* = (x~-y *. j 

.by subtr. 2 a(y- 8 )-‘ 3 (y^-z*) = ( 8 -x)* -(x- y)* 

= -(y- 8 )(y + s-2x). 

'dividing by 7 —s', which is not=*o, we have 
2a-3(>' + s:)= -(y + 8-‘2x) ; 

*. 2a = 3(y+8)-(y-t-8-2x)=-2(x + y+ 8 ) ; /, a^x+y+z .(a> 

Again, since, {z-x'f or sr* —2sr;r+;r*=»2ajy-3y*, from (i) 

— 2 (;r + y + s')^ - 3y*» («) 

=«2;rjr-j/* + 2_ys’. 

/, j/*- 2_ysr + 5r* or (j-3r/*=:2Ary + 24 'S’ —2r*.=»2.r(jr+y + s')-3Jr* 

= 2a;r —3.V* from (a) 

= ;rf2a- 32 '). 


Ex. 6. If 

prove that 


/( mb + nc - /a) ” m^nc + fa- mb) «(/a + mb - //cj ’ 

;/ 

+ rs--a^r) ~y{cz^ax-^ z(ax+by-cz) ’ 

X * y z ^ 


We have 


then k- 


mb + nc — la 


m 

nc Aria — mb 


n 


la + mb - nc 


= /&, suppose ; 



2/a 2 mb 2 nc 
nyArniz IzA-nx _ mx + ly 
2lmna 2 lmnb ~~ 2 lmnc 
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+ yUz-k-nx) _ z[mx^ly) 

2imnax ~~ zlmnby “* 7 ,lmncz ' 
nxjr+ mxx _ Ivz + nxy __ mxz + lyz 
. by cz 

‘2ly3 ^ 2mxz znxy 

by+cz-^ax cz + ax — by nx-Yby — cz ’ 

zlxyz _ zmxyz _ znxyz 

x^by + e:z — ax) y(cz + ax — byj z(ax+by~^z)' 


Hence dividing by zxyZy we have 

_ I __ M ___ ft 

x(by+£z — ax} y(c3+ax-by)“" z(ax+by-cz) ' 

i)therwise thus : Let each of the given fractions 
by-\-cz — ax ^ by-¥cz-ax 


then l'= 


also k=s 


I*a* -(ffib^nc)^ {/a + nc- mb){la + mb - nc) ' 
x 


/(fnb + t,c-ia) ’ 

x(by + cz — ax) 


-j — 


l{/a + nc- inb){la + mb - nci{mb + nc - la)' 

. i _I_ 

'* x{j)y cz - ax) k*{mb-\-nc—la){nC'\rla~-mb){la-^mb — nc) 


similarly 


m 


y{c3+ax-by) 


—same thing, &c. 


Exercise CLVIII. 


1. If (bx - ay'f — (3* - ac){,x* - az)^ prove that 

{by — cxY = (^* - - cz). 

2. If and y{z'^ ~x^) = {c-a)zx^ 

prove that z{x^ -‘y*)-=^{a'-b)xy. 


3. 


If ax-k-by-\rcz—o, and alx-¥bjy-\-clz~Oj 

then will ax* + by* ■YC3*-\-{a + b-¥ c){yz + zx + xy) - o. 

If b3-\‘Cy—a, az-\-cx^b and ay-{-bx^c^ 

• prove that 


a* h* c* 


I -jr- 


I -j/* I - z^ 


*• Jf ,Tr+/«+ iV»r+«»+i+U»/='- P™'" ‘bat .either 
■Unn = I or (l +/)(l +»*)(i +»)=* - I. (B. P. E. 1889.) 
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6. if ia + d-i-c)(a + d+d)^{c+ii+a){c+ii+d')j prove that each 
of these quantities is equal to 

(a - c)(a — d)[d - c)(d — d) 

{a + d-c-df 

7. Uad-^{a+d){p+g)+pg=^o, and £d-l{c+d)(p+g)-\-pg^o, 

u u . (a--c)(a-d)(d-K)(d-d) 


,hewthat 

\ 2 / {a + d-c-dy 


a If <.^£r J:-, then each - -i' . 

X y z 

9. if — b* =» b* — 6 * “«;*-• a*, she\% that 

^ be - ca - b* . « . 

--- + -+ =o. (b m. 1891 .) 

a-b b-c €~a 

10 If a{J)y’\rCz — ax) = b{jcs-\-ax-byy—€{aX’\rby — cz)^ 

V-\-3-X 3+x-v x+y-3 

prove that --- 7 —= —-- 

a b c 

11. If and i/.r+ 1 /> + r/r—I, find the value of 

%{ax^ ^ by* -V C3^). 

i rr b — c c—a a~b , ... 

V 12 . If , + + .- v—o, P‘''^ve that two of the quanti- 

\Jfbc i+ea l+ab ’ ^ 

ties a, b, c must be equal to each other. 

13. If {a^b + e}^ 3^ shew that 

(a + b+e)***^+b***** +^**^*, n being any positive integer. 

14. If -ys=y* - :i V, and if x and _y be unequal, then will 

each of the expressions - 4 (-^* + +•-*>■=-* — J^v- 

15- If —x*-~ ~y*j prove that each»= —'?*> being 
y-¥z s+x '' ' ,r + )' ’ 

given mat x and y are unequal. 


y+ £■ 


s-*-r 


16. Having given = 

t-XT myn\s \—y* m-\^ 


prove 


that, if x.y be unequal, —^ t= ^ ^ . 

^ ^ 1-3* /// + nxy 

17- If a, b, c be unequal, and a+ . = ^+ » 

' + + a* + ^* + r* 

_^2 

then each=^+ .a 1,» if a + ^+c=»i, then each of these 

« + ^ + r* 

expressions vanishes. 
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INEQUALITIES AND MISCELLANEOUS THEOREMS. 

I. INEaUALITlES. 

434. IneiJUftlity is the method of determining which of the two 
given algebraical expressions is greater of the two. This is best 
done by shewing that if a and b be real quantities^ and b^ then 
a - b is a positive quantity. 

435. Most of the results in Inequalities may be obtained by the 
application of the following genera! theorem ; - 

The sunt of the squares of two unequal quantities is always 
greader than tzuice their product. 

That is, 

Kor, let a and b be two real unequal quantities ; then is 
positive or negative, according as «or < A 

lJut since the square of every quantity, whether positive or 
negative is always positive, 

—3)* or is a positive quantity. * 

> 2ab. 

Note. If = then + = Hence rt*+ i5® is never less 

thtih lab. 

Ex. I If Uy b ami be any unequal positive quantities, prove 
that lb+c){e+a) n + b) z^iabc. 

Since b^+c^ > ibcy -vc^yibc or (d + c)* :> 

Similarly, (t’ + rt;* > 4 Ca and (« 4 > 4 ab. 

Hence, by multiplication, we obtain 
{bh-c)^,c+af{a+bf 

Ext. th^ sq. root, (^+<:) + > ^abc. 

X y 

Ex. 2. A man receives -ths of Ts.io and afterwards - tbs of 

J' X 

Hs.io, He then gives away /Pj.2o. Shew that he cannot lose by the 
transaction. (C. E. i88l.) 
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The total sum received — of JRs.io. 

Since .0 (?+^)-2 o-.o(^+^-2) 

— a positive quantity, 
he cannot lose by the transaction. 

£z. 3 . Which is the greater, V's + or <J$+y/io} 

-/S +-Z? > or < ^3+>/i^ 

according as 12 + 2 (s/(35) > or < 13 + 2 (30), squaring, 

„ ). 2 J(3S) > or d + 2 ^(30), 

„ „ 140 ^ or <: 121 + 4 is/(30;, squaring, 

1, i9>or<4V(3o), 

„ „ 361 >> or <: 480, squaring. 

Now, we see that 480>• 361, therefore iJz+Jio> •/s+‘/y. 

Exercise GLIX. 

(All the quantities below are real, positive and unequal.) 

- „ , a+d 2 a 6 , , a 6 * l I 

1 . Prove that-> ——., and that 7. H— > -. + 

^ 2 a +6 b* a d a 

2 . Shew that the sum of any fraction, and its reciprocal, is > 2. 

3 . Shew that 

(i) a^+b^ •:> a^b+ab*. (2) a*+b* + £^ ^ bc+ca+ab. 

(3) ab{^a-¥b)-¥ac{a+c)+bc{b+c) "^babc. 

(4) >’^{ab{a + b)+ac{a+c)+bc{b+c)}. 

(5) + >(a*+^*)*. 

4 . If 2r*aaa*+^* and shew that xy > ac-^bd or ad-i-bc. 

6. If a >bt shew that al^—b^c 4a^(a — b) and > - b). 

6. Shew that (a+ 3 +^)* > 27abc. 

\ 

7 . Shew that abc ^{b + c — a){c +o - b){a+b—c). t 

8 . Which is the greater :— 

(i) 3 +n /5 or 4+^/ 3 ? (2) or s/ 3+3 s/ 2 ? 

(3) .r*+1 or x*+x ? (4) 2(1 +a*+a+) or 3(a+a») ? 
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9 . A man receives (jr + 2«)/y of Rs.$ and again jfl{x + 2a)oi 
He then gives away Show that he cannot lose by the 

transaction. (P. E. 1889.) 

II. MISCELLANEOUS THEOREMS. 
i 36 > Meaning of A/o. By actual division, we get 

A 

, =A+Ajf+A:r* +Aa:* + A;»:^+ . to an infinite number of terms. 

I —x 

If in this result A be made equal to unity^ the left-hand side 

A A 

becomes —or , and the right-hand side becomes 

A + A + A + A + A + ...to an infinite number of terms 
=aA X 00 =: 00. 

Hence A/oaa 00, {an infinitely large number), 

437. ffihe sum of the squares of any number of real quantities 
be zero^ then each of the quantities is separately equal to zero. 

Let A* + B*+C* + ...=ao, where A, B, C,...are all real quantities. 

Now the algebraical expression for which A stands may be 
either positive or negative, but its square is always positive ; hence 
A* is essentially positive. Similarly B*, 0 *,...are all essentially 
positive. Now, since none of the quantities A*, B*, C*...is negative, 
their sum cannot be equal to zero, unless each of them bd equal 
to zero. Hence A*=o, B* = o, C*=o, &c. and A*-o, B=o, C—o, 
&c. Hence the result. 

Ex. 1 . If and a, ^ and ^ be all real, 

then a^b^c. 

Multiplying by 2 and transposing, we get 
2i»* + 2^ * + 2^* — o. 

Ke-arranging terms, we get 

{b* — 2bc-^c*)'¥{c*~- 2 ca + a*) + (a* - 2a/i + —o, 

or /i)*+ —o. 

Hence ^ —c—o, ^—<1=0 and a —or a^b^c. 

Ex. 3 . If (<ir+^y-|-r;y)*»(a*-h^*+^*)(2r*+>* + ar*), prove that 
xla=»ylb^zjc. (c. F. A. 1869.) 

Multiplying out and cancelling like terms, we have 

2 a^;ir>' + tacxz + 2bcyz *» a*' y* -1- a*)+ b*{z* + .r*)+ c*{x* +^* ).• 
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Transposing and re-arrauging terms, we have 

— zabxy + b*x^) +(c*;r* - 2acxs-{-a^s*) + (,b*3* — zbcys+c*y*) - o, 
or {ay-bx^^’^{cX’-as)*+{bs-cy)*^o. 

Hence ay-~bx^Oy cx-az—o and bz -cy^o. 

. ay^ bXy cx = az and bz « cy. 
yl^^xja, xjassc/c and zfc-^y'b. 

Thus xla=‘ytb=*z c. 

438 . If A X B =o, then either A =o or B =o, but not necessarily 
Aa=o and B=so. 


For, if A —a, and B =o 


} 


then AB=o. 


or if As=o and B 
Also, if A=so and Baso then also ABs=o. 


439 . If in finding the value of an expression, it assumes the 
form o/o (which is Indeterminate in value) for any particular 
value of any symbol, we must by suitable transformation change 
the expression into another of equal value, such that, it may not 
take the form o/o, for the proposed value. Fractions which assume 
this form, are called Taniwing( fractionB. 

x^ _ 

Ex. 1 . Find the value of - , when x^^^a. 

x-a 

Here the expression assumes the form o/o, when a is substituted 
for X. Now, to avoid this form, we proceed thus :— 

^ »x* +ajr + <?*=a* + a* +a*=Sa*. 


Ex. 2 . Find the value of \ z i when ;r-i. 


The expression * 


;r*-4T*+6jr-3 
(jr-i)( 3 ^- 5 ) 3^-5 


{x-i){x*-yc’k-l) .t*-3r+3 

I 

_ 3-5 


1 - 3+3 


- 2 . 


Exerciie CLX. <. 

1. If a*+ ^* + 2 «' 2 (a+^), prove that 

2. If (a+^)* + (^+^)*+{f4»rfl*«4(a^+^f+^:rf), then a*d 

3. If a*+^*+c*-» 2 (a+^- 1 ), prove that and c^o. 
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4 . What is the only solution of (j: + 2a)*+^*~o ? (P. K. 1889.) 

5 . If i+.r;r' + yy=» s/{(i 

then and y—y. 

6. If (£*--r)* + (^-rf)* + (a* + ^*--!)(£:*+//*—i)—o, prove that 

(< 2 *+^*)(<r*+ //*)=* I. 


7 . 

6 . 

9. 


If +y + 2 ■> (I +;«:)(I +j^), prove that x "=jf = 1. 

If + + show that either rt+^ + i:=o or 'a — b^c. 


Find the values of, (when ;r*=»<») 


(1) 




x — a 


(3) 






.r* — a* ■ 


(3) 



(4) 


—a* 

* 


10 . Find the values of^ 
.^ *+•3^-3 6 

- ^x* + 8.r — 
2 Jr*-3;r* + i 


'0 ..T-' 

f2) 


, when .r=s3. 




-*5 
, when ;»r ■■ 1. 


REVISION PAPERS IV. 


Paper I. 


1 . Resolve into factors :— 

(i) i2A:* + 7 jr-12. (ii) 4a* + *-</* + 4 <i 3 + 2<r//. 

2 . Divide (a»-^*)*-(a*-3a^ + 2iJ*)* by (a-^)*. 

3 . Find the G. c. m. of i - 4x* - 53 Jr + 30 and 

** —jr* —3i;r—15. (c. F. a.* 1882.) 


4 . 

5 . 

6. 


Simplify 


a:*+(« — b)x --ab 


(C. F. A. 1863.) 


X*4r{^a-*rb)X-^ab 
PAvc that + 


If 2J—a + d+<:, prove that 

(j - a)^ + (J - b)^ + (f - c)* - 3U - «»)(f - b){s - r) 
- i (a* + - 3 abc). (C. F. A. 1878.) 
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7 . Solve the equations :— 


3X-2 2x , x + s 
~2 8 “ 5 lo ■ 


(C. F. A. 1879.) 


/ ( 2 ) [ 




8. A number has three digits, the sum of which equals 10; the 
first and third exceed the second by 4, and the first and second 
exceed the third by 8. Find the number, (c. f. a. 1867.) 


Paper II. 


1. Multiply + by 

\y%. Divide (jr* + 2A7--(;r* - 4 .^ + 3 >'*)* by {x-y'J^. 

3. If a + ^+r»o, prove that 

{dc+ca+aij^ + ia^-dc^d*-ca)(c*-ab)—o. (m. F. a. 1888) 

i/ll. Find the G. c. m. of 6 x*-7x^ + 2 and 2jr*+6x'*-A---3. 

*' (c. V. A. 1878.> 

5 . Resolve into factors the expression :— 

(/^ + 0 '^* + ^+ 0 (^+ 0 -(>* + !)( y*+j'+J){}'+0- 

(m. f. a. 1887.) 


0 . Prove that (y+az)^ 4 -{z+ax)^ + (at+ ay)^ ~ 3 (/+ az){z + ax) 
X (.r+iiy) —(i + a^){x^+y^ + - ^xyz). 

7. Solve the equations ;— 

•' (0 (C. F. A. 1869) 


8. A bag contains 160 groins consisting of half-crowns, l^hillings, 
six-pences and four-pences, and the values of the* sMis of money 
represented by each denomination of coin are the same ; how many 
of each are there? (c. F. a. 1874./ 


Paper III. * 

I. FindthevaI.ieof^(}±|)+^|3(l_t«*'| 

+ v''(a*-2a^+4^*), when 



REVISION PAPERS. 


473 


2 . Multiply together ;r -1 + ^,'2, x + 2+ ,r - i - Jz, 

and x+2- Jy 

3 . I f a* = ^* + prove that 

{ai- 6 -i-c){d+c-a){a+c-d){a + d-c)^4b*c*. 


4 . Simplify 


62f*+;r-i 6£*+iir-4-3 2;r*+9;i: + 4 


jr*- i6 


^ " 2r*-5ar-i2 ' 9;r2-i jr*-i6 ' 

5 . Divide j:®-^( 4<* + ^)A* + (rt + 2^)(fl* + 3^*) by x-¥£t+2b. 


6. From the equation ^ ^ - 


y-S 2 -r {x- 2 )(y-s) 


sso, find the 


value of xjy. 

, ." 7 . Solve the equations : — 

(I) ^ + '^= 5 , ■^+^ = 7.* (2)^+^=»29, ‘’-^ = 2. (p I. E. 1889.) 

23 .5 ^ A- X 

(c. F. A. 1887.) 

(3) 32^-27=15, 5r-2;ir» I, jr+)/ + ar = 25. fc. F. a. 1879.) 

8- Take any number, the one next to it,* and a third equal to 
the product of the first two. Add together the squares of the three 
numbers and prove that the result will always be a perfect square, 
whatever the number j’ou choose to start with, (a, i. t. 1893.) 

Paper IV. 

1 . Prove that ix+y]^^iS+y^-i-sv_y{x+y)(x^ + xy+y*). 

2 . If =3, prove that :r®+^j=>o. (C. F. A. 1883.) 


2 2 

3 If;r=/ 

2-y ^ 2 - 

tion between x and v. 


2 2 2 

, s = and u = , find the rela 

2-^ 2-u 2-V 


imp * y ^ + jgr)(eix ^by) + (a + b)*xs 

5 . Eliminate x and y from the equations 
• ar+^*a,j/+j;-^andg-^+ 

6. Solve the equations 

„£r?- -Lr 9 . £ri5 . (p.,g ) 

'*-9 x-tf x-17 ' ^ 
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( 2 ) ■*/(.►x/(v+i}, jr+^-6. (C F. A. 1883.) 

(3) bs-k-cy^a^ extrasayArbx'^c. (C. F. A. 1870.) 

7. Prove that + will be a perfect square for 

all values of x, if (a*- 4 d;*=* 64 //and c*’»a*d. (A. I. e. 1891.) 

6 . A merchant buys goods at 24 guineas the cwt, and by 
retailing them at 5r. ^d. the lb. makes 10 per cent, more profit than 
if he had sold the whole for ^^240. What weight did he buy ^ 
(A. E. 1897.) 


Paper V. 

. / 

Resolve into their simplest factors : — 

1(1) S{2x+y,^+{x-2y)^. (2) ( 2 «-^)^-(rf- 3 ^)*. 

2 . Prove that {x+y)ix+y- i){x+y- 2 ) 

^x(x- i){x-2)-\-3xix-i)y + 5xy{y-i)+y(y-' i)(y-2). 

3 . Determine w and « so that + may be 

an CAact square, (m. F. a. 1895.) 

1 . Resolve into four factors the expression ii 5 (d+rr) + 3 ^(^+a) + 
•c^a+b) + 2{b*c*+c*a*+a*b*)+4abc{a+b+c). (m. F. a. 1888.) 


6. Plot the points (10, 10), (15, 18), (30, 22), (39, 10). If the 
quadrilateral joining them represents afield, each square unit re¬ 
presenting one-tenth of an acre, find the area of the field. 

Mj. .Solve the equations : — 

3 + 2Ar 5 + 2jr • 44f*-2 


(0 


I - 


l+2jr 7 + 2X 7 +l6jr+42r*' 


(P. 1. K. 1890.) 


,-i 98 jr +3 

\ ' ■ + - -52-0. 

* 4 'SX + $ '$x-i ^ 


(3) T+>'+^=o, a*x+b*y+c*x^o 

"x y 


A • jr ^ a 

J 


(C. F. A. 1863.) 

I 


7. Eliminate x andy from the equations 
(i) ay+bx=bkt iy+Ax^mb*, and x^+y^^b*. 

(z) x*-y*—ax-byy ^xy^bx+ay^ and 1. 


8- A and B travel together 120 miles by rail. A takes a return 
ticket for which he has to pay one fare and a half. Coming back 
they find that A has travelled cheaper than B by 4a. zp. for every 
100 miles. Find the fare per mile. (p. e. 1890.) 
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Paper VI. 

1. Draw the graphs of i, 4r-3y=o, y-jir=2, in 

the same diagram. What do you deduce as to the three simultane¬ 
ous equations ? 

2. Plot the points given by the table below, and deduce the 
equation of the graph which passes through them. 


-5 

3 

1 7 II 

1 

i..'* 

7 

1 

1 -I -s! 

-8 


3 . \ix—pa~'b — c^y=‘Pb — c — a2iaA.s^pc—a-~b^ prove that 

+yi + sr3 - ^xys * (/ +1 )*» ^ - 2){a} + - ‘^abc). 

4 . Prove that {x +y)^*= +y* + Sxy{x* +xy + y^)^ + 

4x*y^{x*+xy +y*)* + 2x*y*. 



.Simplify 


2.r«-5;r + 3 3^*±^_zA^ 

2Jir-3 x-i 


2 ( 3 ** — 13 V- 10 ) 
• 3.r+2 


Solve the equations :— 

i \ __(x-c)(x- /i) 

x-a-b ”” x-c-^d 


(C. F. A. 1876.) 


f 2 ) J(x+ 2 )-i- J(^-3)=S. (P. 1. E. 1890 .) 


t,' ' 7 . If 2.r=a+ - and 2y =»^+ find the value of 

a b 

xy-^ O- 

8 . Kliminate x^y and z from the equations 

(1) axArby-\-cz^a^ bx^rcy-\raz*^b, cx-\-ay-\rbz^c. 

( 2 ) i/.r+i/y-l-i/;?=ai/a,;«r+y+s'=^,;r*+y*+ 5 r*-:fT®, jr*+ y^+af* = rf*. 


Paper Vft. 

1 . Find the values of 4;r - 32:* for integral values of jt from-3 
to 3. Tabulate your work. 

2 . Divide {a+b)* + {a* -b*)* +{a - bP by 3a*+^*. 

3 . Find the L. c. M. of Six^-x^y*), 6{x*y* + y*) 

9'2r* -2:*y+2ry* -y*). 
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2x^ + St+4 4x* + 8x+6 


5 . Solve the equation 


X + 2 

Test your solution. 


2 X + S 


6. Solve the equations 3;r + 4_y+i4**o, 5^ — 2j + 6=o. 

Deduce the solution of the equations 

.3 4 5 2 , 

■^+ -+I4-0, ^-+6=0. 

X y X y 

% 

7 . If four positive numbers are in continued proportion, show 
that the difference between the extremes is at least three times as 
great as the difference between the means. (P. K. 1900.) 


8 . 1 bought a horse and carriage for /^.8oo. I sold the horse 

at a profit of 20 per cent., and the carnage at a loss of 4 per cent., 
and found that on the whole transaction I had gained 5 per cent. 
What was the original cost of the horse ? 


• Paper VIII. 

1. Multiply + 4 a^d + Sad* +8^* by a* — 4 a*d + Sab* — 8^*. 

2 . Extract the square root of 

x*{x*-\-y*-^z*) + 2x{y+x){vz-x*)-\ry^z^. (m. M. 1890.) 

3. Resolve into factors :— 

:r* + 6;r—187 and ;r*-5;r* + 9;r*-7A: + 2. (b. M. 1901.) 

4 . Find the G. c. M. of 

- 2a;r* — 5 2*x — 12a* and x^ — 7ax* + 1 3a*.*’ — 4a*, (a. E. 1891.) 

5. Simplify . 


6> Solve the equations:— 

' ' ‘ a»(;r+a) - ar + i “ 


>• I* * • I 


(2) 


a 4 rC 

X’-2d 


'b-¥c _ a-e b-c 
x-2a^ x-^2b"‘ x-\‘2a ■ 


gjc+i ^ n(at^ i) 
;r + a a.r +1 

(M. M. 1888.) 


7 * A man rows to a place 48 miles distant and back in 14 hours. 
He finds that he can row 4 miles with the stream in the same time 
as 3 miles against the stream. Find the rate of the stream. 

(p. E. 1897.) 
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8 . A man spends Hs.yoo in 45 days ; make a graph and read 
off from it his expenditure in 17, 32 and 41 days, to the nearest 
rupee. 


Paper IX. 

1 . Divide x^+x*+4x^+2ix* + 2^x—40 by 2?*+44?+5, using the 
method of detached coefficients. 


8. Find the H. c. F. of + i3;r*-3o;ir + 8 and x^‘~ 4 x^ — 

iix*- 5 q*;+i6. 


3. Simplify 


I 

x-a 


1 

x+a 


2 a 

x*+d 


■(- 

i*' 


x^+ax+a^ X 


r* — + a* ) ’ 


x* — a^ x*+a^ 


4 . If a6+6c+ca==Oj prove that (a+ ^+<:)**=«*+ — 

(M. F. A. 1894.) • 


5 . If 


d c 

b’¥c~ C’¥a a-¥b 
■equal to ^ or> i. (m. f. a. 1895.} 

6. Solve the equations :— 
fx-a\* x-2a-b 


, shew that each of these fractions is 


(.) (; 


■^b) “ ;r+a+2^' 


ax ^ bx , , 


7. Simplify the expressions 

I.% - b*x^*^ ix^ (sv+y 3x ->^\ 

a^bx* ^^\]y^x}\x+y’~x-y}^ 

/ X I , * L I 


8 . A man travels part of a journey on a bicycle, and then for the 
last 72 miles takes a train which travels four times as fast as he did 
on his bicycle and arrives at his destination in 3^ hours from the 
start. If he had travelled the whole way in the train he would 
have saved hours. Find the length of the journey in miles. 
(b. m. 1902.) 

* Paper X. 

» 

1 . If the coefficients of x* and of x in the product of 2x*+^* 
+rtj»r-10 and 3;r*-aar*- iOjif+4 are equal to one another, find the 
value of a. 



478 


MATRICULATION ALGEBRA. 


2 . Find the G. c. M. of 44:* —209,r*+15 and Ar 

(m. f. a. 1891.) 

3 . Prove that if .a: + -««a, ;?+ -««r, then 

y "'z X 

(l — tf3).V*+2^=s(l —+ -^^)^"*+2r 

=(i+ + 2a. (b. P. E. 1891.) 

4 . By addition or subtraction, after multiplying by a numerical 
&ctor if necessary, prove that the expressions 5A+ + 2;r*+2Jr* + 2;r + 5 
and 2x^ - 5^® — 5jr*- ^x-\r‘ 2 . have no common factor in x. (b p.k. 189;.) 


5 . In the same diagram draw the graphs of 

y—jr + 3, 2y—X‘=8y and 2y+52r=:2o. 

What do you deduce as to the roots of the different pairs of 
equations ? 


6. Solve the equations : 

, , (.r + a'f;ir + ^) x-c-d , 

(1) - --(a 

{x c){x-ir d) x-a-b 

(2) x + 2y + Zff^==(i,y + 2z + :^v—b, 


. 1900.) 

S-\r2X-\‘XV — C. 


(m. k. a. 1894J 


7 . If 


a* + — c* — /f* 

a^b-\rc-~d 
nc—bd 


a‘ 




b-^ C^tf 
ad—be 


, show that tr+ ^=»<;+<^and 


a-b-Vc-d a-b-c+d' 


(m. k. a. 1892.) 


8. The denominator of a certain fraction exceeds its numerator 
by one Two other fractions are formed, one of them by adding 
9 to the denominator, and the other by subtraciing 6 fioni the 
numerator, of the original fraction. These two fractions are equal. 
Find the original fraction. 

9 . An old clock increased uniformly in value from /i\r.45 in the 
year 1890,*to A’j.S? in 1899. Find graphically its value in 1893, 1894 
and 1897, to the nearest half-rupee. 

10 - A, B, C, D are four railwjiy stations. F-om B toCis2j 
miles more, and from C to ID 5^ miles less than from to B. A 
train starts from A and travels at the rate of 14 miles an hour At 
B an accident happens to the engine, which causes a delay of 6 
hours. After this the train proceeds to C at half speed. There 
another delay of A an hour occurs and then the train movesa on to 
D at a speed further diminished by one mile an hour. A man starts 
from A at the same time as the train, and travels straight across 
country to D, a distance of 58 miles Including stoppages he 
averages 3 miles an hour and reaches D just with the train. What 
is the distance by rail from A to D ? (m. m. 1880.) 



CHAPTER XXI. 

QUADRATIC EQUATION.S. 

410. Equations in which the square of the unknown quantity, 
..nd no higher power, is found, are called Ckaadratic EquatiOllB 
or equations of the second degree. 

411. Quadratic Equations are of two kinds 

(i) Pure Quadratics, in which the square only of the unknown 
quantity is found, without the first power. 

Thus, .r* —9=0, 3,r*=<l2 are Pure Omuiratics. 

(ii) Adfected Quadratics, where the first power enters, as 
well as the square. 

Thus, x* — ;^x + 2 -o is an Adfected (Juttdrajic 


I. PURE QUADRATIC EQUATIONS 

442. Pure Quadratics are solved, as in simple equations, 
1>> collecting the unknown quantities on one side, and the known 
quantities on the other We shall thus find the value of jr*, and 
thence the value of x (taking the square rout, to which we must 
prefix the double sign ( a i. Such equations theiefore will have two 
equal roots, with contrary signs. 

Ex. 1. Solve the equation JT*--9=-o. 

Here, by transposition, x*^c)^ .t - ±3 

Note. If we had puliA'=i3, we should still have had only 
these two different values of r, vh .r= ^3, .*:= - 3 ; since —x— +3 
gives .» «= - 3 and - .r•■= — 3 gives x= + 3. 

Ex. 2. Solve -;(3 a* + 5)-.V.'* + 2 i) = 39 -“ 5 ^*- 

Multiplying by 24, the L. c. M. of the denrs. 8 and 3, we have 

3(3^* + S)-8{jt:* + 2i)=936- I20,r*, or Jt*- 153=936-- i20jr* ; 

By transposition, ji:* + i2o;r* = 936 + i53 or i2i;c*=io89. 

.•. Y*V *®9 and ±3. 
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Bx. 3. Solve 

*’-II 2^»-9 

By division, (5+5*^)+ 

72 54 

" -II "" 2.r»-9 x^Ti^ (dividing by i8). 

• • 4(2Ar* — 9) = 3(,ar*— 11)^ or 8x* — — 33 ; 

• ; •’• ^*=1 and .•. ± 


EzerciBe CLiCI. 


►Solve the following equations 
1. i**= 14 - 3*'. 8. 2:» + 5 - ■ - 16. 

L *7 «sckj -7 65 jr 

.r 7 


.4 .A 

4 .r* 


3 * “ 5 )*“’ 25 . 

fi- ri + 

I +a: I - ^■ 


7 . 

(2Ar - 5)* * _ 2o.y + 73, 

8. 

x^+ 7 x^ 

7 (x + 3 ) + 4 - 

9 . 

— 3 ){x + I) as 3(2jy — I). 

10. 

(x- 2 )(x- 

5)- 10. 

11. 

2Ar*+io i;o+:r* 

*5 25 

12. 

15x* 
4 " 6 

+8 

--= 2 .y *~3 

13 . 

45*J-5_ 2.r*-5 72:*-25 

10 15 "20 ■ 

14 . 

I 4 r* + 16 
21 “ 

2t* + 8 2Ar 

8;r* -II™ 

15 . 

^ 1 
x-z x +3 

16 . 

^+3 X- 
X+ 2 '*' X- 

2 AT- 1 ■ 

17 . 

^+l^;r + 2_ Ar + 3 
:r-2 ;r-^* 

18 . 

x+2 iiAr+i8 

_ T « 2 — -- 

19 . 



X-l X-- 

2 iia'-i8 

- 5 )(.*■- 9 ) = - 5)f ^2 . 27). 



♦ 


20 . 


+ 7)(^* - 4 )=(.^r + I )(x» +14X + 22). 


21. ^ - 4 ^ 9 +Jr ^ 9 - 

■^-4 :t:+4 9-;r“g+;r- 

23. 5 ( 12 -.y) 

■*■“4 2;ir+3 “ “* 


22. 


» .. 3 -*^ 


l-AT 

I+2f 

i+x 

24 

3 - 1 ^+I 

2r- 2 

S 

4 X + 3 

4^-3 9' 



PURE QUADRATICS INVOLVING SURDS. 


II. PURE aUADBATICS INVOLVING SURDS. 

413 . The following are illustrative examples. 


Bx. 1 . Solve - - 

x+ s/(2-x^) X- Ji2-x*j 

Simplifying the first member, we get 

X 


= ax. 


2X 


x^ - (2-X*) 


or 


x“- J 


and 


-= a or x^ — 1 «= - 

a 


= ax. Hence, .1: ■* o ; 


, . I a+} 


a 


Xt 




HiX. 2 . Solve - - i - -s -*= 

J(a^+x^)-x c 


]Jy Comp. Divd. 


d'(a*+x*) d + c 

X ~d'-c' 


a*+x* a* . + a* /<5 + c\® 

..q»ann«,_^or^j + . = (^_^) 

. X* { 6 -c)^ . r . , aid-o) 

•• z: 2 *^ TjT- ; ■ • - = ± - ,,,rand 






a 2 


2 ■ 


Exercise CLXII. 


1. 

2 . 


3. 


5. 

'6. 


Solve the following equations ;— 

2.r® + 22r+i= ^(x*+Sx^+ix* + 4x+4g). 
N/UA + 3 )--/(i 2 :- 3 )= V(“,;r). 

^/( 3 ;r* + l6)+ ^/(3 r*-i6)«8+4 ../2. 


2ax _. 


10 


x-lS 


-■+ " - =s 2X—2S 

J{x-S)+ ds ^ix+S)-2y/s J{ 2 X-S)- 2 ^S ■ 


a + 4r*) __ 


v/(r* + i')- ^/(x*- o’ 


8 . 



482 


matriculation ALflELRA. 


* X + I)' ‘ a+x- ^{iax +^*j 

-- —x*)+d yf(2c^x)^ Va-^-d 

j{2n^—x*)-’dj{2a-x)^ Ja~~b’ 


12. 


^/(;r* + I)+^/(.i:*--i) . D- - n - 

V(a* + 0- ^ 


13. ,J(jr*+2^.r+rt*)+ ^(:?r*-2^;r+a*)-2 


14 . 


_5_^ . _.5_^2r 

x+^^iZ-x^) -r-s/( 33 * 


a^+s/(a*£* - i)_ , 
J{a^x*- I)”*' ’ 


Ill. ADFfiCTED aUADBATIG EQUATIONS. 

444 . An Adfected Qnadratic may always be reduced to thcr 
form, .»®+p£C + <J’~0, where the coefficient of x^ is +1, and (/ 
represent numbers or known quantities. 

Now, in this equation, we have ;r*+^A:««and, adding (^^,® 
to each side, we get x^-\-px— — g \ {hy this step, the first 
side becomes a romplete fquiire\ and taking the square root of each 
side, prefixing, as before, the double sign to that of the latter, we have 

x + lp=^^ J{ip^-g\ and .r=» - Mp*-g), 

which expression gives us, according as we take the upper or lowei 
sign, two roots of the quadratic. 

445 . From the preceding we obtain the following Rule (called 
Completillg squares) for the solution of an adfected quadratic :— 

Reduce it to its simplest form ; place the tef vis imiolmng .r® and 
r on one sidc^ {the coefficient of x* being+ 1 and the known quantity 
on the other. Then^ if we add the square Of half the coefficient 
of 05 to each side, the first side will becofne a complete square \ 
and taking the square root of each., prefixing the double sign to tin 
second., we shall obtain, as before, the two roots of the equation. 

Ex. 1 . .Solve x^-^7x= 8. 

Here, jr* + 7^+(i)*«=8 +V” V- ^ 

Ext. the square root, o:+ J-* ± 

whence — |dk»~i or -8. 

Ex. 2 . Solve 72:* —134:—2. 

Dividing by 7, the coefficient of ar®, we have ;r®- 

Completing the square, x* - 
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Extracting the square root, .r - ± 

:r« 4 i±U- 2 or 

Veriflcation. When .r=2, 

the left-hand side=7(2)*- 13x2 = 28-26=2 
= the right-hand side. 

2 is a root. 

When ;r= - 4, the left-hand side= 7 ( - 4 )* - 13 x - 

= the right-hand side. 

.’. -4 is also a root. 

416 . general form of an adfected quadratic is 

aa5*-h6ic-h^J-0, 

where <*, and c are any quantities whatever, positive or negative, 
integral or fractional. * 

We now proceed to solve the above equation. 

Uy transposition, ax* + bx=B — c. 

Dividing both sides by a, x^ ~Ar= - - . m 

ii tt 


Completing the square, "* ^ 


Extracting the square root, ■*■+ ^ 


c b* — 4/if 

— -aaa - - - - 

4a^ a 4a‘ 
Jb"* - ^ac 


.*. X- 


-h± Jb*-i*ie 


The above formula may be used for the solution of any quadratic 
equation. 

Thus, in the equation 2Sjr*-7:1: —86=0, 
a=*35, -7, -86; 

__+7-fc j7*-4X2Sx(-86) 

» X 1 ■ - ~ 

50 • 


7J= k/8649 7=I'93 


2 or - 54. 


447 .* The above formula may be simplified when the coefficient 
of X is an ez’en number, as 2b. 

-2bi: ^l2b)*-4ac - 6 ± 


Thus X 
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Exercise CLXIII. 

Solve the following equations :— 

1 . io,r+i6»o. 2 . ;r*+6A:+4='59. 3 . x*—X’^2io. 

4. x*-i4^^i3x. 5. x*—x=*^2. 0. jir* + 4 Jr=i 40 . 

7 . .ir* + i 9 jr=» 20 . 8 . x*-¥$2x=^^2o. 9 . ;ir* +-; 2 . 

10. 7x*-26xmiooS. 11. 2x*-3x^^4. 12. I3;r*-224r=»i9ii. 

13 . 3400. 14 . i2Ar*+ji:*»i740. 15 . 3x^-~x^i02. 

16 . jr* + 3 a*= 4 <M:. 17 . x*-3ax+2a^^o. 18 . x^+2ad<^d^ + 2ax» 

448. Solution by factorization Transpose nil the terms to 
the left-hand side^ atia resolve into linear factors. Equate either of 
the factors to zero, 

Bx. 1 . Solve r*+4r=»5. , 

Transposing all the terms to the left-hand side, we have 
Jf*+ 4 ^“ 5 =o» 
factorizing, (;r-t-5)(;r - i)«-o. 

Hence, 2r+5=0, .v ;r= - 5 or jr-i=o, .’.x=i. 

Ex. 2 . Solve 2;c*- 11jr-t-i2=o. 

Here, factorizing, {x ~4){2x — 3)=o 

Hence, jr-4=o, .•,;«:=*4 or 2:^ — 3=0, .• x = ^. 

Terifleation. When ^■■» 4 , 

2X* - Iljr+I2=s2 X 16 - 11 X 4 +12 = 32 “44 + 12=0 
.*. 4 is a root of the equation. 

When 2j:*-iix + l2«-2Xf-iiX|-M2 

= T“ V + I2= “12+12=0. 

I is also a root. 

^^^449. It is important to observe that if .x~~a is a factor of hath 
sides of an equation., a is a ^oqt of the equation. 

Ex. 3 . Solve 6jr(4jr + 5)+7(4;ir + 5)=o. 

4a:+ 5 is a common factor; 4x + 5'=o gives a root, 
whence .r=“i. ^ 

Again, dividing by 4:^ + 5, we have left 
6;r+7=o; whence :r=“g. 

Hence the required roots are - J and - 1. 
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Exercise GLXIY. 


1 . 

4 . 

7 . 


10 . 

12 . 

14 . 

16 . 


Solve the following equations 

24 f*-5:ir+2-»o. 2 . 7.ar*-3.r=i6o. 3 - A^*s='4(;r + 8). 

2(5^-I2)=;c*. 5 . 3;t* + io;i:«57. 6. 5^* 37o- 13.r. 

.V*- 13^=68. 8 . i+2;r* = 3;*:. 9 . ;r*--4;r—4(.r-4). 

5;r(22r-3) + 7(2.r-3)s»o. H. 4:* + 4’8;r + 2-87 = a 

4;r*+I3;r= 12. 13 . + -^*=0. 

-2ax+ irao. 16 . — (a*+^*);ir+a^=o. 


x* + 2(fi- c)x +^* « 2bc. 


17 . abx* ^{a-¥b)cX'¥c^*^o. 


450 . Sridhar Achana’s or Hindu method. An equation 
of the general form autr+fra£; + c=0, may, however, be solved a.s 
follows, w'ithout dividing by the coeflTirient of x*. 

Transposing, we have ax^^rbx=t -c. 

Multiply every term by 4a and add b* to gach side ; 
then 4a*.ar*+4^t^.r + ^*=— ^ac ; 

Taking the square root, 2ax-¥b^ ± »jb* — ^ac 

.. .v, - , -h^Jb*-idc 

2 ax=‘—b-k. tjb^ - nxid — 2a-' 

Ex. 1 . Solve 2.r* + 3Ar+1 = 0. 

By transposition, 2x* + ^x^ - i. 

Multiplying both sides by 4 x 2 or 8 and adding the square of 3 
or 9 to both sides, we have 

i 6 ;r* + 24;r + 9=9-8= I. 

Extracting the square root, 4;i:+3-» ± i. 

.*. 4-r= —3± I =■- -2 or —4 ; .*. jr«= —^ or — i. 

Bix. 2 . Solve 3.r* + i4r+3->o. * 

By transposition, 3 ;i:* + i 4 Jf= - 3 . 

Multiplying both sides by 3 (for here the coefficient of the 
second term is a multiple of 2), and adding the square of V 
t.r. 49 to both sides, we have 

9;r*+42;r+49 * 49 - 9 *=* 40* 

Extracting the square root, 3Jr + 7« ±2^(10). 

3jr*«-7±2^/(io) and —7±2 lo). 
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451 . When the exact values of the roots of an equation cannot 
be found (as above), we may approximate them, to any degree of 
accuracy. 

Ex. 3 . Solve the equation 5;r* —9;ir-4«=o, 


lO 


9 ± Ji6i_ 9 ± 12*688 


lo 


lo 


, approximarely 


21*688 . 3*688 

- or - -. 

lO lo 


~2'i7 or — *37, correct to two decimal places. 


Ezercise CLXV. 

Solve the following equations :— 

1 . 9x*-24Ar + i6=o. 2 . i7;r + 2=o. 3 . -‘Sx*=2'x-4). 

4 . 52r*+I4.r= 55. 5 . 3^?* — ii;r — 20=0. 6. -9^:+i =*o. 

7. I4ia:*-88^-45«o. (m. m. 1895.) 

8 . i 29 r*- 344 :- 8 o=o. (M. M. 1896.) 

9 . i5oar*=»299jr+2. 10. 92:*= i8ir +16. 11. 702:* = 35+2:. 

12 . 7 ^* + 322r=l5. 13 . 252r*-72r=86. 14 . 1 i.r=3(2;r»+i). 

15 . 3(2r-2)*'»8'2r+2) + 3. 16 . (2: +10)*—144(100—2:*). 

17 . (2r-i|)(2:-2i)=»i(2r-i)(i + l2r). 18 . (52r-3){32r+i)=* i. 

19 . 2r»+i22r* + 32r* + 72 ;+ i=*(2r* + 72r + 4);2:* + 52:- 4). 

20. (^+ i)(32r-1)= 28(2: +1) - 16(32:- I). 

21 . -V* —<i2: + |ad +^^(2: — 22 . 2(2: —2a)*«!(3A'—2^)(3tf — 

2 a a{d-c)x*+d{c-a)x+cia^d)<=^o. 24 . x*- 2 ax’^a* 

25 . 4(«*+^*+:»?*) + 1 7<*^ ~ io(a+^)2r. 

26 . (a*- 5 ®)( 2 :*-i)=: 4 «^ 2 :. 27 . ( 3 *-a*)( 2 r» + i)-r 2 (q*+ 5 *)x 

Solve the following equations, giving the values of the roots 
cortect to two places of decimals :— 

28 . 2:*«2(i-2:). 20. 8 a*-242:-5. . 30 . 3a*-4^-156. 

31 . ir8i:-2iA»«20. 32 . (2:+i)(2:-4)+(;r+3)(2r-3)=o. 
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XV. ADFECTED aUADBATICS INVOLVINa 

FBACTIONS. 

452 . If the given equation involve fractions or brackets, they 
should first be cleared away, as in the following Examples. 

Bx. 1 . .Solve the equation -3)=* ^(at —3). 

Clearing of fractions, we have 6 {x* — 3)=.a^ —3. 

. . 15*0 ; (3.ir-5)(2:*r +3)=0, (factorizing). 

.’. 3^^—5**o, which gives or 2.ar+3=o, which gives x~ —! 

Veriflcation. When the left-hand .ride = - 3 )=-4 

.the right-hand side=* K4“3)= “ 

S is a roo^. 

When ;i:a» —I, the left-hand side = J(j--3)= - j".f. 

.the right-hand side = w( — I - 3) • 

— .5 is also a root. 

Bx. 2 . Solve ^.-‘7 . 

4 ;r-|-5 2x 

Multiplying every term by 4r, we have 

8r*—2o;r , &x^ — 20x 

' x+s ^ x+s 

Multiplying crosswise, (Ar + i4)(2r4-5)*8jr*-2o;r. 

2r*-l-i92r + 7o—82r*-2oar, or 7x*-s<)X=7o. 

X*- 10 ; X* - *^x + (f 5 )* = Ip "I- V«V = ®AV. 

Ext. the sq. root, ; • • ^=^i±TT “7 or - if. 


Bx. 3. Solve 

3 j :-5 2Ar-3 

Clearing of fractions, we have 

• 2{{2x - 3)*+(3^- 5 )*} = 5(3^ - - 3 \ 

or 26ar*-84^+68=30^1;*-95^1:+ 75, or 42;*-- Ii2:cv -7. 

Ext. the sq. root 2r- V =* ±f ; jr=V iS = l| or i. 


*v* 
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Othcnvisc thus : Let then 5 sa - 

3^-5 2X-3 

and the equation becomes>'+^= |. 
2^'*-5;'+2=o, or ( 2 ^-i)(y- 2 ) = o ; y^2 or 


(i) When^=^-»2 
3 X-S ^ 

then 2 x -^^ 6 x - io, or 44 : = 7, 


(ii) When 

3^-5 

then 4;r-6=s3;«r- 5, 


* • 


.r«i. 


Exercise CLZVl. 

Solve the following equations < 


1. 

X — ij + 

2. \^x* — %x= 

®?i's( t *.*^+ 18). 

3. 

1.? 

N 

II 

04 

1 

4 

2X+ 1 1 X 

—- sa 5 - 

X 

-5 
' ■ 

3 

i 

c X 

6. + 
2 

X 

■1 e 

. 24 

1. x4 -= 3.r--4. 

;r- 1 

7. 

^■^ 2_ 4 ^ 9r -6 

a ^ 


= 13- 

9. .r- 

.v 3-8 


3 X 

z 

r - 

5 

-r*‘+ s 

10. 

41+7. 5“^ 4x 

-+ —T” e» - . 


11. 

x + 4 

2jr- 

= 7\ 


19 3 + x 

9 


x-3 

x+4 


12. 

2X+1 3.r-2 

- + "■ 

=v. 


13. 

4 + 

_i.._ 

12 


X-l 3X + 2 



X + 2 

;r+4 

,r+6 ■ 

14. 

1 I 

.1+2'*’ .r+4“’ 

.5„ 

.f+io‘ 


15. 

I 

X + 2'~ 

I 

3^+1 ■ 

16. 

■’ + 4 _ 

32 


17. 

•v+4 

7-x 

4.ir + 7 


Srx 4—x 

j: + 2 


3 

.ir- 3 

9 ' 

18. 

I I 

r-i x+ 3 ~ 

sV- 19. 

;r+4“ 

3*’-2 

2^-3 

-2. 20. 

48. 

x+^ 

x4r 10 ^ 

21. 

Jr-7 4jr-io 

T 4 - -jTj— 3 >- 


22. 

2;r 

^^-5 = 
x-3 

8^. 

23. 

2^+9 . 4^-3 
9 4X+3 

- 3 +^- 

-16 

18 • 

24. 

X*+2X^ 
X^ + X 

' + 8 
-6 

*+.r + 8. 

25. 

5^+36 ,. _ 

lOT-Sl 

8 x 

5X-8’ 


26. 

2 x- 1. 3 .r- I 

- h3- -- 

« 1.3 
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x + s . :*:+6 /x + S\ 

---r-''* • 

;r+6 x +7 


37 . 


29 


\ 4.*- - I / .r - I 


2a y-£+ 

7-x 7+x 

— X+2 X—2 

30 . - ^+_ «5’. 

X-2 x + 2 


.v +4 $ 3X + 7 .r+16. II 4 Jir-i 7 ^ . _ 

3 L - .^+ —* ■ r • 33 . -+ — = - - . (M.M. 1802. 

x +6 2 X + 4 3 X +4 S ■*■ 3 


33 . 


2 + 3jf 6 — ^x 


.34.A+ " 


8 


I- 4 A- 7 X - 2 S 28-r-i93' ‘5-^: 4-.^ ;c + 2 

35 . 

.tr -2 x -4 \^~3 jr-6/ 


(M.M. 1893 1 


36 - 


4 

18 


2:r+3 7.r+12 


5 (H. M. 1897.) 37. « 


00 +3 . X^^x+l X*-2X+l 

38 . -4-=2.--— 

V-1 x-2 X-3 


40 . 3 £z_'+ ?+_'_ 

3x-g x-7 x*—\ox+2\ 


x-2 jir+i 

(m. m. 1898.) 

39 ^ 3 

*•*■—1 :r-2 .T+i 

(m. m. 1899.) 


. (M. M. 1899.) 


Solve the following equations, (giving the values of ,r ivv'nv / 
Iton places of liedmah) :— 

41 . 43. 43. 3 ^_+l_ 3 £-_U,. 

X + 2 x-4 x + i 3x-\ 3X+I 


X— I 


3^ 
-r-3 


x + ^^ x + 6^ x + g ,r*4-3«‘ + 2'*'.r* + 5.tr + 6'*" ;r+2 


453 . Literal Eqnations. The following are typical e.vample.^ 
with their solutions. 

Ex. 1. Solve the equation-+ ^ . 

a X a 0 

lly transposition, ~ ^ j ^^’~SV ' 

Hence, x- b (being a common factor)—© ; /, x^b^ 

f a 


and dividing by jr —we have 


a bx' 


bx^a^y and /, x«^a*lb. 


• • 
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Ez. 2 . Solve sBti + d. 

x—o X—a 

Clearing of fractions, we have 

a\x -- a){x - b\ 
or (<z*4-^*).t -a* —^*==(rt+^)jr* —(a + <^)*Ar+<*^(a + A). 

Transposing, {a-¥b)x* —2(a*+«d+^*);i:+(a+^)(«*+^*) = o. 

Factorizing, {{a-\-b)x •\rb*)}{x — {a-¥b)\=o. 

/. x-~(a+b)=-o^ and ,% x»a-{^b. 

Also {a + b)x-la*+b^)=o, and xsa . 


Bzercise CLXVII. 


Solve the following equations : — 


4 . 

6 . 

B. 

10 . 

12. 


a. >> +-" =2 

a X b X x — c x — h x —a x b 


I I 

-— ^ 

X — a 


-V* ^ + I'- 

x — b a b 


a b a b 

x-a x — b b a 


a-bx m-\-bx , 

2- A= - ri+*- 
^x — b cix-\rb 

x-^a x-^ x — a x-b 
x-b .r + tf 


5. 

7 . £X-¥ 


I 

x — a — b 
ac 




1 I I 

X a b ' 

.=:(a+b)x^. 


x + a x + b 
x+b x+a 

11 _^_+ f-- 

;i: + rt C + a c + b 


<o. 


V. ADFECTED aUADRATIGS INVOLVING SUBBS. 

454 . The following are illustrative examples 
Ez. 1 . Solve +3) + \/(x + 8) = 5 Jx. 

Squaring, X + 3+X+8 + 2 J{x +3)(;r+8) — 2 ^x. 

* - - ..-.- - 

Transposing, 2 >/(jr+3)(jr+8) — 23;i:- 11. 



ADFECTED QUADRATICS INVOLVING SURDS 


49 * 


iiquaring again, 4^:* + 44^: +96 « 529.tr* - 5o6nr + 121, 
/, 52 SA:*- 5 SOJr+ 25 —O, or 2Ijr*--22Ar+I-*0. 
Factorizing, (;r -1)(2 T.r - i ) -o ; jr- 1 Or . 


Bx. 2 . Solve J(Sa+.ir)+^(5a-;r)« ^/(^a+jr) ‘ 

Multiplying every term by s/(5a+;rl, we have 

$ a+x + v^(25«* -Ar*)s:i2rt, or s/(25«* -.tr*)*»-.r. 

Squaring, 25a* - .r* =49a* -14^^:+;r», 

2;r*— I4ajirws — 24rt*, or at* —7iM: + l2a**o. 

Factorizing, U-3rt)(jf- 4«)=o ; x^^aor 4a. 


Bx. 3 . Solve (19 + 8^/ 6 )rt* 4 ■ 2(17+6 53 + 20 ,^/6. 

Multiplying both sides by the coeflficient of n* (for the coefficient 
nf jt is even), we have 

(I9+8^/6»Jr» + 2(I7+6 J6 )(i9+8v'6V' 

=*(53 + 20 y ^ 6 )( 19 + 8 J 6 \ 


Add the square of 17 + 6 ^6 to both sides ; then 

(r 9 + 8 y 6 ,*A:* + 2 (i 7 + 6 ,v' 6 )(i 9 +8 ^6)Ar + (i7+6 ^/6)* 

= (53 + 20 ,^6)( 19+ 8^/6)+ (17+ 6 s/6)* = 4(618+252 J 6 ). 


hixtracting the square root of both sides, we have 
(19 + 8 >/'6)y + (i 7 + 6 J 6 )-±2(18 + 7 -s/6). 
(i9+8s/’6);r= -(17+6J6) + 2(i8 + 7vf6), 
= 19 + 8 <^6 or -( 53 + 20 ^/ 6 ). 
y + 2^6 
19+8>/6 ’ 


I or — 


Exercise GLX'^lII. 

Solve the following equations .— 

1. ir+^( j:+ 2)= 13. 2. s/(2^-»-3)x ,^(3:r+7)=i2. 

3 . 3 %/(** 2 - 8 a;)-I 9 +s/( 3 ^+ 7 ). 4 . ^/(:r + 3 )+V(;r+6) = 3 

• 5 . n/( 3 ^- 3 )+n/( 5 ^-* 9 )='^( 2 Ar+ 8 ). 

♦6. s/(2.t:+i)+ J{ 7 x- 27 )^» v/(3^+4)- 

7. 2 V( 4 ar + 5 )-^( 8 ar- 4 )-,j; 2 A-+ii). 
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8. -%/(-5^+45)-5 ^/(io.ir + 56). 

9 . ^ 4 ^+^( 7 .jr+ 2 J== I. 10 . ^(.i: + 4 )+ 2 i^(;ir- 8 ) = 8 . 

11 3 >A^- 3 i! ,« J {\z-x ) _ 3 

g- Jx ' 5 “ 2+s/(r2-;r)’ 

13 + 20>/^: + 4 ^ _2£^_ 

Sjx-x “ 3 -^ " ( 5 s/^-^)( 3 - ‘ 

14 . (4 + 2N/3)^*+(\/3+OJt=2. . 16 . (3 + 2 ^/2)jr*+( ^2 + i).r = 2 

16 . (6-2^/5);«r* + .5(^<;-i);tr+ 1=0. 

17 . .^/(.r*-8^+i5)+ V(,r* + 2;i:- 15)— >/(4,r*-- i8jr+ 18). 

18 . {,x c) yfab — b) Jcx =o. 19. (a* - + 2 -r — i «»o. 

20. rt+;«r+>/'(2a;r+jr*)= x/(ar-r*)+^(2a*-a;r-.r*). 

31 . li —.r+—;«•*)= s/(3^* + 4ir + .r*) - J{b*x*). 

455 . Nature of the roots of a Quadratic Sqaation. 

From the general form of the quadratic rtjr*+^.r + f«o, 

we have - . (Art. 446.) 

2(1 

1 . Hence four cases may arise as to the nature of the roots. 
ifAfi) When ^*s=4rtc, the quantity within the radical sign is aent, 

and the roots become - — ^ . 

2a 2a 2a 

Hence, in this case, the equation has a pair of equal roots. 

(ii) When b^ -^ac is a pontive quantity and a perfect square^ the 

roots are real, unequal and rational. •% 

(iii) When b^ — i^ac is ^positive quantity, but not a perfect sqium\ 
the roots are real, unequal and irrational. 

(iv) When b^—^i^ac is a ne}rative quantity, the roots ate im¬ 
aginary. 

Hence, if any equation be expressed in the form a£B‘+ 5 aE;+e= 0 , 
the roots will be real and different, real and equal, or im- 
poefible, according as =», or ciac. 
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So also, in the form + the roots will be real and 

different, real and equal, or impossible, according as 
or 


2 . Also it is clear that if 
//uf opposite in si^n. 


d=o, the roots are et/ual in 

S 


magnitude 


VI. saUATIONS SOLVED LIKE aUADRATICS. 

456 . Many equations, though not actually quadratics them¬ 
selves, may be put into the form of quadratics and thus solved. 

457 . Equations reducible to the form aa5*’»+&ar'* + c— 0 , 

•A’here n is either positive or negative, integral or fractional. 

/\ssume then A®***/* and the equation becomes 

ay* ■\‘by’^c=o ; whence and .’. x. 

Ex. 1 . Solve --26;r*H-25=0. 

Let x*=y, ihen^* -26j/-f 25=0, or (y-2S)(y— i) = o. 

—25 = 0 or_y—1=0, .*. ^=25 or 1. ^ 

Hence ± 5 or jc i. 


Bx. 2 . Solve ^[^ + 7 x/;r=i 16. 

Let V X —y, then Jx = y*, and we have 
j/+7^*saii6or 7y*-l-y—116=0. 

(j'-4)(7>' + 2g)=o; whence y = 4 or-V. 

Hence ;i: = y^ = 4^ or (-^®/+«256 or 294jt5t- 


Bz. 3- .Solve ;r"*-9jr'* + 20 = 0 . 

Let ;r** = y, then_y* —9y-h20=o, or (y — 4 )^^- 5)=o- 
y = 4 or 5. Hence x’* or i/;ir* = 4 or 5. 
or 1 and ;rt=±^ or** i/JS- 


Exercise GLXIX. 

Solvfe the following equations : 

1. :i:+-25;r* +144=0. 2. ;r^ —5r*+4=o. 3 . ;r®-6ar* =16. 

4 ;r‘*-2jr"**8. 5 . 3.^+21 =0. 6. :r-5 Jjt-14=0. 



494 


MATRICULATION ALGEBRA. 


7. 

3 V^2r*»2r- 10. 

8. Jt‘*-4A:'* - 5=»o. 

9 . 2J:^ + 2;r'^0=5. 

10. 

3jr^~52r^ + i4 = o. 

• 

1 

» 

1 

II 

1 

0 

• 

4 2 

12. 2:^+74r® "44. 

13. 

«t s 

.r®+2r®-756. 

14. x^ -~x^s6x~^ 

16. .r‘^+27;r^-28 

16. 

(;r»-9)* = 3 + ii(i'* 

-2). 17. 3.T'* 

yAr"-4Jt»*/ y.*"“4- 


18 . (r*-i)(.r*-2) + (jr*- 3 )(A*- 4 ) = ^r* + 5. 

19 . 4;r®(;ir®-2) = f>r-*-4. 20. {:r*^ + 2)(jr'^ + 5 )-A'‘+8 . 

21. + 2 r'® = 2. 23. (.r + = 0^ + 2 (a-* + 3). 

458 . Any equation which can be put into the form 

A(aac*'* + bx* + c)* + + hx*^ + c) + C 

may be treated as a qu.adratic, of which the roots are the values ot 
/j.r*’* + ^;r"+tf ; whence x may be found. 

Bx. 1 . Solve .r*^6v/(;r* —2jr4*5)=* II+ 2.r. 

Observing the quantity under the radical sign, we may put the 
equation in the form, 

(jr»-2x+5) + 6.yfAr*-2;r + 5)=ii + 5 «i6. 

Assume — 2-t + 5) then j/* + 6j/ — 16 ; 

.*. y“+6y- 16=0, or Cy-2){y+8)«*o ; .'.y^z or-8. 

V i) Let X* — 2,v + 5 —y^ =4 (ii) Let x* - 2^" + 5 —>» 64, 

.*. -r* — 2 .r+i=o . 1 *- 2 Ar +1 — 60 , 

f.T- i)*«o and -fsa I, I. .*. .V- i = d=2 & .r = i ±2 5. 

Ex. 2 . Solve (>i + + 42A:3 + 55.r* + i4A:*»728. 

B 

Here, completing the square with the first two terms, 

(9.1^ + 42.r^ + 49^:®) + 6;r* + I4.v=728, 
or (3 j:* + 7 ' 0 *+ 2 ( 3 'T^* + /a')-728=o. ^ 

Assume 3.r* + 7.r«*y, then j/* + 2j^ - 728=00; 

(y + 381 (y —26 )*=»o ;J'* —28 or 26. 

(i) Let 3.r* + 7>r =0^ = 26 (ii) Let 3A:*+7Ar=y«» ~ 28. 

then 3-r*+7.1-26 0=0 3A-* + 7;r + 28-o, 

(2:-2)'3.r+r3) = o . „ - 7 +^/^-■ 287 ) 

... - -- 

.r=«2 or —4 
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Bx. 3. Solve (i+ T*a(i— 

•J 

Dividing both sides by (i -a)^, we have 

Assumethen + -o ; or 


(i) Let|+^-^s = (})5 = ,>A\ 

IJy Comp, |= i 

rVftV- 


(ii) l.et 

Bv Comp, Divd. - = 

X - 102 

••••r-- nn- 


fizercise CLXX. 

Solve the following equations : — 

1 V(^+i 3 ) + 5\/'(^+t3)“22. 2 . y(A + 7; +5 ^/(.i+ 7 )« 5 . 

3. 5a-7a*-8^/(7a*-5a+i)«8. • 

4 -r* - 3.r + 7 lA —2 a* + 2 ) = ^a + 2 i. 

3 2 a*- 2 a :+2 ^(2 a*- 7 a + 6)«5A-6. 

6 . + 

7. .r*-.r-t-5 ^/(2A*-S.i +6) = J(ar+ii). 

8. 9V-4X* + y/(4x^-gx+n)=‘s- 

9 A*+A'*+.r+Ar"* = 4 . 10. -r*+ .t'*+A-,r* ‘ 2 . 

11^ l5^-3^* + 4\/(-»f*-5^+5) = i6. 

12. y(l+2r)»- y(l-.ir)»«=3 Vd-A*). 

13. X*^2X Jx + 2X- Jx^6. 14. ^♦-2.ir*+-v® = 36. 

15 s/i x^+X-h S ^ l8-{J JfA*+A + 6»-2} 

3 ^{x^ + x + 6) 

i5% Consider the equation 

iOD+pya! + q)ioc+r){ic+s)»k, 

v.-Ueve pt gfy r, s are quantities such that the sum of f^ivo of them 
equal to that of the o///^r twoy i. c.^ p4-r^g^s. 
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We have {x-\rp){x+r)’K{x-{‘q){x-¥s)-k, 
{^*+ip-^r)x-\-pr}'x{x*-k-[q-¥s)x^gs}^k, 
or •^•mX’^-pr)y,{x^-^mx-)rqs)’=kyioTp-)rr^q-\'S^my suppose 
.(r* + w.r)* + {pr^qs){x* + mx)’\‘pqri=^k. 

Assuming the equation becomes 

y* + {pr + qs)y+prqs ox y* Mp* ■¥ qs)y +prqs - >t’» o, 

which is a quadratic in y. Whence x can be found. 

Bx. 1. Solve (jr+r)(;ir+2K.r +3X^ + 4! = 24. 

Here, (jr+i)U+ 4 )Nfjr + 2)(jir + 3)*24, 
or (a^* + 5.r+4)x(4:* + 5jr+6)=:24. 

Assume A* + 5A:“_y, then (^+4V^+6)=24. 

. .>'*+10^^ + 24 = 24, or>(^+io)=o ; .’.ysto or- 10. 

(i) Let A*+5r-y-iO Hi) Let 4* +5.r= - 10, 

Ihen .r(4r + 5)=o, .-. 4r=oor-5 then 4:* + 54r + io^o, 

•'■^=K- 5 ± n/”i" 5 T- 

460 . Next, consider the equation 

(x + a)* + ( 05 + 6 )+— 2 c*. 

Let 4 r+<j=>', then x -i-dssy+k—a^^y+p, suppose. 

Hence the equation becomes >*+(>'+ p',* = 2c*, 
or y* + (y* + ^y^p + 6>'*/* + 4y;J* +^*)«® 2 (P, 

Adding p\ 2(y* + 2y3p + 3 y*p* + 2 yp^+p*)c=:p* + 2 c*, 
or 2 (y*+py+p*)*=-p* + 2iP. 

Whence y^+Py ■)rP*— ± JVp^ ■^ 2 c^)i a quadratic in y. 

Hence four values oiy, and therefore of r, are determined. 

Ex. 2 . Solve (jr+2)*+(4r—i)*e=257. ♦ 

^ I* 

Here, expanding and adding, and dividing by 2, we obtain 
4r*+2jr3 + l54r*+144;—120=0, or (4r*+4r)* + i4(4r*-j 4r)-i20=o. 

Assume 4 :*+ 4 r*a>’, then>'* + i4y —120»=0 ; >/»: 6 or -2^. 

(i) Let 4r*+4r=>'=6. ' (ii) .Let 4r*+4;=y=-20. 

. . ;t*+ 4 :- 6 =o, .’. 4 :*+ 4 : + 2 o=o, 

*’• (A'+3)(4r-2)«p, 4^=2 or-3 .r=i(-1 + -79). 
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" Exercise GLXXl. 

Solve the following equations :— 

1- + + 2. x*-2x JX 4 -Jx-( 3 =o. 

3- :»f^+4^*+3^N/(^*+4) = 4. 4. 2^(.r*+;r+9)-3Ar*~3.r=6. 

5. 4^ J{x*4r2ax-\rb^)4-2x* ■¥ 4ax=s\b*. 


e ;r* + l . , ^+i 


X* 6x 220\ . - 

7. 2 +-='3^+49^*-ii96. 


8 . kKx^tS)-^ s!x 4 ‘ 2 ^{x^ 4 rSX)=‘ 2 l- 2 X. 

9 . s !{ x + a ) 4 r <^ x =^ 2 '/{ x * 4 - ax ) A - 2 x 4 - a . 

10. 2x +2 ij{{x-¥tt)\x4"6)} + ^l{x 4 - a) 4" sj{x 4rb)—c — a — b» 

Sx^ — ;^ox + 27 ^ — 35 iir+ 18 ”‘“ 29 .r + i7). 

12. X*-4x '/X4-SX-2 Jx^S. 13. (^- 2 )*+(;r- 4 )*a>i 272 . 
14 . U2»-i)(6r-i)(4r-i)(3;r-i) = g%. * 


15 . 


x^ — Sx 


16 . x*+sx-~t + 


x’ + 3x 


—o. 


461. Besolution into Factors. Many equations of Ihigher 
powers than the second can conveniently be solved by using factors* 

Bx. 1 . Solve 2jr* - ,r* — i. 

Hy suitable transposition, we have, 

x^-'X*^ -x^ + i or X*(X’~ i)-i -(.ar 3 -l)= -(jr-i)(Ar*+.ar+i). 
.-. jr- 1=0, or 2r«=i and AT***-(:r*+ji: + i). 

.•. 2 tr* +ar +1 =o, which solved gives .ar=^(—I + J — ?)- 

Bx. 3 . Solve ;r®-2;>^r*+2^;irss I. 

By transposition, — i) — 2/.r(jf — i)=o. 

Now jr-1 being a common factor, x-i —o and ;ir = i. 

,^nd (j?*+.r+i)-2^.2r-o, jr*-(2^-i).r+l=o, 

whence jr=i{2^-J± *y4^*-4^-3}- 

M.A.— -32 
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Bx. 3 . Solve x* + 2ax^ = 2x+ (c. f. a. 1874.) 

Of 

By transposition, + 2 ax ^x^ — —o, 

*+ ^+2ajr=50, which solved gives x=s —a± ^ (^a* - 


• I . I 

o ; jr*- »o z.e. .r« i , 

a s/'i 


1 . 

4 . 

6. 

9. 

12. 


U. 


16 . 

17 . 


18. 

19. 

20 . 


Exercise CLXXII. 


.Solve the following equations :~ 

.r* —8.;r + 3®ao. 2 . 3-r* —22jr=» 15. 3 . — 6 ax* + i 2 a^x=Sa^. 

6* (^-iP+(2ir + 3)* = 27 .ar^ + 8. 

(jr + i)*(r+4) = 2. 7. .i:* + 7Jif=^49(^+0- 8- .r5+Ar* + 4=*o. 

X^ a 4* 


11. x*--^- 
4 .r 


.3 + J ^ + 7 13 _£!L^ 3_. 

x-i .r + 2 .r-3 x + i x ~2 .r + 3 2jir-5 :r*-i7 

27jr* + 2ia: + 8=o. 15 . .ar^ —76*+240=0. 

^'2(a+x) + 7 yfiax-x*)^^ ^ 2 {air x)+ Jz^a-^x]- 

(rt-jr)* + (^-jr)* = (rt + ^ -3ar)*. 

(a-r)*-i-(6-x)*^{a + d- 2x)^. 

ff(a-x)+ y(^-.r)= ifia + d — 2 x). 

V(rt; - x) + V(^ - jr) = V (« + ^ “■ 2Jr). 


462. Beciprocal Equations. An equation is said to be- 
reciprocal which is not altered by changing x into ifx. 

Bx. 1 . Solve Ar^ + 6r^ — Si3r*+i2jr + 4=o. 

Dividing by x*, jir*+6ar-23+^+^^ -o. 

(*‘+^)+6(x + ?)- 23 -o,or (2r+i)* + 6(2^+|)-27=o 

I 

2 

Whence jr+^^-j + C^sor -9, and .*. ;r* * 3;r or jt* + 91? = - 2, 
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\i) Take — 2. (ii Take.r*+ 9.r=» — 2. 

-3Ar+2-iO. /. ^ 

/, (.r - i)(.v-2)-o, and /. i or 2. I -- 9± ^73). 

£x. 2 . Solve + 2X* - 3x^ - 3.r* + 2jr+1 •» o. 

The equation may be written (;rs +1) + 2 x(x^ +1) - 3-r*(.r+ i)=ao, 
where each bracket is plainly divisible by x+1 ; 

Dividing, the original equation by a: + i, we have 

.IT* -f :r* - 4A'* + .r +1 aio, a reciprocal equation of the 4th degree. 

Dividing by x*, .r*+.r -4 + ^=o* 

(-• + ji) + (-+^) -4=0. or (r + y’+ (.V -6=o. 

AT + * =a - i +1 ■-=*2 or — 3, and /, a'* + i« 2-t: or - 2x 

X 

'i) Take a* +1 = 2a- (iij Take a-* + 1 = — 3.r 

X*- 2 X+l =0 A* 1-3A'+1-O 

/, (x- i^*-o and 1. \^k- 3 ± JSi’ 

Also corresponding to the factor .r + i, we have a + i - o or a** - 1. 

463. Exponential Equations. The following are illus¬ 
trative examples 

£x. 1 . Solve 2**+* +1 a* 32.2*. 

We have 2**+* —2.2*+* + i»»o, since 32=2.2^. 

Taking the sq. root, 2*** —1=0;/, i = 2''. 

Hence .r+4-»o and .%-r*-4. 

£x. 8 . Solve 3 * + 3‘*'“96 

We have 3*+ or 3** - V-j* +1 “O 

3*“ V ± V --=9 o*' ^==>3* or 3’* i /. ± 2 . 

484. Binomial Equations. The following are illustrative 
examples. 

Ex. 1 . Solve A* + i==o. 

Here, ix+ i)(a*—a+ i)“0 ; /, either .r+ i —o, /. e. a-1, 
or .r* — .r +1 -io, wliich solved gives .*■“ |(l ± >/ “ 3)* 
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1 . 

3 . 


5 . 


7. 

9. 


1 . 

3. 

5- 


6 . 


8 . 

9. 


11 . 


13 . 


Ex- 3. .Solve 

Dividing by .r* /, = 2 . 

^ \ .V / 

Taking the sq. root, - = j- J2, and .r* T y/ 2 .x +1 = 0 , 


whence ,r — 


4 : 14 i is/- 1 

j2 


Exercise CLXXIII. 


.Solve the following equations :— 

.ir*+6,r*+6.r+1 2. 4-^* —— y.r* —4.r+4«so. 

r+ + 4 .r^+ 3 .i'* + 4 Ar+I = 0 . 4. A'++7Jtf3+8.r*+7;r+i = o. 

i2'.i^ + i) - 56 +.r)+89;r**o. 6. 4^*- i6.r^+23.r*- i6.r + 4=»o. 

.(*+|,, + 6*+ ”- 23 - 8. 42^*-20-5^.v+|j = -36 

6*'*+6‘*=ii. 10. .r* + i =* 0 . ll.^t'S— 1 = 0 . 12.;r**=»i. 


HiBcellaneons Equations. 


Solve the following equations : — 

.r^-2,r^-2.r* + 3.r=io8. 2 y(.r + 21)+^(.v+2i)= 12. 

-i'*-4"*'.i'*+4 15’ 


4. .r(:r4-4)+^(^+4) *io. 


fy-iS ^f,r-T8) _ r 

•Jx “ "-/(.r-iS)’ 

- 841 17 232 ' I . .» a . .4 i7jr-8 

=7^*-A+ ^ - sjr-. ^+ 5 . 7. *>+ 42 :+^-,, 


5 . 4 .li_5_+ 4_ . _2J_. 

.r-i jf + 3 r -3 x-{‘i x^2 .*-+3 

10- 4 «‘*+ 4 ^— 4 *f* + 33 . 

(iX Jx-l^O, \%. 2 X* ^X^ 2 X J{l-X*)^\^. 

3 ((.r-i)*-jr}* + 2 jr- 34 i+ 2 (jr-i)*. 14. i 7 t*» 8 . 
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15. 


i+x 


•m 




n* 


16 




i6;p-3 
;r* - 4r - 8 


= 2^2. 


17 3/fl*+rt*jr*+;t+\ / ax \* - 

S\a*-a*x^ + x^)"‘W-x^) ' V(Ar* + 2;ir+ri) 

19. .a:^-3;«:=«|3 4 . i . 20. ;r^ + -^=a‘^+ ' . 21. ;r^+ —= 2 a*.r. 


a. ^±1^ .. * 3 . 

:r*-4;r+5 x*-2x + 2 

^ + .90..) 

21. ;r^+(jr+i)6-»-i«2(a:*+A:+i)^. 25. 2*'*’*+4* = 288 - 

26. (^+i)^ + (.r-i)*= i9{(;v+i)3+(;r-i)^). 27. 3*'*’*+9*=*io8. 

28. ( 2 .ar-i)(^+i)( 2 ;r+ 5 )(;ir + 4 )» 70 . 

29. >/(2jr*+9.r-i)+J(2;r*-7jir + 7) = 6. 

30 .ar(^-i)(jr-2)=9.8.7. 31. (4r + 2)(jjr + 3)(.r+4) = 3 4-5- 


VII. PBOBLEMS PRODUCING QUADRATIC 

EQUATIONS. 

465 . In the solution of Problems, depending on Quadratic and 
Higher Equations, there may be two or more values of the root, 
and these may be rea/ quantities or impossible. In the former case, 
we must consider if any of the roots are excluded by the nature of 
the question, which may altogether reject fractional,, or negative,, 
or surd answers ; in the latter case, we conclude that the solution of 
the proposed question is arithmetically impossible. 

Ex. 1. Divide I2 into two parts so that the square of one of 
them may be four times as great as the square of the other. 

Let X be one of the parts ; then I2 - .r is the other part. 

.’.by the question, ;r*=i4(i2-.arl*. 

Taking the sq, root, jr =s ± 2( 12 - « 24- 22: or - 24 + 2;r. 

The former gives x^^ and .'. 12 -;r*4. 

Hence the parts are 8 and 4, which is the arithmetical solution. 

The latter gives ;r-24 and i2-;r-i -12, which answers the 
condition symbolically. 
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Ex- 2 . What number, when added to 30, will be less than its 
square by 12 ? 

Let X be the number. 

by the question, 3o+4r*jr*— 12 ; or x *-.r-42=o. 

(2: —7)(:r+6)—o ; whence.*'—7 or— 6. 

Hence the reqd. number is 7. Here the latter root is excluded. 

Ex. 3. A person bought sheep for ;^33. 15^. which he sold 
ap^ain at £2. 8 r. a head, gaining thereby as much as one sheep cost 
him. How many sheep did he buy ? 

Let X be the number of sheep bought. 

Then ^ - is the price of a sheep in 

and 2\x is the selling price of the sheep in £, 

2 3 33? 

by the question, 2-*' —33 

5 4 

which reduces to 48!r* -675*' —675=0 ; whence .r* 15 or — . 

Hence, the number of sheep bought-eis. 


Ex. 4. A person bought a number of oxen for/fj. 120; it he 
had bought 3 more for the same money, he would have paid Rs.z 
less for each. How many did he buy ? 


Let X be the number of oxen bought. 

120 

Then — is the price actually given for each in Rs. 

and is the price of each, if 3 more be bought. 

by the question, rx;* ^ ^ 

JT’f 3 % * 

which reduces to ji:* + 3*r — 180—0 ; whence *‘=12 or — 15. 
Hence the number of oxen bought m2. 


Ex. 5 . A’s rate of travelling is one mile an hour less th'an B’s, 
and Bean go 21 miles in 20 minutes less than it takes A to go 
20 miles. How many miles an hour can A travel ? 

Let X be A’s rate of travelling in miles per hour. 

Then .*+1 is B’s rate. 
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20 21 
Now A takes-- hrs. to travel 20 miles, and B takes -— hrs. 

X x +1 

iQ travel 21 miles. 

by the question, , (for 20 min. hr.) 

JKr ^ 1 

which reduces to ^*+4;^ —60=0 ; whence x=6 or — 10. 

Hence A’s rate of travelling per liour is 6 miles. 

Ex. 6. A reduction of 2^. a do/cn in the price of eggs will 
.give 6 more for 3J. 6//.; find the price per dozen. 

Let X be the price of a dozen eggs in d. 

12 

Then we can obtain - X42 eggs, for 35. 6rf. or 42^. 

Also, when (x — 2)rf. is the price of a dozen eggs, 

12 

we obtain - x 42 eggs, for 3^. 6'/. or 42tf. 

X ^ 2 

/. by the question, X42- X42 = 6, 

X 2 X 

which reduces to jr* — 2if—168— o ; whence ;rsa 14 or-12. 
Hence the price of a dozen eggs is I4rf. 


Ex. 7. A person invested/?j. 10660 in the 3^ per cent. Govern¬ 
ment Securities when they were at a certain rate per cent, premium. 
If he had invested them at a price per ctint. less, his annual 
income would have been increased by Rs.$. 4(i. Find the price of 
the Government Securities. 

Let X be the price of the Cioveriiment Securities in Rs, 

Then, the first income=/?5. X34, 


and the second.s=/?j. x3i. 


10660 


10660 


X3l~5i. 


by the question, ^ ^ 

wl^ch reduces to 2jr* — 34; - 21320=0; whence at* 104 or —102J. 
Hence, the required price is ^j.104. 


Bx. 8. A number of two digits is _ less than four times the 
■product of its digits by 11, and the digit in the tens’place exceeds 
the digit in the units’ place by four. Find tbe number. 
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Let X be the digit in the units’ place. 

Then x+i is the digit in the tens’ place. 

The number*io(ji:+4)+:r“ii:r + 4o. ' 

Four times the product of the digits-=4;i:(;ir+4). 

.'. by the question, 4ar(;r+4)--(ilJf+4o)=ii, 

which reduces to + 5;r - 51 *0 ; whence :ir=3 or - Y • 

Hence 3 is the digit in the units’ place, and 3 + 4 or 7 the 
digit in the tens’ place, and therefore 73 is the required number. 

• • 

Exercise CLXXIV. 

1 . There are two numbers, one of which is | of the other, and 
the difference of their squares is 81. Find them. 

2 . The difference of two numbers is f of the greater, and the 
sum of their squares is 356. Find them. 

3 . Determine two magnitudes whose difference is ^ and the 
sum of whose squares is (t)*. 

4. There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128. Find them. 

5. What number is that, the sum of Avhose third and fourth 
parts is less by 2 than the square of its sixth part ? 

6. What two numbers are those whose difference is 5 and their 
sum multiplied by the greater 228 ? 

7. What two numbers make up 14, so that the quotient of the 
less divided by the greater is i*® of the quotient of the greater 
divided by the less ? 

8 . A fabourer dug two trenches, one 6 yards longer than the 
other, for ^jr.356, and the digging of each cost as many rupees 
per yard, as there were yards in its length. Find the length of each. 

9 . Bought two flocks of sheep for ^^.300, in one of which 
there were 5 more than in the other: each sheep in each flock cost 
as many rupees as there were sheep in the other flock. How many 
were there of each ? 

10 . By selling a horse for /is.24, 1 lose as much per cent, 
as it cost me. What was the prime cost of it ? 

11 . There is a number such that the product of the numbers 

obtained by adding 3 and 5 to it respectively is less by i than the 
square of its double. Find it. . , 
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12 . There is a rectangular field, whose length exceeds its 
breadth by 16 yards, and it contains 960 square yards.' Find its 
dimensions. 

13 . The plate of a looking glass is 18 inches by 12, and it is 
to be framed with a frame of uniform width, whose area is to be 
equal to that of the glass. Find the width of the frame. 

14 . Two partners, A and B, gained ^.r.140 by trade ; A’s 
money was 3 months in trade and his gain was jRs.6o less than 
his stock, and B’s money, which is Rs.$o more than A’s, was in trade 
5 months. What was A's stock ? 

16 . A person bought 38 sheep for Rs.yi, 4a. ; but having lost 
a certain number n of them, he sold the remainder for n annas 
a head more than they cost him, and so gained upon the whole Re.i 
How many sheep did he lose ? 

16 . A and B distribute Rs 50 each in charity ; A relieves 5 
persons more than B, and B gives to each 8a. more than A. How 
many did each relieve ? 

17 . A and B take shares in a concern to the amount altogethei 
of ^j.5000 ; they sell out at/ar, A at the end tof 2 years, B of 8, 
and each receives in capital and profit /?j.297o. How much did 
each embark ? 

18 . Two trains each run a distance of 330 miles. One of 
them, whose average speed exceeds that of the other by 5 miles 
.'in hour, takes half an hour less to travel the whole distance. Find 
their average speeds. 

19 * In 100 minutes a boat’s crew row 3^^ miles down a river 
and back again. If the river runs at 2 miles an hour, what is the 
pace of the boat in still water ? 

20 . A battalion of soldiers when formed into a solid square 
present 16 men fewer in the front than they do when formed into a 
hollow siquaire 4 deep. Find the number of men. 

21 . Mr. Gladstone was born in the year A. U. 1809. In the 
year A. D. jr* he was .r-3 years old : find ;r. 

22 . A and B set out at the same time ; A from C to go to D 
and B from D to go to C ; they meet on the road, when it appears 
that A has travelled 30 miles more than B, and that at the rate he is 
travelling, he will reach D in 4 days, and B will arrive at C in 9 days. 
Find the dfstance of C from D. 

23 . Ten minutes after the departure of an express train a slow 
train is started, travelling on the average 20 miles less per hour, 
Which reaches a station 250 miles distant 3^ hours after the arrival 
of the express. Find the rate at which each train travels. 



5o6 


MATRICUF-ATION ALGEBRA. 


24 . A rides from P to Q in one hour at a uniform speed. B ride-^ 
for one-third of the way 2 miles an hour faster than A, and for the 
rest of the journey i mile an hour slower, thus takiiiff 40 seconds 
longer. Find the distance from P to Q. 

25 . The men in a regiment can be arranged in a hollow square 
4 deep; if the number of men be increased by 129 they can l?c 
arranged in a solid square having on each side 10 men less than 
were on each outer side of the hollow square. Find how many men 
were in the regiment at first. 


VIII. THEORY OF aXTADBATIC EaXTATIONS. 


466 . .^1 quadratic equation cannot ha^c more than two roots. 


If possible, let the general quadratic equation 

ax* •Vbx->rC—o 

have three different roots, a, and 7 . 


Since, each of these values of x satisfies the equation, 
we have aa*ba-\-c-o .(O^ 

= o.(2) I 

-^by ¥c~o .(3)J 


Subtracting (2) from (i), /8)=o, 

Dividing by a—/8, which by supposition is not equal to zero, 
rt(a + /0) + ^=o.(4) 


In the .same way, subtracting (3) from (i) and dividing by a- 7 , 
fl(a+7)+^*o.( 5 ) 

Subtracting (5) from (4), rt(/8 —7)**o ; 

eithera=Q or i 8 - 7 =o, ^ 

which is impossible, for a is not equal to zero, nor is /5 equal to Y. 
by hypothesis. 

Hence the quadratic cannot have more than two roots.^^ 


If a ami fi are the two roofs of the quadratic equation 
ajc^-h-bx +c o, then 

= - and CjSsB -. 
a a 
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Solving the equation, we have 

— ^ + ijfA* - ^ac) —d~' 

area —-or — 

2a 2a 


Let a -. 


~d+J(fi^^4ac) -6- ‘</(d* — 4 ac) 

- anrt fl— - 

2 a 2a 




-d+ Jid*-4ac) -^- J(- 4^c) 


2a 


2a 


and a /3 


4 «^Ji 

4 <i* 


4ac c 

4rt* a 




Since the equation f'an also be written in the form x*+ ~x+-"*o, 

a a 

■we may express these results as follows :— 

When the coefficient of\* in a ginuinific equation is unityy 

(i) the sum of the roots is equal to the coefficient of » with 
the sign changed; 

(ii) the product of the roots is equal to t^e constant term. 

Note. If a and /8 be the root^ of the equation x* tlien 

•2 -h/}— —p and aR = q. 


468 . If ft atid fi ate the roots of ax^4rbx 4-c^Oy then 
ax^ + bx +c— a{x - a)(.r - /8). 


—a[x*'~{a+fi)x+afi\. Art. 467. 

~a{x — a){x-'fi). 

Note, ff a and arc the roots of x^-\-px4rq ~Oy then 

+/.r + ^ = (;r - a)(;r -/8). 

Ex. 1 . The quadratic whose roots are -4 and 7 is 

(;i: + 4)(;i:-7)=o, or .r*-3r-28 — o. ' 

Ex. If a and /3 are the roots of x‘^-\-px4-q—Qy find the values 
'of(i)a-/ 3 , (iij a*+/8*, (iii; a^ + jS*. 

We have a+<8=and a/8 5^, (Art. 467). 

;i) Since (a-/8)*-(a+/8)*-4ai8=^(-;>)*-47-»;J*-4^, 


We liave ii.i'*+^a: + ^ 
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(ii) a* + iS* + 

(lii) aa + ^i«(a+i8)«-3a;8(a + i8)-(-^)3 + 3^^= -^3 + 3/^. 

Ez. 3. If o and iS are the roots of ax^bx-^rc^ form the 

equation whose roots are - and ^ . 

/3 a 

We have a + j8=a - ^ and a/J= ^ . 

a a 

I 

The sum of the roots of the reqd. equation 

_ (o + )8)*-2a/J^ /^* \ ^ 

c"*" a alS afi \n* a) a 

b* - 2ac u 


The product of the roots = . x =1. 

/8 a 

Hence the required equation is 
'b* -2ac 


x^— —^^\jr+i=o or acx* -ib*-2ac)x-\'ac—o. 

\ ac J 


469. To find the condition that the equations ax^ -^bx-^-c^o and 
a'x*-\rb^x-Yc' = o may have a common root. 

Let a be the common root of the equations. 

Then by supposition, aa*+M+tf—o ...(i) ) 

fl'a* + ^'a + ^'aoo.(2) / 

.From (i) and (2; by the Rule of Cross Multiplication we have 


bd'^Vc 
Hence c* 


ca' - da ad - alb ' 
and a > 


bd — b'c , ca* — da 


ad-^a^b""'*" ad-a'b' 

bd--dc (cal'^daX* 

Therefore {w-Wi) 

or {ada'b){bd — b'c)^{ca!-da)*., the reqd. condition. 


470. If a is positive and a, /3 are real roots of the equation ' 
«a* + <5x^ + c=*o, the expression ax*-^bx-^c vanishes whenx^^a or 
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timl is positive for all other values of x except fo" those lying 
'between a and 

(i) The values a and fi satisfy the equation ; 

the expression ax^ + bx + c is zero when at= a or fi,. 

be 

(ii) We have a+/J= — and a/5=s -. (Art. 467). 

a a 

rfAr* + ^jr + ^ = af Ar*4-^Ar + -\ 

\ a at 

« <j[a:* - (a +/8) r + QiS] 

= rt(A:-a)(jr-/8j.(l) 

Let a be greater than /8. 

When AT > a, AT-a is positive and Ar-i8 is positive ; 
from (i) aAr*+d.v*+^ is positive. 

When AT < a but iB, a; - a is negative and at -/} is positive ; 
from (i) flAT^ + ^AT+c is negative. 

Lastly, when a: <: (8, at - a is negative and,Ar-i8 is neg.ative ; 
from (i) ax'^y‘bx-\rc is positive. 

Hence <»Ar* + dAr + ^=o, when x — a or 5, 

is negative, when x lies between a and / 3 , 
and is positive for all other values of x. 


It follows, that if a is negative and a and 0 are the lOOts of 
+ ^Ar + f»o, the expression ax*+bx + c is zero when A:=a or 0 , 
negative for all other values of x except for those lying between 
>7 and 0 


Ex. 1. 


.Show that 


.v*- 2 Ar + 4 
a:*-»‘2a: + 4 


•than 5 , for real values of x. 


cannot be greater than 3 or less 


Let 


AT* -2Ar + 4 
Ar* + 2Ar + 4 


Multiplying up and re-arranging as a quadratic in x, 

j x^(i~j/)-2x(t+y)+4(i “y)>“0. 

Solving this quadratic for at, the expression under the radical sign 
= 4( I +y)* - I -y)*=4( - 3 + iqy - ay*) [{b* - 4«4 

- 4( - 3 + y)' * “ 3.?') “ * y - 3)(i -y). 
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Hence, if;' > 3, 3 is poi>iiivc, and / is negative. 

the expression under the radical sign is negative and x is- 
imaginary. 

tfy < 3 hut > il:> y - 3 is negative and | is negative, 

the expression under the radical sign is positive, ancl.r is real 

Ifjf < i, y-3 is negative, and is positive, 

the expression under the radical sign is negative and x is 
imaginary. 

Thus, for real values of .1% i- l annot be greater than 3 or less 
than .4. 


Exercise CLXXV. 

1. Form the equations whose roots are 
(i) 7 and —3. (3) and - ,t. (3) o, i, and 2. 

(4) n + i and a-i. (5) 3+ 3~ y/S- (6) m + 

8. If a and i8are the roots of <*2r*+3,v + f=o, find the values oi 

(Ua-A (2; a*+l 8 ^ (3) + (4; a* + i 8 +. 

3 . If a and be the roots of the equation ax* ■\‘bX'^C"~o 
ileterinine the equation whose roots are :— 

(l) i/rt, 1 // 3 . {2) za'iS, 2fila. (3) a*//8, /3*/a. 

4. If a, /8 be the roots of the equation 4'^;r + /‘*o, find the 

e<^uation whose roots arc a+ 4 , «/ 5 . Find also the value of a^ + j8*. 

5 . For what value of will the roots of x* — \ox=^k be equal ? 

6- If a and jS be the roots of the equation + form 

the equation whose roots are a* and 3*. 

7. If tf.r* FAt: + <r=o, bcx*-\rcax-)rab^o have a common root, 
and if a + ^+ ^=*o, prove that % 

b\a -c)*= a*c*{a - b){b - c). 


8. Prove that, for real values of x^ the expression 


X * 4-3^- 15. 


can have all numerical values except such as lie between 3 at;id 23. 

9. Shew that ~ can never be greater than 7 nor less 

X + S'*" d* 4 

than } for real values of x. 
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10. Prove that, if one of the equations 

X* - x{y — b)-\rbc=‘ 0 , t* — .v( 5<: — <5) + « o, 

has equal roots, so has the other. 

11 . Form the equation whose roots art; :— 

(i) 7±8 ,v'(iO- ( 2 ) ^( 4 ± 2 V' 5 ). ( 3 ) i{5±2^(-7;i 

A* .a* 4-A* 

(4) ^ and (5) and • (6) and ci- 

13 . If fi and /8 be the roots of the equation fi.i *+^.r + ^=o, form 
the equation whose roots are :— 


(f) (a + /8)* and (a —i8)*. (2) a + 2/8and /3 + 2a. 

, V .1 .. . * . I /.V « « 1-/8 


(3) a + ^ and i8 + ^ . 
p a 


(4) and I 
i+a I +/3 




13. If (I and jS be tlit; roots of tlie equation 5ar* + 6.c —8-=o, find 

the value of (i) *+ (ii) ^, and (iii) a++a*/8* + j3*. 

(I p P ct 

14. If the roots of the equation — 2A.r+^=0 be the .squares 
of the roots of the equation rv* —= 0, prove that c = a and that 
^ = <1 or — jrt. 

15 . In the equation a.i'*+^.r+c=o, prove that one root is 
times the other if p 6 *=«‘ip+ i)*ac. 

16 . Find the value of k that the roots of the following equations 
may be equal :— 

,1) 4A'*-/’.r + 7=o. (2) A'*+2(1 

17. If n and P be the roots of the equation <f.i*+^.i +t:s=o, find 
the val-ues of 


(i) (2) a*-./52. a^/J^+a+ZJ*. (4) a+-/8+. 


18 . Prove that the roots of the etiuation A-* + 2a:^/t+^^ +3«o 
are real, /or all values of k. 

19 . Find limits to the value of k so that the folloVing equations 
may have real roots :— 

CO 3'r*-4-^’-v + 2^'+i*o. (2) (^’ + i).ir*-2.r+/l'-i-o. 
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20- The numerical term in a quadratic equation of the form 
is misprinted i8 instead of 8, and a candidate in 
consequence find the roots to be 3 and 6. What were they meant 
to be ? 

21. If the roots of the equation 4:*+ exceed those of 
equation ;r*+ajr + -^=o by the same quantity, prove that 4^-^* 

— 

22. If the sum of the roots of the equation + be 

equal to the difference of the roots of the equation +i:jr+ a-vc.b 
= 0, prove that c is equal to either-a or <* + 4^. 

23. Find the equation whose roots are the squares of the reci¬ 
procals of the roots of the equation 3jr* + 4;ir=5. 

24 . Find the sum of the squares and also the sum of the cubes 
of the roots of the equation yjr* ■+■ 8;r + 9 = o. 

25. Prove that the roots of the equation mpx* -{itp-\-mq)x^nq 
= o are real whatever be the values of p and q. 

26. What relation must hold between the roots of the equation 
aA* + d:r4-<:-o, (i) if ^ = 0, or (ii) if -a. (c. F. A. 1875-) 

37 . If one root of the equation ax* Arbx^rc—o be the square of 
the other, prove that b^ t a*cac* = ^abc. (c. F. a. 1879.) 

28. If a, i8 are the roots of the equation aj:* + 2d;r + j=so, find 
the value + (c. F. a. 1891.) 

39. If a and represent the two roots of the equation x* — {i-¥a) 
x.r + i(i +a + a*)^o, shew that a* + i 8 *««. 

30. Find the value of a* + sa^b 4- 4a*b* + ^ab^ + b^, when a and b 
are the tUAer two roots of the equation, 

4X^-¥{x~ i)* + 2(.r* - 0*'4, besides the root x=i. (c.k.a. 1871.) 

31 . If the roots of the equation x* Px^q—o be a and 
.md those of x* -^-Px -^Q—o be c and //, prove that the roots of the 

equation .r*+^;r-Hy = o are } [c+d± d{(£ + d)*-4ab}l 

38. '* A and B each attempt the same quadratic equation. A, after 
leducing, has only a mistake in the numerical term, and finds as the 
roots the numbers +8 and +2:0, after reducing, has only a mistake 
in the coefficient of ;r, and finds, as roots, -band -4. Find the 
correct roots of the equation. 



CHAPTER XXII. 

SIMULTANEOUS QUADRATIC EQUATIONS. 

I. TWO UNKNOWNS. 

471. VVe shall now consider a few Examples of Simultaneous 
Quadratic Equations involving twO unknowns. The solution of 
these is generally more difficult ; but there are certain cases of fre¬ 
quent occurrence, for which the following observations will be useful. 

472. Elimination by Snbstitntions. When one equation is 

linear and the other quadratic, find the value of one of the unknown 
quantities from the linear equation in terms of the other and then 
substitute in the quadratic equation. The resulting equation in very 
many cases will be a quackatic, which may be solved by the ordinary 
rules. • 

Bx. 1. Solve .r + 2j/=»4.( 0 , = 3.( 2 ) 

From(i) express x in terms of^'; thus 
.r=4-2j/. • 

Substitute this value of x in (2) and we get 
2f4-2y)j^-j/* = 3, or 5j/*-8j/+3=o ; 
fj- 0 ( 5 ^“ 3 )=ooi"!. 

Hence, from (i) 2 or V- 

Bx. 2. .Solve 2jr-;/-H=o...(l), i32:*-2^* - 1 - 82 := 18.(2) 

Krom{i), we havc^ = 2jr+i. 

Substituting this value oiy in (2), we get 
132:* —2(22?-bI)* +82:—18, or 52:*«-2o; 

.'. 2?*= 4 and .’. .r«* ± 2. 

Hence from (i)^^5 or —3. 

Exercise CLXZVI. 


Solve the following equations :— 


1 . |: + 2^-6 1 

2. 1 

3 . 52: + 2y=7 1 

32?*-27*»20 J 

52r*-22y/=3 j 

7^*-82?;/= 159 J 

4. 2f*-bj/*=»25 1 

5 . 2.tr + 3>^=»8 1 

6 . 32 r+i=i 22 r+>' j 

32?-b4;^= 24 J 

2r*+2y/-bj^* = 7 J 

2(2r+j/)-42?*-2r> J 


M.A.— 33 
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7 . x — 2 jf=‘io I 8. x-ysz 2 

10. A( 3 -^+ 5 .>') + i( 4 ^“ 3 ^)=* 6 |^ ) 

3 :r* + 2y* = i 79 3 

12. 4 x- 5 j^=i 1 

2x*-;i:j^ + 3;/* + 3 .r- 4/=47 j 


9 . :ir* + 3 »>' +J '*«*45 t 
x+y ^9 3 

11. r^=(Ar-f)(/ + S) 1 

^V"(^*+ 3 )(y*- 4 ) 3 

13 . 2.*:4-3^=* 17 > 

3 ;i:*- 4 :ry + 8 j'*= 183 j 


14 . 2^+37=8 3 


15 . 5;r + 2>==i2 1 

2;r* + 3.irr+^*=iS J ^ 


A. 1888.) 


473. Equations wMch can be reduced to such linear 
equations as tc+y^a and a; - y=b. 

Then and can be found by addition and subtraction. 

Bx. 1 . Solve ;•:+>'=* 10...(i), jr^sss24..!(2) 

We have (.r—_y)*a*(r+j/)*-4.;^ = ioo-96=B:4. 

.*. jr-_^=±2 I Hence by addition and subtraction, 

and;r + y=*io 3 ^ 2;r «= 12 or 8 and 2>'*>8 or 12. 

.*. .r=*6 or 4 and j/=4 or 6. 


Ex. 8. Solve af*+^*=65...(i), ;r+^= ri...(2) 

We have (jtr-y)*aa2U*+j/*)-(jr+ »')*= 130- 121 «9. 

) Hence by addition and subtraction, 

and^+y=n j 2;r«a 14 or 8 and 2y=8 or 14. 

;r«>7 or 4 and^=4 or 7. 


Ex. 3. Solve 3^-2y-7...(i), jiy/= 2 o...( 2 ) 

We have (3^ + 2j^)*«(3;r-2j/)* + 24jrj/=49+48o=529. 

»’• 3 ^+ 2 y =±23 ) Hence by addition .and subtraction, 

and 3 .r~ 2 ^=: 7 » 6 r« 30 or - 16 and 4 ;/== 16 or - 30 . 

x=»s or - 2 ^ and j = 4 or - 7 ^. 

Exercise CLXXVII. 


Solve the following equations ;— 

1 . 


T*+y*> 

x+y 

4. :r+^*30 

jr^a>224 


u 
} 


2. 2 {X-Jf): 
xy 

5. X^—J^*: 
x^y. 


" } 
‘20 ) 

11 


3 .r *+>'*«25 

;r^=a:I2 

6. 4 r* + y*-85 

:y' = 42 
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7. 

89 1 

8 . 

2ar+y— 7 1 

1 9 . 

2^ + ay-23 


jfy-40 ] 


^ 7-3 ■ 

1 

0 

II 

10 . 

3y-5^“t 1 

a. 

,ir-2j' = 2 ] 

1 18. 

X* +y* » a* 


xy = 2 j 


ry=i2 j 

1 

x+y=d 

13. 

jr-^=io \ 

14. 

X ' jK= 10 1 

1 IS. 

xy^a* 


x^-^y^—iyZ j 


^>'=39 i 

1 

x-y=b 


474. The solution of many other equations of a more difficult 
nature can be made to depend on the solution of such Examples as 
are in the previous Articles. 


Bx. 1. Solve il .(2) 

Dividing (i) by (2) we get j:* —ry+^* = 3i.(3) 


Squaring (2) jr* + zxy +y^ = 12 r, 

Subtracting, ^ - 3 *'.>'=- 9 o; .(4) 

Now, using (2) Sind (4) we get the required solutions, as in 
Art. 473. 

Thus ;!:=• 5 or 6 and v*i6 or 5. • 


Othenvise thus 

Cubing (2), we have ^^ + y^+3^y(:r+y) —1331.(3; 

Substituting (i) and (2) in (3), we have 

3^^x11 = 1331-341=990; .r>^=30.^4) 

Now, proceed as above. 


Bx. 2. Solve .r'^+je* 7 *+_y^ = 6si...(i), jr*-jfy+^* = 2 i...( 2 ) 
Dividing (i) by (2) Ave have ;r*= 31 I 

and - xy +y? = 21 f 
Hence by addition and subtraction, we have 
2{x^+y*)‘^ 52 and 2xy** 10; .*. x^ +_y* = 26 and xy - 5. 

Now, proceed as in Art. 473. 

Thus we get = 5 or i, and y = r or 5. 

Bx. 3* Solve 4ry=96 — j:*y*...(i), x+y ^6 .. 

From (i), we get A:*>'* + 4A:y + 4 —96+4= 100. 

Taking the sq. root, ;r^+2«» ± 10, 

jr;/=»± 10-2—8 or -12 .. 

Now, using (2) and (3), we get the required solutions. 

Thus, AT—4 or 2 and^** 2 or. 4. 


(3; 
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Bx. i. Solve jr*+3ar-l->'=73-2;ry.(i) ) 

J'* + 3 J '+^=44 .12) J 

Adding (1) and (2), we get 

(^+>')*+ 4 (^+>')=n 7 ; 

(^ + y)* + 4(;c+^) + 4ssH7+4=l2i. 

Taking the sq. root, (jr+j^)+2-= ± ir ; 

.r + j/=-2± 11=9 or -13. 

Taking the first value of ,iwe have 

Substituting the above in (2), we get 

J'* + 3y+9“.l'=44i orj'*4-2>'+i« 36. 

Taking the sq. root, ^+i="±6;.*. y= — ii6=*5or — 7. 
Hence 4 or 16. r 


475 . The method of solving an equation will not be altered it 
instead of JT and V, their reciprocals i/.r and i/_y occur throughout 
the equations. Thus, 

Bx. 1 . Solve * + l = l .(1), A+ /, = »*.(2) 

J.,et *=^and - = 5 , then the equations become 
X y 

/4 + 5*S-..(3), and A*->rn* = \\ ..(4) 

Now, using (3) and (4), we shall get 
/? => J or ^ and /?=»g or 

Hence 3 or 2. 


Exercise CLXXVIll. 

Solve the following equations :— 


.rJ+j/»-i33i 1 

x-^ry^ II J 

.r+j/- II 1 
jr 2 11001 J 

.r*+^**l 89 1 
.rV+-^y*='i8o J 


2. x-^rV— 12 1 
x^ ■hy^‘=2ig6 } 

5 . x-\-y^ 6 ) 

jf 3 +j/ 9*72 j 

8. x+y^ng 1 

Vx-k- Vy.= 3 J 


3 -«^*-y* = 973 ) 

x-y^ 7 J 

6. x-^y^ I > 

x^-y^^^ig I 

9. x*+xym»a* 1 
y*-^xysxd* I 
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10. 11. gl 12, x+y*" 2iil 

x*—xy+j/^— 7} ^*+^^+^*= 3 ] x^+j^^=*2a^ + 6a) 

13 . .tr^+^^ = 407] U x+)f+x^+y*=j 8 'l 15 . .a:*+^*=i3l 

x+y= 113 xy^ 6] 2xy-x-y^ 7/ 

16 . x*+x*y‘+y*sTj^Si'^ 17 . x*+x*y^+y*‘^g^i'l 18-124) 
x^+xy+y*^^ 37/ x^+xy+y*= 49J x-y= 4) 


10 > ' . 1-18 

x*y 6 ’ 


20 . 


X* 85 4X 


j,- - , X-V^ 2 . 

«« O <1# 


21. 6{x+y)^Sxy "j 

* • '1 
22 . - = 3 

xy 

23. "a + ^2 = iViJ 1 

_L 4, ^ _ 8 'L 

jf3 2 r *• 


0 

M 

II 


o« ^4.*—.5 


25. 




4 • 


470. Homogeneous Equations. When both the equations 
are of the same degree and homogeneous with respect to x and y, 
in all those terms of it which involve x and y, put y^vxy by means 
of which we may generally without difficulty obtain an equation 
involving 7^ only, which being determined, x and y may then be 
found. 


Ex. 1. .Solve .r* + 3 ar>'+4^'*='M.(*) 1 

3x* + 4.ry+5y* = 25.(2) j 


Assume 7/2:. 

Now substitute this value of y in both (1) and (2) 

From (1), we have 2r*(i+37^+47/*)= 14.( 3)1 

„ (2) „ ^*(3 + 47'+= .( 4)3 


Di^ding (3) by (4), 


I + 37 / + 47 /* 
3 +47^+57^* 


14 
25 ' 


Multiplying across and transposing, 

307>*+i97/—17—o, or (27/-i)(iS7/+17)«"0. 
/. 7/*i or - U and /, y^^x or -\ix. 
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Using the value in (i), Using the value ^- i?-*' in (i), 


we have jp*+|; r* + r* »■ 14 
Hencej^«*ii. ?/ 


we have x* —*4- 


= * j - • 




2s/(ll) * 


Hence v=» T —7^—: . 


Otherwise thus 
Dividing (i) by 


i lx *-\-lxyAr\y^ ^ M 
’V3^* + 4^J'+5y*'^ 25 


Multiplying -^JSxy ^- loqy* = 42;!:* + 56:1^' +7qy*, 

A7x* = o qr (2j/ - ^)( I + 17 jt)= o. 

/, 2 y^xks^ -I7;r, or -ii-v. 

The work is npj^th^ same as given above. 

477 . Some j^o 7 kog&neous Equations may easily be solved by 


other artifices th^p tlios^' illustrated above. v. 


Bx. 1 . .vSol^e .tj**t3,yv=22...(i), .rj^ + 47*=4^...(2) 

Add^g, (i) hnd'(2), we have x*+4xy + 4y\=64. 

Taking the I'oot .r+ay « i 8.i..( 3 ) 

j ^ /■' f ^ 

(i) Taking the tjpper sign, .r — 8 — 2 ^ ; substituting this in (i), 
we have (8-f q^)* + 3(8 - 2y)j^=22, or 64-Sj'- =»22. 

/. jy^+ 4 ?^“ 2^ -o, or (y- 3)Cy + 7)=o. i 

/. or “ 7 - ■ 

f i 

Hence ;r=8-2j/=2 or 22. 


(ii) Taking the Ibwer sign, .r= — (8 + 2_y); substituting this in (i)> 
we have (8+2_y)*-3(8 + 2_y)_ys=22, or 64 + 8> - 2^^* = 22. 
-V*-4^*2i=o, or (j^-7)(y + 3)<=o. 

>>=7 or -3. 

Hence x= -■(8+2j/)®s — 22 or -2. 

1 

Thus, we have the four solutions :— ■ 

.r=i:2 or ±,‘ 22,>'=±3 or ^7. i 

\ 

; Exercise GLXXIX. 

V * 

Solve the following equations :— 

1 . .r*+;rjy =»66 1 ■ \2. x*+y* = S4 1 3. yc*+xy=» 68 

—II J ^ .t:*-.ry=io J 4 y* + 3 .^-l 6 o 
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4. 2.Y* + ^Ay = 26 1 5. A'*—,rj/=!6 ) 6. .r*+.r^"»8ol 

3 y* + 2 xy^Sg ) S^y + 4 }'*-^ 9 } 3 *:y+y* = 52 J 

7 - 3 ^*-s^J'+J'* = 36 i 1 8. 3A*-4Ar>^+7*-20 1 

a^*-j/* + |;^=i 34 J 2 a*- 7^*«=4 J 

9 . 3 ;»^*-.ry +>'*«9 ) 10. A*-Ay=i5 1 11- 7 -*^* - 3^®= *09 1 

5a* — 4;ry + 2j/*-»21 j y^~2xjf= — i 6 J A*+Ay«« 20 J 


12 . 

r* + 3Aj'+3y*«i9 ) 

13. 2 :* + 4 .ry=i 33 1 14. 

4 A*-Ay = 2 > 


4 .r*+A^+^®«=» 10 j 

Ay + 4y*=57 J 

AJ/+IIJ/*=I J 

15. 

5 A*+ 2 y*=I 3 1 
A*-AJ^+^* = 3 J 

16. 3 ^*-W + 5J'* = 33 1 

4A®-AJ/=IO j 

(C. F. A. 1878 .) 

17. 

2A* + 3 .ry+j/** 2 o 1 
5 A*+ 4 y*= 4 i •! 

/ U ^ 1 ^' 

. (C. K. A. 1892 .) 

3x*-4xy^7 1 
3a>'-4>'*“5 j 

19. 

4 AJ/-A*= 1 S 1 
39 y»-Aj/=i 5 o j 

F. A. . 890 .) «®- 3*;+w+y';-^5) 

A*+ 32 ry+ 4 y* = i 4 J 


478 . An expression is said to be symmetrical with respect to x 
and y, when these quantities are similarly involved in it. Thus 

X* +x*y^ +>/*, 5 xy + 7 x + 7 j' + i and 3^^ - - 5 ^^ + 3 y* 

are symmetrical with respect to x and^. 

479 . Symmetric Equations. When each of the two equations 
IS symmetrical with respect to x and put for a and u^v for y. 

El. 1 . Solve A* + y^ = i8A^...(i), A+y=i2...(2) 

Put «+2/for A, and u — v iox y ; 

then (I) becomes («+v)*+(« - vY = 18(«+ v){u - v)^ 

or «* + 3«z/*=»9(«* —v*).(3) 

and (2) becomes (« + 7/)+{«——12, whence u^ 6 . 

Putting this for u in (3), we ^ave 

316+182/* “9(36 —t/*), whence 2/=±2. 

Hence a— «+v«*6±2»=8 or 4, and y=a — z/*=s6 + 2=»4 or 8. 

Ex. 2 . Solve A+_y*3...(i), A^+y^»-i7...(2) 

Assume x^u + v andy^^u—v ; then from (i), we have 

A+y— 2««3 and/, « = $.(3) 

From (2) (« + 2/)+ + («—2/)*«i7 or 2 («^ + 6tt*w*+w+) = i7. 
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Substituting (3) in this and simplifying, we get 
i6z/^ + 2i6z/*-55=>o, or (41/*- i)(42/* + 55)=o; 

i or - V* and ,\v=± i or + 1 s,/( - 55). • 

Hence Ar*»|±f=20r i and^=| + 5 = i or 2; &c. 

480 . Some equations though not symmetrical with respect to x 
and^ may yet be solved by the preceding method. 

Ex. 3 . Solve .r—7 =b2...(i), jf*+^+=s7o6...(2). 

Assume and —7'; then from (i), we have 

;r-j/= 27/«»2 and 7/=i.(3) 

From (2) («+7/)+ + («-7/)*sa7C)6, or 2 (M++6i/*7/* + 7/^)a=7o6. 
Substituting v in this and dividing by 2, we have 
«* + 6«* - 352=0, or(«*- i6)(«* + 2a) = o ; 

/, «* = i6or-22 and «=±-4or ^ 

Hence 2:= ±4 + 1 = 5 or-3 and y= :t4— 1=3 or — 5. 


Exercise CLXXX. 


Solve the following equations ;— 

1. x+y=‘i2 ) 2, x+y^6 

x^+y^= i8xy j ,ic*+y* = 

5. ; r +>'«=5 


1 4x^y^ 


x-y ‘=4 \ 

2 r*-y^=i 24 J 


AT* + V* = 8 xy 


i 

} 


3 . a:+>'=12 ^ 
.i:^+y^=2i96 J 
6. x+y^S ^ 
X * + y * = 1312 J 


II. THREE UNKNOWNS. 

481 , The method of solution adopted in the following system of 
equations is deserving of special notice. 

Ex. Solve y;ar=a*...(l), ^*...(2), ;ry=^*...(3). 

Multiplying together, x‘^y*z*^a*b*c^ ; ♦ 

Taking the sq. root, xyz^^abc .(4) 

he 

Dividing (4) by (i), we have :r — ± — . 

Similarly, y^ — ^^ • 

These results are very useful and should be committed to 
memory. Certain types of equations may be reduced to this system 
by suitable transformations, as the following examples will shew. 
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Ex. 1 . Solve My + sr)* 80, y(s +.*■) = 72, + y )" 56. 

The equations may be written thus :— 

^y+xs=8o...^i)jys+xy=‘73...(2), sx+ys^- 50 ...( 3 ) 

Adding and dividing by 2, we have 
ys+zx + xy=i04 . (4) 

Subtracting (i), (2) and (3) separately from (4), we get 
yxss24 ; zx—32 and xy~48. 

Hence, using the method of the preceding example, 
we get x>^ ±8, +6 and s'= +4. 


Sx. 2 . Solve (;r+y)(:r+ar)= 56.(i) 

(y+s(^ + x)^77 .(2) - 

{ 3 +x){s+y)=S 8 .(3) 

Putting 7^ and 7 e/ for v+r, ar+jr and ;r+_;V respectively, the 
equations become 


7 mf=s. 56, U 7 v ^77 and «r/=88. • 

Therefore «=» i 11, 7'=> ±8 and w= ± 7. 

Hence^+5'= -fell, ar+^r-* ±8 and x-\-y= ^7 . ■ (4) 

Now adding and dividing by 2, we have 

x-^y 4 rs=^ ^13 . ( 5 > 

Subtracting (4) separately from (5), we have 
+2,^=» ±5 and ar= ±6. 


Bx. 3 . Solve xy-\-2{x-^y) = 2o — (i) | 

^jr+2(£r+;»:) = 24.(2) ^ ■ 

j^2r + 2(>' + ^)*=38.(3) j 

Adding 4 to each of the given equations, we get 

(;r+2)(^+2)=24, (s’+2)(;ir+2)=»28, (j/ + 2)(ar + 2) = 42. 


Now, putting «, 7> and 7 e/for a:+ i,j'+2 and .7+2 respectively, 
the equations become 

uv—24^ 7«/«=28 and 7m—42, 

Therefore »=Je 4, ^=±6 and Ttv ±7. 

Hence ;«r»2*or —6,_y*a4 or —8, 0-»5 or —9. 


Ex. 4 . Solve — +>')“ 4(2^+ 

x-k-y 


Here, 


xyz 


A Of ^=* 5 ^* 
yzxs 
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Similarly, * + — s 
yz XX 


, 1 ^ * 

i and - + - = .iV- 
xzxy 


Adding and dividing by 2, wc have 

' . I I • 

- + + =- 
yz zx xy 

/, ^s=s 12, sx^aZ and xy=6. 
Hence x-^- ±2, y= and 5:= ±4. 


183. Next, consider the following .system of equations 
x+y+z>=a^yz + sx+xy=d, xyz^c. 

We have {x~x){^x —y)ix-~z) = o, {identically') 

or x^ -^{x-k-y ^■z)x*+ {yz-\-zx-\-xy)x — xyz^o. 

Now substituting in the above from the given equations 
jr* - a.r*A r — —o. 

This equation may be solved by resolving the left side into 
•factors, as the following example will shew. 

Bx. Solve ,r + )/ + ^= 9.'i) \ 

yz + zx + xy=‘z6 .(2) !' 

xyz=2/^ .(3) j 


Proceeding as in the above Art., we get 
x^ -9^* +26^—24=0 
or (at —2)(.a: — 3 )(a:-4) = o ; ;»r = 2, 3, or 4. 

Nrfw from the nature of the question, each letter at, sr may 
have any one of the three values, provided that the other two values 
are given to the other two letters ; 

.'. A' = 2, 3 or 4 ; ^=4, 2 or 3 ; .5 — 3, 4 or 2. ♦ 

Exercise CLZZXI. 


.Solve the following equations 
1 . x*yz^a^yy*zxs=b^^ z*xy^c*, 

a^x b^y 


2. 






c-^z 


I. 


3. 


y*z^ 


z^x^ 


x'*y'^ 


1. 


4 . xy^rX^ry^ 19, xs+x+z==*2^,yz+y+z=>2g. 

5 . ji:y+ioI.r+j^)-2i, y« + io(>' + ^)« 32 , ^3r+io!;r+0)*=32. 
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• 6. + a(x+y)=xs + a(x + 5) + a(y +ir) = 3a*. 

7. xys^2x+2y+7^i(3x + 3j/ + 4s)=i(6x+j5_y+5j7). 

8 5x + 4jf + 3 s=‘ 48 xj/s "j 9. 3.*:-47+75=0 ' 

3;t:+67 +55==-46jr75 >- 2;ir—y- 25 =o “ 

,r + 27 + 35= i 8 ;t 75 J 3;»:^-;'2 + « 3 -aig ^ 

10 . x(y + sr)==‘6, y(5+jr)«= 12, 5;;«;+7)—10. 

11 . x+j/ + s—x-j/3 — 6,j/z + :.x + xy=tl. 

12 . Jir+7+5— 1 /^:+i/j> + i, 5 = J, ^75= I. 

13 . a:+ 7+5=23, )/5+5,r+;r7*i 170, .r;'5 = 40o. 

U. xy3 = \(x + y)-i(y + 7) = ^(j^+x). 

15. vly +5) = 26,7(5 + r j = 50, 5(.r +7)=56. 

16 . -r®+^+jr5= 18,7*+.rv+7s —27, 5* + 3:5+75 “ 36. 

I 

III. PROBLEMS PRODUCING SIMULTANEOUS 
QUADRATIC EQUATIONS. 

483 . 'I'he following are ilhi.stralive exanjples. 

£z. 1 . The sum of two numbers is 14 and the sum of their 

oubes is 854. Kind the numbers. 

Let .*■ and 7 denote the numbers. 

By the question, :r+7« 14.(i), jr^+7^=a854 .(2). 

Dividing (2) by (i), .r*-;r7+7* =»6i. 

J^ut -xy+y*^{x+y)*-3xy ; .'. 61 = 14X 14-3;r7, or .*7-45. 
Now, (r-7)* = (.5+7)*-4rj'= 14 X 14-4x45 = 16 ; 

x—y» + 4 ) Hence by addt. and subtr., we get 
and .r+7= 14 J 4^=9 f)r 5 .'ind7=5 or 9. 

Thus the numbers are 9 and 5. 


Ez. 2 . A dealer sold 60 bullocks and 80 sheep for/fj. 1060; 
but he sold 42 more sheep for ^j.90 thjan he did bullocks for /?.r,45. 
Find the price of each. 

Let X be the price of a bullock in rupees, 
and y .a sheep. 

Now, for ;ffjr.9o, he sells sheep, and for Rs.43, ~ bullocks. 


By the question, 6ojr + 8o7= 1060 
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From (i), 3 ^+ 4>'=53 or 

From (2), sox-i4^=>iSy-— .( 3 )- 

Substituting the value of x in (3), we have 

10(53- 4 >') " WS3 4 y) = 15J>'j 
which reduces to 56^/* - 907^ +1590=0 ; 
whence=2 or VV* and ;r—15 or &c. 

Hence the price of a sheep is /^r.2, and of a bullock is A’j.i5. 


Ez. 3 . Find two numbers such that their sum, product find 
difference of their squares may be all equal. 

Let x+j^ and x-y be the two numbers. 

Then their sum = 2jr, their product «=.r* 
and the difference of their squares “ +j/)* - (2:-j/)* =4:r>'. 

By the question, 2X=i4xy .(i), 2X‘=x*-y* .(2). 

From(i)_y=sJ ; and from (2 2;r=.r*-^; or 4 -r*- 8 ^-1 =0. 

*=S(2±v/5)- 

Hence .*'+^=J(3± ^5) and x-y=s^(j ± ^5) arc the numbers 
required. 

Note. The above step in assuming the numbers should be noticed, a> 
it simplifies much the solution of problems of this kind. 


Ex. 4 . In going a quarter of a mile along a straight road the 
hind wheel of a bicycle turns 11 times more than the front wheel. 
Had the front wheel been 3 inches longer in circumference than it 
actually is, the hind wheel would have turned 16 times more than the 
front wheel. Find the circumference of each wheel. 


Let X be the circumference of the front wheel in feet, 
andj'.hind wheel. 


I ^20 

Now, on the first supposition, the hind wheel ^jjakes-— turns 
I ^20 

and the front wheel —— turns, in going over ^ of a mile or 1320 ft. 


By the question, - 11 = .(i). 


X 


1320 


On the second supposition, the front wheel makes turns in 
going over \ of a mile. 

By the question, .(2). 

y ^ + i 
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Subtractinjf (2) from (i,', we have 

1320 1 330 I ][__ i_ 

X .r + i* X xiri~ 264' * 

4Jr*+Ji:-264=0, or (jr-8K4^ + 33)-o. 

.r=8 or- V and -*.^'=7^ or &c. 

Hence the circumferences are 8 ft. and 7^ ft. 

Exercise CLXXXII. 

1 . The product of two numbers is 63 and the difference of their 
squares is 32. Find the numbers. 

2 . The difference of two numbers is 4, and the difference of 
their cubes is 316. Find the numbers. 

3. 'rhe sum of two numbers is 10 and the sum of their cubes is 
370. Find the numbers. ' 

4. Find two numbers* whose sum is 32 and the sum of whose 
•squares is 544. 

5. A rectangular enclosure is half an acre in area, and its 
perimeter is 201 yards. Find the lengths of its sides. 

6. A labourer undertakes to carry a load a certain distance, 
agreeing to take 8a. for each maund moved one mile. He earns 
/is.40. 8a. and the distance in miles exceeds the number of maunds 
carried by 4'05 Find the load and the distance. 

7. In a mixed number the integer is 98 times the fraction. The 
numerator of the fraction being unity, and its denominator less by 7 
than the integer, find the mixed number 

8. A man being asked his age, answered, ‘ If you multiply my 
two digits together, the number formed will be ray age 22 years ago, 
and if you add all the digits of the two ages you will have one-third 
of my present age.’ How old is he ? 

d: The sum of two numbers is six times their difference, and 
their product exceeds twice their sum by ii. Find the numbers. 

10 . A and B gained by trading 100. Half of A’s stock was 
less than B’s by ^j.ioo ; and A’s gain «ras loths of B’s stock. What 
did each put into the stock, and what are the respective shares of 
the gain ? 

11 What fraction will be increased by when unity is added 
to both numerator and denominator, and diminished by when 4 is 
subtracted from each of them ? 

12 . The sum of the three sides of a right-angled triangle is 12 
inches and their product is 60 cubic inches. Find the lengths of the 
sides. 
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13 . If one year be added to the tenth part of the sum of the 
squares of the ages of two brothers, the total will be seven times the 
difference between their ages ; and next year the elder will be half as 
old again as the younger. What are their ages t (c. a. 1881.) 

14 . The fore-wheel of a carriage makes 20 more turns than the 
hind-wheel in 600 yards ; but if the circumference of each were 
increased by 5 yards, then the fore-wheel would make only 15 turn^ 
more than the hind-wheel in 900 yards. Find the circumference of 
each wheel. 

15. The figures which express the pounds and the pence in d 
certain sum of money will change places if £2. 19J. 9^/. be added 

it, and those which express the shillings and the pence would be 
interchanged by subtracting 2s. gd. What alteration would be^ 
produced in the sum of money by interchanging the figures which 
express the pounds and shillings ? 



CHAPTER XXIII. 


HARDER GRAPHS. 

I. NOTES ON QBAPHS OF OUADBATIC EXFBESSIONS 
} AND OUADBATIC EQUATIONS. 

484 . The following notes will be of great help to students ir, 
understanding graphs of quadratic expressions and quadratic 
equations. 


1 . Graph of —;r*). 

Let -x^) ^ then 


This evidently represents a circle,_ I 

whose centre is the origin and radius A'^ 
a, (as shewn in Fig. i). 


N.B. In the circle PN*-AN.A'N, 
which gives = — A*. 


. 0 a? N /A X 



Fig. I. 


2 . Graph of 

J{c^ -{x -a)*}. 

Let^=^+ ; 
then {x - a)* +(y~ d)* =* c*. 

This evidently represents a 
circle, whose centre is the point 
(«, d) and^ whose radius is c, 
(as shewn in Fig. 2). 



Fig 2. 



528 


MAiRICULATION ALGKKKA. 


3 . Graph corresponding to the equation .r* - 8:1: +_;/* - 6^=o. 

The equation may be written (j^~4)* + (jl'-3)* = 25, 

which evidently represents a circle whose centre is the point (4, 3) 
'inr] radius 5. 


4 . Graph of 2 + ,^ 7(6 — 4.r — .r*). 

Let v/(6 - 4-r - 

(j'"2)**=6-4.r-;ir®= lo-(^*+4.tr + 4)= io-(:»r + 2)*, 


/, (.t“ + 2)* + (y —2)*= 10, which represents a circle whose 
centre is ( — 2, 2) and radius >/(io). 


5 . Graph of — 

a 


Let " y/{a^ —x^) ; then 
a 



which represents an ellipse, whose 
semi-axes are a and (as shewn 
in Fig. 3). 



N.B. 


In the ellipse PN* g|.^(CA 2 -.CN*), 
which gives j/* = ^(a*-jr*). 


6. Graph of i ^'(*5 

Let v'( 25 - 9 ^*) ; then ^ « r, 

Jl 

5/4 

semi-axes are 5/3 and 5/4. 





I, which represents an ellipse, whose 
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7 . Graph of 

Let»thenj^*+9.c* = 25. 

y* 

.. which represents 

an ellipse (as shewn in Fig. 4). I 

liere the major axis is vertical B'l 


8. (rraph of - ij{a* ~ (■*■ - 1 *)*}. 


I 1_V 

-Ci -). 


Let _F -= V {a* -{x- <:)*} ; 


Fig. 4- 


/, + (O’ ^vhich represents an ellipse whos 

centre is the point, (c, o) and semi-axes a and b. 


9. Graph of d±, ^ J{a* - (a: - c)*}. 


\jtty^d±^^ ; then *“ *» 

represents an ellipse, whose centre is the point (c, d) and semi-axes 
’a and h. 


10. Graph of 
{“laxx^). 


B p 


Let v= " Ji2ax-x*) 
a 


Cl N 


Fig. 5. 


• • ('-?)■ 4. ^^y t, which represents an ellipse, the origin 
being the vertex At (as shewn in Fig. 5). 


M.A .—34 




Fig. 6. 

11 . lhaph oj ^ 

Let ^ V(,T*-a*); 
a 

then which represents a hyperbola, where centre is the 

origin, (as shewn in Fig. 6). 

Qpa 

N. B. In the hyperbola, PN*= (CN*-CA*), which gives 

12. Graph of ^ J\{x - cf - 

i-et ^ ^{(^r - r)* - *} ; then (^ 
which fs a hyperbola, whose centre is the point (f, o). 

13 - Graph of ± J{2X^ - 4Jir+ 5). 

Let^= ± j;2Ar* - 4;r+5) 

= ± v'{2(^-l)* + 3}- 

'• 3“ 3/2 *’ 

which represents a hyperbola, 

*•■ whose centre is the point (1,0) and the 
transverse axis is vertical, (as shewn in 

“Tig. 7 .) 

Fig. 7 * • 
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14 . Graph corresponding to tJte equation 
3.r* - + 6;r - 8y - 7=o. 


The equation may be written thus 
3 (.r+i)*- 4 (y + i)*=6, 


. (x + i)^ 

•• 2 

centre is the 
conjugate axis 


Cy + i)* 

-- 3/2“ which represents a hyperbola, whose 

point (- I, — i), semi-transverse axis J2 and semi- 


15 . Graph of*^ 


Let y = - : then xy=a*. which 
X 

represents a rectangular hyperbola* 
whose centre is the origin and 
whose asymptotes are the axes of 
X and y, (as shewn in Fig. 8.) 

The transverse axis is the line 
AA' which bisects the angle 
between the axes of co-ordinates. 



N. B. In a rectangular hyperbola, CN. PN—a constant, which 
gives the equation xy=a^. 


16 . Graph corresponding to the equation 
xy-2x-^y^io. 


We have (:r-3)(y-2)=«i6, which re¬ 
presents 9 rectangular hyperbola, of which 
the centre is the point (3, 2) and asymptotes 
parallel to the axes of co-ordinates (as 
shewn in Fig. 9). 




532 


MATRICULATION ALGEBRA. 


t 

17. Graph of 2 V‘(ar). 


Let>>•B2^/(^Mr) ;thtny*=^4ax ; 

which represents a parabola, whose vertex 
is the origin, the axis the axis of the 
tangent at the vertex the axis of y and 4a 
the latus rectum, (as shewn in Fig, lo). 



The curve is symmetrical with respect to the axis of r and lies 
on the right side of the axis of y and extends to infinity. 

N- B. In the parabola, PN2aB4AS.AN, which givesj/^—4a;tr. 

Note. The graphs of sjx^ i 4 x^ &c! are all parabolas. 


18 > Graph of 2 ^^y^x - A)}. 

hety'^2‘/{aix^6)} ; 

then y* ’=>4a(x — A). 

If we transfer the origin to the 
point (d, o), the equation becomes 
y^B»4aXf and the curve is a parabola, 
(as shewn in Fig. ii). 



19. Graph of 

4a 

Let^ga -- , then .r‘sa4dy ; this repre- 

sents a parabola whose vertex is the origin, 
the axis the axis of y and latus rectum 4a, 
(as shewn in Fig. 12). 

N. B. The curve is symmetrical with 
respect to the axis of y. 


Y 



Fig. 12. 
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20 . Graph of — * 

-2(jc-1)*+2; 
thenj'—2= -2(jr- i)*. 


if we transfer the origin to the point (i* 2), the equation becomes 
- and the curve is a parabola, (as shewn in Fig. 13). 

N. B. Here the maximum value of is 2 and then 1. 
The axis of the parabola is the line AN and the vertex A, 


21 . Graph of yc* •Sx+ 10. 

Let ^= 3 ;r*- 82 r+io- 3 (.«*-f;r+V*) 

=»3{(^-i)*-V + V‘}*=3(^-xi* + V ; 
then y - V «3(^ " ^)*- 

Transfer the origin to the point (|, V) 
and the equation becomes yts^y^^ which 
represents a parabola (as shewn in Fig. 14). 



H. B. The curve does not cut the axis of x^ because the roots 
of the equation 34:* ~8jr+10«BO are imaginary. In this figure the 
scales of x and^ are different. 

The minimum value of y is V a>nd then Xfm%, 
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II. aSAPHS OF aUADBATIC EaiJATIONS. 

485- We shall now consider some graphs of functions of a 
degree higher than the first. 


Ex. 1. Draw the graph oiy—x^. 


Corresponding values ot x and^ may be tabulated as follows :— 


'x 1 

1 

... -5 

1 

i 

w 

-2 

- 1 

! 0 • : 2 3 1 4 1 5 

y 

1 1 

1 — 1 25 

, 1 
16 , 9 1 

1 1 

1 4 ! 

1 

1 1 ' ! 

! 0 j I 4,9 16 25 


If the above determined points are 
plotted and joined by a continuous 
line drawn freehand, we shall obtain 
the graph required, as shewn in Fig.i 5, 
which we see to be a curve. Such 
a curve is called a parabola. 

In the above Example we notice the 
following facts :— 

(i) We have from the equation .ir = 
^ Jy ; thus for every value of the 
ordinate v there are two values of 
the abscissa t, equal in wagniiude 
hut opposite in sign. Hence the curve 
is symmetrical with respect to the 
axis of ; so that plotting sufficient 
points in the first quadrant to deter¬ 
mine the forrq of the graph, its form 
in the second iquadrant may easily be 
obtained by joining corresponding 
points without actually plotting them. 

(ii) We notice that the graph lies 
wholly in the first and second quad¬ 
rants ; for, whatever value Ve may 
give to A-, we can never have y 
negative, and therefore no point on 
the curve will be found below the 
axis of X. 



(iii) As the numerical value of x increases, so that of y increases 
rapidly. Hence the parts of the curve on either side of OY meet 
only at the origin and then extends upwards and outwards to an 
mfinite distance in both the first and second quadrants. 
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Jt * 

Ex* 2 . Oraw the graph of j/=s2x -. 

4 

Tabulate the values of x and j as follows :— 


V ' JU 

9 i 

« 

7 

1 6 

1 

1 

1 - 

1 

1 ^ 

i 

1 


I i 

i 

0 

-1 

--2 

3 

—4 

i 

r 1 »o 

i 

.. 1 

1 1 

•0 

‘ 1 

T ! 

itj 

' i 

n 

4 

2 

1 

0 

- 2 

—4 

6 

-8 

1,1 

+ ; '-i 

.•>1 j' / ^ 

in 

» 

' .V .5 

1 

1 '.j 

1 

j ^’■'''5 

t 

j-ij 

T 

j 

0 


T 

1 'i‘25 

4 1 

1 

>'1-5 

1 ; 
- !5' 

I } 

■ ''75 

I 

! ^ 

1 

1 3’7 3 

1 

i 

1-7S 

) 

1^7s' 

0 

— 25 

5 

j -8-^3 

— 12 


Hlot the points (lo, - 5), (9,-2-25), (8, o), &c...(o, o), (-i,-2-3 5) 
...Cv'c. ; the resulting graph is shewn in Fig. 16, below. 



In the present case only three or four negative values ot v and 
y need be plotted, but more attention must be paid to the results 
arising out of positive values of .r. 

B. The equation can be written in the form — 

-4 (y-4) which shews that the curve is a parabola whose vertev: is 
the point (4, 4) and latus rectum 4. 

486. I'he curve obtained from the equationwhere a is 
('onstant, is called a parabola. If a is positive, the curve lies wholly 





536 


MATRICULATION ALGEBRA. 


above the jr-axis; but if a is negative, the curve will lie wholly 
below the xr^axisi The greater a is, the more rapidly does the 
graph recede from the T-axis. 


Ezeroise CLZXXIII. 

1 . Draw the graph of 

(i) Taking 0*4" as unii for x, o'l" as unit for^'. 

(ii) Taking i" as unit forjr, ot'' as unitfor^. 

(iii) Taking the x unit four times as large as the j unit. 

2 . Trace the graph of the equation x*^y. 

(i) When the unit is equal to thej^ unit. 

(ii) When the x unit is five times as Wge as the,r unit. 

w 

3 . Plot the graph of the equation 

(i) Taking the x unit equal to the y unit. 

(ii) Taking the x quit four times thejv unit. 

4 Draw the graphs of :— 

(i) (h) y*<^x. (lii) -x. (iv) ly^^x* 

5 . Draw the graphs of the following equations: - - 

(i) y = 8.x*. (ii)^'*«-4r. (iii) jr=>Ajr*. 

6. Plot the following: - 

(\) y^2X+ - . (ii) y—x-^x*. (iii) y»-+.r-2. 

4 4 

7 . Trace the graphs of:— 

C^) y—ix*^x + 2. (ii)^«=^*+;r+3. (iii) _y=2r*-;r+1 

8. Draw the graphs ofy">x* and x—y*, and shdifr that they 
have only one common chord. Find its equation. 


in. GRAPHIC SOLUTION OF GUADBATIC 
EOUATION8. 

I 

i 97 . If/ (x) represent a function of x, we can obtain an ap- 
proximate solution of the equation/‘(jr)«BO by plotting the graph of 
(^) *tttd then measuring the intercepts made on the .r-axis. 
These intercepts which make y^mo are the values of x and are 
therefore the roots of the equation /(x)-»o. 



GRAPHIC SOLUTION OF QUADRATIC EQUATIONS. 


s$r 


Ex. 1. Solve graphically the equation 2x*-¥^-iS=o, 
Put And find the graph of this equation. 


:c 

' 4 

3 

2 

I 

0 

-1 

-2 

—3 

“4 
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32 

18 

8 

2 j 0 

2 1 8 

18 
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- 13 -14 

m 
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-17 

-18 

-19 

y 

21 

6 

“5 

-12 

-15 

j -4 

- 9. 

0 

*3 


Take the unit for x twice as great as that for y. 

Join the points (4, 21), (3,6), (2,- 5), (1,-12), (o,- 15), (-1,-14), 
-2, —11), (-3, o), (—4, 13). The resulting curve is the graph of 
'=s2ar*+jr-15 and is shown in Fig. 17, below. 



N. B. The equation can be written in the form >'+-111=2(jr+|:)\ 
which shews that the curve is a parabola whose vertex is (- i, 
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and latus rectum (ienerally when the terms of the second decree 
form a perfect square, the curve is a parabola. 

Now the equation 2x*-\rX—i^—y is the same as the equation 
2.r*+A'-15 = 0, if 

Hence to dnd the roots of the latter equation we note the points 
ph the curve where y=o^ and these will give us the value of x 
which we have to find. 

• At the points P and Q where this curve meets the .r-axis, y — o , 
perefore at these points 2.r*+.r- 15 -0. 

* But OP and OQ are the values of .r at these points ; 

they are the roots of the given equation. 

.At P, .f =»2'5, and at Q, x~ — 3. 

Hence we see that the roots are 2*5 and - 3. 

Verification. 2 X* -15 =0, or {ix- - 5)(;r + 3) = o. 

/.tr., 2,r-5=oand jr~2’5. 

■^ + 3 = 0 and x= -3. 

iience the solution is correct. 

r 

£z. 8. Find graphically, correct to one decimal place, the 
roots of the equation 2;tr* + 6r-5 = 0. 

Trace the graph of _y = 2,v* +6.r - 5, 

” I ” ' ”1 ' 1 1 
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Take the unit for x twice as great as that for/. 

Plot out the curve from the points thus obtained as shewn 
in Fig. 18, next page. 

The equation is satisfied when 2,ir* + 6^-5=0,when y=o, 
<?., where the curve cuts the ^r-axis. , 

It will be seen that there are two points on the curve where 
—o, namely the points P and Q. 

.At P, (nearly), and at Q, x— - 3’6 (nearly). 

Thus the roots, required are *6 and — 3*6, 
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Verification. When a =-6, 

3ji:*+6a'-5 = 2(-36) + 3*6- 5 = 72 + 3 6 - 5= -'68. 

Thus, when 2x^ +6jr — 5 is nearly zero. 

Hence *6 is an approximate root. In the same way we can 
verify the fact that — 3'6 is an approximate root. 

Or thus : Since 2.r®+6;ir—^*=0, 

.'. ^ = l(-3± s/Fg). 

If we take 4*358 as the approximate value of the values 

of X will be found to be - 3*68 and *68. 

N. fi. The equation to the curve is + =2(2: + '^)* which shews 

that the curve is a parabola whose vertex is (- 3 ,-V) and latus 
rectum 

£z. 3. Draw the graph of 7'»A:* + 3ar, and from it deduce the 
roots of the equation jr* + 32r-4=o. 
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f 

Tabulate the values of x and y as follows :— 



3 

2 

I 

0 

— I 

— 2 

-3 

-4 

-5 

-6 


9 

4 

I 

0 

I 

4 

9 

16 

25 

36 

3^ 

9 

6 

3 

0 

-3 

-6 

-9 

-12 

-IS 

~i8 

y 

18 


4 

0 

- 2 

-2 

0 

4 

10 

18 


Take the unit for x twice as great as that for^. 

Plot the points thus obtained and we obtain the graph required, 
as shewn in Fig. 19, below. 



Fig. 19 . 

Now, we have to solve the equation x^^r\x - 4=0. 
Since;t*+3jr-4“0. 

Hence, we must And two points on the curve where 
The two such points are P and Q. 

At P, X'^ I and at Q, - 4. 

Hence i and - 4 are the required roots. 
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• 

N, B, The equation to the curve may be written 

which is a parabola passing through the origin whose 
vertex is the point and lattis rectum i. The equation to 

the curve + tnay be written y+V “(jp + D* which is the 

same|parabola having its vertex shifted downwards to the distance 4. 

488. Combination of two graphs. The roots of a quadratic 
equation can be more easily obtained by combining two graphs in 
the manner explained below. 

Sz 4. Solve the equation 15—0 graphically. 

Put y^s^x* .(i), then 2;'+;r-iS»o.(ii) 
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Now plot the graphs of these equations in the same diagrati.' 
and with the same units^ taking the x unit twice as great as the y unit 
in both figures. 

For (i), use the following values— 

I ± 0*5 +i 1 ± 1-5 I ±2 i ± 2*5 I ±3 I ± 3 - 5 . i 

y \ 0*25 2 25 I 6-25 i2'25 


Thus we obtain the parabola POR. 

(ii) We know this to be a straight line (Art. 279;. 

The intercepts of (li) on the a.\es are 15 and 7 5 ; hence the 
graph of (ii) is the straight line PR. 

Now at the points of intersection, P and R, the ordinates of (i) 
and (ii) are the same for both graphs, iTe.^y is the same in both the 
equations y=^x'* and 2 .y-\-x—\^—o. Therefore at the points P and 
R, 2.r®+;ir - 15=0. 

Hence, from the diagram, we obtain the required roots to be 
2*5 and — 3. 


Exercise GLXXXIV 


1 . Solve the following equations graphically - 
(1) x*-4^o. (2) jr* + 7jf+i2=o (3) jr*-6jr + 5”o. 

(4) 4jir*+4A' —3 = 0. (5) 5.t* + 4A: —21 —o, to the nearest tenth. 

( 6 ) 4X^+4X—1^ = 0. (7) 6jr*--23.r+2i=o, to the nearest tenth. 

(8) 3!c*+i9;r+9s“0. (9) 2ijr*—13:1:--84=0, to the nearest teath. 

(10) 5;r*-9;r + 3 = o, correct to two decimal places. 


2 . Draw the graph of 4 x*-i 2 x+ 9 - What do you deduce as 
to the roots of the equation 4x*- i2x + <)=o. 

3 . Draw the graph of y=x* - 6;r+1, and use it to find the roots 
of the following equations 

(1) jr*-6;r + 5 = o. (2) ;r*-6;r+3«o. 


4. Plot the graph of 4x* ^4x- 35, and from it deduce the roots 
of the equation 4;r* = 4;r + 35. 

5 . Draw the graphs of y^x* and Joy+2ix— 13=0 in the same 
diagram, and deduce the roots of the equation io,r* + 2iA?- 13«“0. 

6. Draw the graphs ofy=x* and 2y-x—To^Of and deduce the 
roots of the equation 2x*""X+io. 
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7. Draw the graph of y={x - 2){x - 3), and deduce appro.\.imaie 
roots of the quadratic (^ — 2X^ — 3) = 7. 

8 . In the same diagram draw the graphs of 

y=x*^y-x-{-( 3 ^ y=.r-6, - .v+6, -jr-6. 

Hence discuss the roots of ihe four equations 

X* -x — 6 =o^x* — x -\-6 = o^ ;r* + :r-6 = o, ,r* + :r + 6 = o 

9. In the equation y= 5 :r*- 4 ;t--10, find the corresponding 
values of y to the values —2, —i, o, i, 2, 3 of x. Plot the graph and 
deduce approximate roots of the equation 5;r*=4;r+lo. 

to. Find graphically the roots of the following equations to two 
places of decimals :— 

(i) {x*-\-x — 7 = o \ (ii) x*- 2 x=^S ‘’ ("*) 4 ^:*-i6jr + 9 = o : 

and verify the solutions alg^raically. 

IV. UAXlttUU AND MINIMUM VALUES OF 
1) aUADBATIC EXPRESSIONS. 

Y • 

489. We have seen in the graph of y — x* (Fig. 15) that as the 

point moves along the curve from any position on the left of OY 
to any position on the right, the ordinate of the point decreases 
until it becomes xeio at O ; after this the ordinate begins to increase. 
The point O where this change takes place is called the tuniillg 
point of the graph. Thus the origin is iurnhi^poin/o( the 

graph y=x* and of all curves represented by the equation of 
the form y~ax^. 

490. W'hen a function (ordinate) increasing gradually reaches 
a certain value /*, which is algebraically greater than values near it 
and on cither side of it^ a is called the maximnni value of the 
function. 

When a function for ordinate) decreasing gradually reaches a 
certain value a, which is algebraically less than values near it and 
on either side of if a is called the minimiim value of the function. 

Thus, denoting a function by f(x) and then treating the equation 
y=:f{x) graphically, it will be evident that maximum and minimum 
values of/(;r) occur at the turning points, where the ordinate'> are 
algebraically greatest and least in the neighbourhood of such points. 

Sz. Draw the graph of_y='20 — 2.^*—3:r. Thence deduce the 
rodts of the equation 2:r* + 3ar - 20=0. Shew that the expression 
20 —2.*’* —3Jr is positive for all real values of x between 2*5 and —4 
and negative for all real values of x joutside these limits. Also 
find'the ntaximumi vaJluef of 20-'2ir* - 
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I 

Tabulate the values of x and as follows : - 



i/ 

1 ^ 

1 

1 ^5 

> 

1 

0 

-—I 

• -1-5 

—a 

- a'S 

““3 

- 4 


1 

— 

--9 

Ill 

-6 

___ 

-3 

0 

3 

4'5 

* 1 

7'5 

9 

1 

12 


:> 

JJ 


—18 

-.-5 

-8 


0 

-3 

—4‘S 

--3 


-18 

3 -■ 

- =0 

1 

^ i 

—34 

-7 


6 

15 

..0 

-M 

JO 

18 

»5 

11 

0 

■-5 


Faking the unit for x twice as great as that for y and plotting the 
above points, we have the required graph as shewn in Fig. 21, below. 



Fig. 21 . 


The roots of the equation 4*3^*-20ao are the values oi 
'which make j'a>o. These are to 'be found at the points P and 


Ov^ 
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where the curve cuts the axis of st. Hence the required roots are 
2*5 and —4. \ 

Again, between the points P and Q the curve lies above the 
axis of .*■; thus the value of or 20 — 2;r* — 3;!;, is positive so long 
as X lies between 2*5 and —4 and is negative for other values of x. 

The maximum value of the expression 20 — 2;«:* — 3 ;j: is the value 
of the greatest ordinate in the graph, vis. 21. 


Verification. We have 20 —2;r*-3;»: —20+iJ—(2.r* + 3x- + g) 




Now ^ Jz.x-¥ positive for all real values of x except 

when .*■= — in which case it vanishes, and the value of the expression 
reduces to 2ii, which is the greatest value it can have. 


N. H. The equation to the curve may be written y —— 
2 {x-{- 'i)* which shows thatfthe curve is a parabola whose vertex is the 
point (-?,-!!-) and latus reAum The ordinate of the vertex is 
the maximum value of y. In all similar cases the ordinate of the 
vertex is either the maximum or minimum value of y. 


Exercise CLXXXV. * 

1 . Find graphically the minimum value of 4;r* —3,r + 2 for real 
values of x. Verify your result by algebra. 

2 . Find graphically the maximum value of 5+4.r —2.r*. Verify 
algebraically. 

3. Draw the graph of ^ = i)(;r“ 3), and find the minimum 

value of (:r—i)(x:-3). 

4. Find the maximum value of 35+4x — 4;r* for real values of 
and verify the result algebraically. 

5 - Prove graphically that the expression x^ — tx+j^ is positive 
for all real values of x. 

6* Between what limits must the value of x lie if the expression 
i9A:~2;t*-35 is positive? Find the limits graphically and 
algebraically. 

7. Find graphically the minimum value of 4 .r* —20X+35. 
Verify by algebra, and write down the corresponding value of x. 

8 . Prove graphically that the expression -6 is negative 

for all values of x between ~ 2 and 3, and '.positive for all values cf 
X outside these limits. 

9. Draw the graphs of x* and 2 ;ir + 3 . By means of them find 
approximate values for the roots of —— 3 «»o. 

Ip. Draw the graph of + and use it to solve the 
equation 2jr* + 62: - 5—o. 


M.A.—35 
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V. GKAPfeS OF CISCLES. 

491. T he distance OP of any point P (a*, _y) from the origin 
= Hence any equation of the form a*+^*=< 1*, where a 

is a constant, represents a circle, whose centre is at the origin, 
and whose radius is of constant length a. 

Ex. Draw the graph of a*+>/* = 25. 

We may write the equation in either of the following forms :— 
ii)>'=» ± vC25-^* ; (ii) ± n/ 25 -j/*. 

(i) Tabulate the values of x and^ as follows ;— 



A* 25 16 9 o 9 16 25 

^ _ _ _ _ • I 


I I 

25-A* o 9 j 16 25* 16 I 9 o 

I o ±3 ±4 ±5 I ±4 ±3 

Here, we see that*for each value of x, there are two correspond¬ 
ing values for_y, numerically the same, but opposite in signs ; hence 
u follows that the graph is symmetrical about the axis of x. 

Similarly, from (ii) we see that the graph is symmetrical about 
the axis of j'. 



Fig. 22. 

Also, we note that the greatest value which either r orcan 
have is 5. Hence the curve is limited and lies between the lines 
r*=+5, :r= -5,>^- + 5, >'".-5- 
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Plotting these points and joining then), we see that they all lie 
.n a circle, whose centre is the origin and whose radius is 5, as 
•hewn in Fig. 22, above. 

191. Distance between two points. Let P be the point 
and Q the point {a, d) ] draw PN, QM perpendicular to the 
.^\'is of X and QR perp. to PN. 
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Fis- 23. 

PR«PN-NR=j/-^, and QR = ON - OM - a. 
Xow, PQ*=*QR».fPR* and /, PQ= ^/(QR»+PR*). 
Thus PQ* 

Hence the distance between two points {x, y) and (n, d) 
= V^{f£C-«#)* +f//-d)*}. 

Also OQ« ;J(Oh/t» + MQ*)^ 


493. Equation of any Circle. We have already found the 
equation of a circle whose centre is the origin. It is easy to find 
the equation of art^y circle. 

Let the centre of the circle be at I he point A (a^ t) anr let its 
Mdius be c; then if P {x^y) is any point on it, 

we have, by Art. 492, a)* + (.y-^)*=AP* = f*,. (i) 

which is the required equation. 

Sz. |1- Draw the graph of —Sar —6v«»o. 

The equation may be written {.v-4)®+(y — 3)* «25. 

/, V{(A'-4)* + f;'-3)*}»5- 

Thus the graph is a circle, whose centre is at 4, 3 and whose 
radius is 5. 
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Ex. 2 . Solve graphically the simultaneous equations 
(i) ;r®+>'*==6l, (li) 3j' = 4.r-2. 

The graph of (i) is a circle. Since the equation is satisfied 
by .r = 5,^=»6 (the point P), the graph may be drawn by describini^ 
a circle with centre O and radius OP. 

The graph of (ii) is a straight line* which cuts the a\es at the 
points (0,-3), (>, o). 



Fig. 24. 

1 his line produced cuts the circle at P and Q. The co-ordinate-- 
of these points are (5, 6) and (- 4 .’ 36 , — 6'48) ; thus the solution (>f 
the equations is given by 

^•=5, and - 4‘36,_y== -6*48. 

Exercise GLXZZVI. ^ 

Draw the graphs of theibllowing :— 

1. ;r*+^* = 36. 2 . ;r*-fj»=- 64 . 3 . 4 . = 

5. a*+^*- 6 a'- 8 j=o. 6 . ,t*+y* = 49. 7. a® + j/*=i6. 

8 . A*+r**I2. 9 . A®+^'* = 8. 10 . A®+J® = 20. ' 11. A*^+>^*=-35 

Shew that the following equations represent circles and find 
their centres and radii : — 

12 . .r*+y®- 4 A+ 6 j + 7»:o. ^ 3 . a®+^»+6a+4j/+4«-o. 

14 . 4 ^* + 4 y*~i 6 A+ 8 >'+ii=o. v> 15 . a*+J'®-6a + 4^ + 3=o 
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Kind the equations of the following circles :— 

16 . Centre (-2, 3), radius = 5. 17 . Centre (-ij, —2J), radius = 6. 

18 . Shew that the equation (where «, d, c are constants) 

.V* + y* 4- rtj; + /ij/ +1 = o 

represents a ciicle .'^nd find Its centre and radius. 

19 . .Solve the following equations graphically :— 

(i) a :*+>'*“41 ] (i») = \ ("») ^*+^* = 85 I 

2 3 -^ + 2J'“T3J 2jr = y+5 ] 

20 . Solve the following equations graphically :— 

.r* +>'* — 4,r — 2;' + 1 =0, 2 x - 3/ = 3. 

VI. FRACTIONAL FUNCTIONS. 

494. Infinity. Considei the frac'tion^ whose numerator a has 

r certain a<!siifne/i inilue byt who^e denominator .a; is a variable 
/uantity\ then it is plain that as x diminishes the value of the 

fraction - increases. 

X 

Kor instance * 

a a a , 

— lotf, «= roootj, — - = 10000000a, and so on. 

•1 'OOI ooooooi 

Thus we see that by giving to x a value small enough we can 
make the fraction ajx larger than any assigned number, no matter 
how large that number may be ; 2. e. if x be made less than any 
assigned quantity, the value of the fraction a.x ran be made larger 
than any qu.antity that could be named. This is expressed by 
saying that, 

when x — o. the value of is 00, 

X 

■for any number less than any assigned number however small is 
termed Z 6 TO and is denoted by the symbol o, and any quantity 
greater than a quantity that could be named is termed infinity and 
5 denoted by the symbol 00. 

.Similarly, if ;r is a quantity which gradually increases and 
finally becomes greatei than any quantity that could be named, 
the fraction ajx becomes smaller than any assigned quantity. This 
's expressed by saying that 

whed ^^eo, the value of is o. 

X 

Again, when the quotient a'x is positive, a,o is said to be 
positively infinite (+ 00); when rt'.v is negative, ajo is said to be 
negatively infinite ( — 00), and so on. 
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£x. Draw the graph of .ry —8. Shew that it consists of two 
infinite branches, one in the first quadrant and the other in the third 

0 

The equation can be expressed in the formj/=a^ . 

(i) It will be noticed that when and when jr = oo ,y=c 

Also is positive when x is positive and negative when x is negative 
Hence the graph must lie entirely in the fir^t and third quadrants. 

(li) If (.r,_y) is any point on the curve, ( —.f,-_y) is also on the 
curve, for if.rj/=8, ( —= 

Hence the part of the curve in the third quadrant is exacllj 
similar to the part in the first quadrant; or, any chord of the curve 
through the origin is bisected at the origin. 

Tabulate the values of x and y as follows 


±o ±1 ±21 ±4 ±6 3:8iiti2 ±i6 


±0® ±8 , ±4 I ±2 




±1 


±5 i ±i I - ! ±° 



Fig. 25. 
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Plotting the above points, we s%e that the graph continually 
approaches the ;ir-axis in such a way that for a sufficiently large 
positive value uf x we obtain a point on the graph as near as we 
please to the ;r-axis but never actually reaching it until ;r = ao. 
In the same way the curve approaches indefinitely near to the 
axis of y, but never meets it. Such a curve, having two branches, 
called a rectangular hyperbola. 

Such lines are called asymptotes of the curve. 

£z. Solve the;following graphically :— 

(i) x-y^ 3 1 (ii) .r*+^* = 65 ) 

xy = 28 f xy^28 j 

In each case we require the graph ofjrj/=28. Proceeding a? 
above, we find that the curve is a rectangular hyperbola lying in the 
first and third quadrants. 

In (i) .r—j> = 3 is a straight line QS making intercepts 3 and 
— 3 on the axes. 



Fig. 26. 

In (ii) is a circle. As the equation is satisfied by 
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-r = 4^ j'=7, the j>raph can be drawn by findinjjf the point P (4, 7) 
and describinjj a circle with centre O and radius O**. 

The roots of (i) are the co-ordinai 's i.i and Ci ; that is, 

^= 7 ,J' = 4 ;or ar=-4,>=-7. 

The roots of (ii) are the co-ordinates of P, Q, R, and S ; that is, 
.r = 4, y = y ;x = 7 ,j = 4 ; -7,;/=* -4 ; 4:=-4, ^=-7. 

Exercise GLXXXVII. 


1 . Plot tYui ^jraphs of the followinjf : - 

(i) xjf=i. (2) ;r^ = 4. f3) 16 (4) xv=$2 

(s) XV^12. (6) rj-35. (7)(S) Xf=40. 

2 . Solve the following equations graphically : — 


(,) .r + v-T5 1 

.r;'=36 J 
(4) x+y=> 7 1 
xy=J2 J 

( 7 ) X - 2 V = 


(2) X-J^^- 

( 5 ) ^*+y*- 2 o 

xy 

(8) .r* + i/*=i6 

L' 

x_y 


- 3 I 

:^l8 f 

-20 1 

= 8 f 

■:n 


(3) 

( 6 ) 


'”25 j 
.rv=i2 I 

3 1 

■r_y= 8 f 

2}/ = io") ^^(8) .r* + i/*=i6 I (9) x+jf^ g 1 
xj^ — So J xj^~6 ) xy^i6 J 

VII. GRAPHS OP ELLIPSES AND HYPERBOLAS. 
495 . The graph of ^ - jr>) is an Ellipse and that of 

f -rt*) is a Hyperbola (See Note). 


GRAPHS OF ELI.IPSES. 


Ex. Draw the graph of ^ ^(144-gx*). 

Letj/=iy/(i 44 -gx^). 

For each value of x, there are two equal and opposite values of 
The values of x and y may be tabulated thus :— % 


1 

+1 , 

i 

0 

- 4 - 

i 2 g 

■n 

+I 

J' ! *3 ± 

4 


0 i 


The curve is symmetrical with respect to the 
axes of X and J/, (as shewn in the annexed Fig.) 

Here, OAai4, OA'ss -4, 

OB sa3 and OB' = — 3, 
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Ex. 2. Draw the graph of + 72 ^+ 144 = 0 . 

The equation may be written thus : 16(;r — 3)* + 9(“ 4)* = 144. 

The values of x and y can be easily tabulated 
ind it can be easily seen that for real values of 7, 
r must lie between o and 6 and for real values of 
x^y must lie between o and 8. The curve touches 
both the axes of x and (as shewn in the annexed 

Here, AA'=s8 and BB' = 6. 


It is an ellipse whose major axis is vertical 
ind minor axis horizontal. 

Ex. 3 . Solve graphically 24:* + 3 >'* = 3 o...(i), jr*+^** 13...(2) 

The graph of (r) i? an ellipse whose centre is the origin, semi- 
ixis major (15) and semi^axis minor V (10), the axis major being 
horizontal. The graph of (2) is a circle whose centre is the origin 
ind radius (13). 

If the graphs be accurately drawn, it w^ll be found (as in the 
3 ''ig. below) that the values ofar are ±3 and xAy are :fc2. 

Here, ON = 3, 01VI=-3, PN = QM=2, P'N»Q'M=.-2. 

The four points of intersection are P, P', Q and Q'. 




N. B .—The unit of length here is equal to twice the length of a side 
)f the square. 
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Exercise bLXXXVlII. 


1. Draw the graphs of 

(I) 14 v'(36oo-25;r*). (2) J(64-3;r*). (3) 

(4) ^V(i25-:r»). (5) 25.r* +144^*-50;r-5767-2999-0. 

and determine graphically the limits between which x must lie in 
order thatj/ may be real and vice versa. 


2. Solve graphically the following equations 


(0 3^*+4;'*=**9) ( 2 ; i6.r* + 2Sj/*“4ool 

24J .r*+^*= 25 J 


4 X* + Sy* 

( 4 ) 2 X 
3x* + 4y 
(7) 2 y=x + S 
2X^ + 3y 
(10) A'*-/«2, 4 X^+y* 


,r* + 5^*= i2o) 
2;r*+y* = 204] 


+ ay=‘ 2 ) ( 5 ) >' = 3^+4 1 

l•4>'* = 43i j* = 25 - 2 ;r*J 

5 } 

— io.r==i9j 


(8) ;r*+r*—36 

3jr* + 4j/»-8^*»96 


( 3 ) X' 

2;r* +y 
(6) y=2:r + 3 
x*+y^ — 6x-~Hy = o 

2x* + 3v’ = 35 


I 


(9) _y=^x- 


' 20 . 


1 

1 


GRAPHS OF HYPERBOLAS. 

Ex. 1. Draw the graph of J J^x* - 16). 

Letj/=| 16). 

For each value of x, there are two equal and opposite values ot 
y ; X can have no value between 4 and —4 for real values of y. The 
curve is symmetrical with respect to the axes of x and y. 

The values of x andy may be tabulated thus :— 


I +4 ±5 i6 1 ±8 I ... 



As X increases, y increases. When x is infinitely large, is 
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infinitely large. The curve extends to infinity on both sides of the 
axis of (as shewn in the Fig. above). 

It is a hyperbola whose transverse semi-axis is 4 and conjugate 
semi-axis 3. 


Ex. 2. Draw the graph of 

.r * -y'^ - 6.V + 8;^=o. 

The equation may be written 
thus :— 

rhe curve is a rectan;*ular hy¬ 
perbola whose centre is the point 
(3* 4) i X can have no va^ue be¬ 
tween 8 and - 2 for real values of 
(as shewn in the annexed Fig.). 
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Ex. 3 . Solve graphically^ = 2.r-F3...(0 >T*” 2 r*= 23...(2). 

The graph of (i) is a straight line and that of (2) is a hyperboi i 
of which the transverse axis is vertical. To solve the two equation^ 
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graphically is to find practically the co-ordinates of the points of 
ntersection of these two curves. The P'i^. above gives the graphical 
solution. 

P and Q are the points of intersection. It will be found that 
the abscissa of P is i and of Q is —y, and the ordinate of P is 5 *ind 
that of Q is — 11. 


Exercise CLXXXIX. 

1 . I.)raw the graphs of 

(0 W{^*-36). (2) a*->*-36. ( 3 ) 


(4) 

- i 2 .r-|- 16 ^= 0 . 

(5) >'*- 2 .t*-b 4 T“ 0 . 



2. Solve the following 

equations graphically 

• 

:— 

0 


(2) 2/=.V-b5) 

(3) .r* + )/* 



y^-2x‘^~ 643 

2A* - 

(4) 

57 ) i 

( 5 ) y= 2.1 + 31 

( 6 ) y + i 


3 A*- 4 v**= - 52 J 

2^^* -3A*-f 6.V = oJ 



VIII. MISCELLANEOUS GEAPHS OF THE SECOND AND 

HIGHER DEGREES. 

496 . The following are illustrative examples. 

Ex. 1. Draw the graph of * .. 

I-ct y = —^—; then v{A-f i) == r. 

A-HI 

If the origin be transferred to the point f—i, o\ tlie equation 
becomes A^= I. which is a rectangular hyperbola, having the new 
axes for asymptotes. " 

The values of x anrl y may he tabulated for the original equa¬ 
tion thus :— 


1 I 

8 , 

b ' 

l -3 -* -I| 0 ! I 

1 1 1 II 

1 2 

1 

3 

■ * 2 

8 

CO 

1 i 1 

1 4 

1 ■* ' 
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The annexed Fij;. represents the 
ifraph. Here, the lines O'X and O'Z 
are the asymptotes, i.e. the straight lines 
which touch the curve at inlinitv. 



Ex. 2 . Draw the yrajili of \/y^-1 . 

d’he equation may btf written in the form 

{x— xY— \xy^ v\^ich shews that wdien .v = o, v=i. i ; 

and when ;' = o, x— i, i. The curve therefore touches both the axes 
at the points (i, o) and (o. It is a parabola, because the terms 
of the second degree form a perfect square. 


Hy tabulating the values of x and y, 
It wull be found that the annexed Kij^. re¬ 
presents the graph. 


Here, OA = i, OB=i. The line drawn 
through O bisecting the angle AOB is the 
axis of the parabola. The line AB is the 
latLis rectum. 



Note. The student who knows the properties of the parabola will 
easily understand these. The unit of length here is equal to twice the si<h 
of a .square. 


Exercise CLXL. 


1 . Draw the graphs of 


(0 

( 5 ) 


X + 2 

X * + 2 
X+ 1 


( 2 ) 


3 --^ 


(3) 


^ + 3 


+ 2 . 


If ' ' 

(6; y= - 


(4) 


■ f4-2 
A*+3 


( 7 ) x*- 2 xy+y^- 6 {x+y)-hgs:o 
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2. Solve the following equations graphically :— 
ii) y=x+i \ (2) y= 2 X I 

>'(2;r+i)=-i / .r*-2jiy/+/*-8(:ir+>') + l6»o j 

■ 3 ) A--^=2, ( 4 ) A*+^=5, 

■'5)/(a- 2 )=»i, ;c*+>'*** lo. .'6) Ay=i, + 


3- Trace graphically the chanties in the sign and mafjnitude 
of the following expressions as x increases from minus to plus 
infinity :— 

;i) 2ar*-3r+5. (2) 3.r-4T*+ro. (3) x^jix^i). 


'4) x + 


4 

x 


is) 


25 r* + 2o,r - 86 
30A-87 


( 6 ) 


(x~-2)(x -4) 

^-3 


4. Plot the graphs of 


'1 ^ • 


( 3 ). 


5 ) 1,- 

( 6 ) 

X 

( 7 ) 

(8) , 


5. Draw the graphs of the circle .r*+^* = 9 and of the straight 
lines 3 a: + 4v = I2, 3a + 4j/=i 5, and 3;r+4y=^ 18 ; and shew that the 
z’rcle meets the first in two real points, the third in no real points, 
ind that it touches the second. 


IX. HARDER GRAPHICAL PROBLEMS. 

497. The following.- are typical examples with theii^olutions. 

Ez- 1. One tap will fill a cistern in 4 hours, and a second 
will fill it in 6 hours. How I6ng will they take to fill the cistern 
running together ? 

Measure time horizontally along OX as shown in the diagram, 
'ind let OP (I in.) dravi^n vertically along OY denote the capacity 
of the cistern. 

Then OA is the graph of the first tap. 

From C, the point where this meets the vertical 6 hour line 
take CDai in. upwards. 
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)f the cistern filled by the two taps, runnings together, in time ON. 

Since BM = OP ; /. BM is the reqd. time = 2*4 hours. 

Ez. 2 . A workman is engaged for 28 days at 7 ?^. i. 4a. per 
d-ay, but instead of receiving anything, is to pay 8a. a day on all 
days upon which he was idle ; he receives altogether /^s.26. 4a. ; 
for how many idle days did he pay? 

Let OA represent 28 days and OB represent 35 rupees. 

# 

Phen OC is the graph of the money the man earns. 

Draw AD, OD being J4, the graph of his fines, from the point 
•A, instead of from O. 

NrAv, examining any ordinate PQN, we see that 

PN represents the money he earns in ON days, 
and QN. .. ..amount of his fines in AN days. 

Hence PQ represents the money he actually receives. 
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Fig. 28. 

Thus, take CE = 26|^ rupees, and draw EQ parallel to OC to 
meet AD at Q. Draw the ordinate PQN. 

PQ=EC*=36^ 

Hence ON represents the no. of days die is at work, 
and AN the number of days he is absent. 

P‘rom the diagram, AN = 5 days. 

Ex. 3 . A walks round a circular track one mile long in 30 
minutes, and B motors round it in 5 minutes in the opposite direction, 
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but Starting from the same point, braw graphs to shew when and 
where they meet, distances to be measured in A’s direction. 

Measure time horizontally along OX as shewn in the diagram, 
and OE vertically along OY to reprint one mile. 



Fig. 29. 


Then OC is A’s graph for one mile. 

Take € as B’s starting point; then EF is his graph for the firs: 
3 min. 

Then B is at tl^e starting point. Hence we take LG as his 
graph for the next 5 min. 

Similarly. MH is his graph for the third 5 min. and NK is his 
graph-for the fourth 5 min. 

The points P, Q, R, S, where these lines meet, give us the times 
reqd., which arc 4, 8, 12, 16 minutes from the start. 

Also the distances are 352, 704, 1056, 1408 yds. from the start. 

Ex. 4 . A, B and C run a race, of 180 yards. A and C start 
from the same point and at the same time, and A covers the distance 
in 40 seconds, beating C by 30 yards. B, with 12 yards’ start, beats A 
by 6 seconds. Supposing the rates of running in each case to be 
uniform, find graphically the relative positions of the runners when 
B passes|the winning post. 

Measure time horizontally and distance vertically as shewn in the 
diagram. 

Take O the starting point for A and O ; then OE, representing 
12 yards, on the vertical axis, denotes B’s starting point. 

M.A.— 36 
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Fig. 30. 

A’s 'graph is drawn by joining O to the point F, which marks 
40 seconds. From this point measure a vertical distance of 30 yards 
downwards to D. Then since FD represents 30 yards, D is C’s 
position when A is at the winning post, and OD is C’s ^aph. 

Along the time-axis take a point P denoting 34 seconds ; then 
EP is B’s graph. 

Through P draw a vertical line to mf'et the graphs of A and C 
in Q and R respectively. Then Q and R * mark the positions of A 
and C when B passes the winning post. 

By inspection PQ and PR denote 28 and 54 yards respectively. 

Thus B is 28 yards ahead of A and A is 54 yards ahead of C. 

Ex. 5 . A man walked a certain distance at the rate of 4 miles 
an hour, without delay ran part of the way back at the rate of 6 miles 
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an hour for half-an-hour, then waited for 12 minutes, and walked the 
remaining distance home in ^ hour. The whole journey took him 
2^ hours. Find the distance. 

Measure time horizontally and distance vertically as shewn 
in the diagram. 



Now OA is the graph of 4 miles an hour, BG is the graph of 6 
•miles an hour (the distance.run) and BEmi 2 min. the waiting time. 

Take hour. Through D draw a vertical line to meet 

OA produced at C. Then CE is the graph of his walk at the end 
of the journey. 

Hence the vertical distance of C from OX will give the 
required distance. 

Thus, from the diagram, di^ance reqd.s:5‘2 miles. 
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SzerciBO GLXLI. 

1 . Two taps, A and B, fill a cistern in loand 20 hours respec 
lively. In what time will they fill it together? 

2 . Two pipes together can fill a cistern in 8 min., and one of 
them alone in 24 rain. How long would the other alone take ? 

3 . A man can do a piece of work in 5 days, and a boy in 
10 days. What fraction of the work will they do working together 
for 2 days ? 

4 - A alone can do a piece of work in i ( days, and B alone 
can do it in 17 days. How many complete days they would take 
to do it together ? 

5. A cistern has three pipes A, B and C ; A and B can fill it 
in 4 and 5 hours respectively and C can empty it in 2 hours. If 
these pipes are opened in order at noon, 1 o’clock, and 2 o’clock, 
find when the cistern will be empty. *■ 

6- A labourer is engaged for 30 days on condition that he 
receives 2s. bd. for each day he works, and loses is. for each day he 
is idle : he receives £2 ys. in all. How many d.ays does he work, 
and how many days is he idle ? (c. E. 1869.) 

7 . A travels at the rate of 7 miles an hour, and B at 2 mile-^ 
an hour round a circular track one mile long, starting at the same 
time from the same point in the same direction. Find the first 
three times when A passes B. 

8 . man walked from A to B at the rate of 3 miles an hour, 
bicycled back without delay for 2 miles at the rate of 8 miles an 
hour, and walked the remaining distance home at the rate of 2 
miles an hour, taking 4 hours over the journey. How far is it from 
A to B ? 

9. * A walks at the rate of 2 miles an hour, B at the rate of 
3 miles an hour, round a circular track i mile long, starting from the 
same point, and at the same time in opposite directions. Find the 
times of their first four meetings. 

10 . A man receives /(s.2 for every day that ^e works, but 
is fined 12a. for every day he is absent. After 25 days he receives 
^r.28. How many days was he absent ? 

11 . A man receives Re.i. 12a. for every day that he works, 
but is fined 8a. for every day he is absent. After 20 days he receives 
the same wages that he would have earned by working steadily for 
11 days. How’ many days was he absent from work ? 

12 . Two sums of money are put out at simple interest at 
different rates of interest. In the first case the amounts at the end 
of 6 and 15 years are Rs.260 and ^J.350 respectively. In the second 
case the amount.s for 5 and 20 years are J?s.330 and i?r.420. Find 
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i^raphically the year in which the'principal with accrued interest 
" 2 - same in the two cases. .Also from the graphs read 

olf the value of each principal. 

13. A can beat B by 20 yards in 120 and B can beat C by 
10 yards in 50. Supposing their rates of running to be uniform, 
tind graphically how much start A can give C in 120 yards so as 
to run a dead heat with him. If A, B and C start together, where 
.ire A and C when B has run 80 yards ? 

14. A man w'alked a certain* distance at the rate of 4 miles 
an hour, and then ran part of the way back at the mte of 6 miles 
an hour, walking the remaining distance home in 15 minutes. The 
whole journey took him i hour 20 min. How far did he run, and 
what IS the distance ? 

15. A tap which would fill a cistern in 3 hours, and a plug 
which would empty it 'm 7 hours, are both opened at the same 
instant, when the cistern is jmpty. How long will they take to fill 
the cistern ? 



CHAPTER XXIV. 

PROGRESSIONS. 

1. ARITHMETICAL PROGRESSION. 

498. Quantities are said to be in Arithmetical Frogreseioii 
when they proceed by a common difference. 

Thus, each of the following series is in Arithmetical Progression 
(A. P.):— 

3» 5» 7,. 

8 , 4, o, .. 

a, a + f/, a + 3 </, a 4 - 3 ^,. ^ 

the common differences being 2, —4, |;espectively. 

499. The common dilfBrence of the terms of an arithmetical 
progression is found by subtracting any term of the series from that 
which follows it. ' 

Thus, in the series a, a+</, a+2rf, <* + 3^,. 

the common difrerence = (a+rf) —+ + . —d. 

500. To find the «th term of an A. P. 

Let a»ist term, and ^—common difference. 

Then the series will be a, a + 2</, a + 3</,. 

where the coefficient of d in any term is just less by one than the 
number of the term of the series. 

Thus, the 5th terms*a+ 4^/; 

19th term=‘<i +18<^; 

30th term=‘a + 29((/; 

and generally, the ^th tfcrm=a+(^ — i)^^ 

Hence, if n be the number of terms, and if I denote the last or 
«th term, we have • 

{aia4-(n~i)cl. 

k 

Ez. 1. Find the loth term of the series i, 5, 9. 

Here a«i, ■■4, n^io. 

/. loth term-i+(io-i)x 4-1+9x4—37. 
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Ex- 2. Find the 13th term of the series-48, -44, -40,. 

Here -48, rf--44-(-48)=-4, «-i3. 

13th term* -48 +(i3-i)x 4= -48 + 12 X4*o. 

Ex. 3. Which term is 89^ of the A. P. lo, ii 13,.? 

Let 89I be the ^th term of the series; 
then, since the common di^erence* 1 li -10* ij, 

/. 89i-io + (^-i)x li ; /, i 59 = 3 (^-i); * 

.•.^-1*53, and ^-54. 

Hence the required term is the 54th term. 

Ex. I. Is 576 a term of the series 11, 17, 23,...? 

Here, the common (difference = 17 — 11=6. 

Suppose, if possible, that 576 is the ^th term of the series. 

/. 576 = ii+(/>-i)x6 ; /. 1 

and ^*94j+ 1*95^. • 

The value of p being fractional, is inadmissible. 

Hence 576 is not a term of the given series. 

501 . Again, beginning at the end of the series, we may write 
down the terms by successively subtracting d. 

Thus, if the last term is /, the term it is/-</, the one 
before that is /— 2(/, the one before that is /— 3(f, and so on. 

502 . An Arithmetical Progression may completely be deter¬ 
mined if any two of its terms are given j for then we shall have two 
equations, each of the first degree, which solved will give the 
first term and the common difference. 

Ex. The 9th and 35th terms of an A. P. are respectively ^ and 
39^ ; find the series and write down the 24th term. 

Let d* first term and common difference. 

Then the 9th term«*a + 8rf and the 35th term*a+ 341/. 

Hence d+8</“i and d + 34 <f= 39 i» so that a— — iij, 

Thus the series is —Ilf, - lo^, — 8f, — 7^ . 

Also the 24th tcrm*d + 23 (f=> - nf+ 23x1- - Ilf+ 344—22f. 
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^ Exercise CLXLII- 

1 . Find the 

(1) 5th and 31st term in the series 13, 10, 7,... 

(2) 13th and 20th term in the series —3,-2, - i,... 

(3) 9th and io2nd term in the series 1, —i, —2,... 

(4) 16th and 51st term in the series - 11, 4, iQv 

(5) 13th and 50th term in the s^^ries —3^, — 2f,-2,... 

<6) 40th and 90th term in the series —2*8, o, 2*8, .. 

2 . Find the last term in the following series ; — 

(0 16, 155, i 5 f....to 80 terms. (2) 13^, 9, 4i...io 15 terms 

(3) 11, 17, 23,...to 95 terms. (4) <*, 2«, 3a,...:o 25 terms 

(5) 6a-3^, 4a-2^, 2a-~dy .to 25 te*-ms. 

(6) 5^1 + 33, 3a+ 2^, a + dy .to II jerms. 

3 . Find the «th term in each of the following ser es .— 


(i) 94-*a®+7| +.(C. F. A. 1884 .) 


, , I «+1 2« +1 . , , 

w .;c. K. A. 1886.) 

ft H ft 


( 3 ) («a-3) + («-l)ai+i(«- 2 )a + ^l +. 


(4) 

n n H 


™ (;-■;')* C-’-i')*. 

4. Find the 

< I) 30th and «th term of the series — 27-20-13 — . 


(2) /;th and (2»- i)th term of the series^——^ + . 

j ' 

^ 5. Which term of the series * 6 , 1*3, i ’ 8 ,.is 7 2 

^ 6. Which term of the series 3^, i, — i .is — 21* ? 

^ 7 . Is 544 a term of the series 64, 96, 128. 

Is —389 a term of the series 9, 5, i,. 

9. If the »th term of the two series 2+3I + 5I + .and 

i87'f 184^ +181^+.are the same, find n. 
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10 . The i8th term of an A. P.*of which i is the first term is 35; 
■^nd its 50th term. 

^l. The first term of an A. P. is 3 and the 13th term 55 ; find 
the common difference. 

12 . The first term of an A. P. is 17 and the 100th term-16 ; 
find the 30th term. 

c 13 . The 2nd and 31st terms of an A. P. are 7I and \ respec- 
’tively ; find the 59th term. • 

'^ 14 . Find the first term and the common difference of an A. P. 
whose 7th and 17th terms are i and-6J. 

15 . The 12th, 85th and last term of an A. P. are 38, 257 and 
395 respectively. Find the first term and the number of terms. 

% - 

503. Sum of the Series. To find the sum of a ^^iven 
number of termt in Arithmetical Progression^ the first term and 
the common difference being given. 

Let a denote the first term, d the common difference, and n 
the number of terms. Also let I denote the last term and .S' the 
required sum. Then 

+ (<i+<f) + (a + id) +... +(/—2^f) + (/*“rf) + / ;...(f) 

.\gain, writing the series in the reverse order, we have 
.5*rf) + (/-* id) +... + (rt + 2rf) + (<* + rf) +<*.. ..( 2 ) 

Now, adding together (i) and (2), we have 
2.S'.(a+/)4.(a+/) + (a+/}+...to.» terms 


. A S-“(o+t). (I) 

Also /<=« + (» — iW.(2) 

S-^{2a+(n-i)€i}.....*.(3) 

Z 


Note. To find the -sum of an A. P. of a given number of terms, 
'formula (1) should be used when the first and last terms are given, but (3) 
-should be used when the first term and common difference are given. 

Ex. 1 . Find the sum of 20 terms of the series 14, 64, 114,. 

Here, aBi4, ^>■64 —14^50, n^2io. 

.% N—*4+*9’<5o)-*ox978“-978o. 
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Ez. 2 . Find the 9th term and the sum of 9 terms of 7, 5^, 4,.., 

Here, a-7, - 1 ,/z“ 9 . 

.•./« 7 -»-( 9 -Ox - |= 7 - 8 x 1 = 7- 12= -5, 
and 5«{7-5 )x|-»2x|»9. 

Ez. 3 . Find the sum of 7 terms of the series . 

Here, a-|, ^ = 7. 

/. .S‘a-.4(2xi + 6x --»)n»4(| - i) = Jxo = o. 

In this case, the series, continued, is J, o, — 4 

.. where the first 7 terms together amount to zero. 


EierciBe GLXLlfl. 


1. Find the last term and sum of the following series ;— 


(I) 2 , 5 , 8,. 

..to 10 terms. 

(2) 3,9, 15. 

to 13 terms-. 

( 3 ) 7 , 5 . 3 ,. 

..to r4 terms. 

(4) 4 , - 3 i - lOf- 

.,.\o 20 terms. 

(5) t, y, 

..to 12 terms. 

(6) 5 , 8, ”,. 

....to 17 terms. 

(7) |» i‘t» tS. 

..to 6 terms. 

(8) . 

....to n terms. 

(9) 4O) 3 ^» 3^1 . 

..to 36 terms. 

(10) hh *,. 

..to 100 terms. 

2 . Find the sum of the following series : — 


2] 

..to 16 terms. 

(2) I, 3, 5 ,. 

...to 20 terms. 

( 3 ) 3 , 9 , * 5 ,. 

.to II terms. 

(4) >1 8, 15,. 

. to 100 terms 

/rN 7 4 

'.to 21 terms. 

(6) « -V’... 

....to terms 

\ji 9 l 15 * 153 ******* 

( 7 ) - 5 ,- 3 , 

,.to 8 terms. 

(8) I. ?, 4 . 

....to 15 terms. 

(9) 4, -3, -10,... 

• to 10 terms. 

(10) 1, 1 1,. 

....to 10 terms. 

<Il) I, 2 |, 4 |,. 

.to 20 terms. 

II2J 5, —TO, — T 5 ,* 

....to 10 terms. 

<13) i 2 , 9 i, 7 ,. 

.to 35 terms. 

(14) -17. -12, -7 

,.^to 11 terms,. 

(* 5 ) 15 , 1 , «,. 

.to 8 terms and yn terms. 


(16) «, 3 a, 5 tf,. 

.to n terms. 

(*7) 2 g, 3 t*V, 4 i,*” 

...to n terms 


(r8) .to 19 tetf-ms. 

(19) a - 3^, 2tf- 5^, 3a - ^b .to 40 terms and n terms. 

<2o) 3^+4^, 5;r+2^, 7 -*’».to « terms and (2/r 4*1) t^*ms. 

(21) 17}, i4i, loS,.to 24 terms, (r. p. e. 1883.) 

122 

<22) - , ^ -..to 20 terms. 

u a a 
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\ 

(23) (^+j')* + (Af“+>'*)+(jr-j/)* + .,*.to n terms. 

(C. K. A. 1880 ; P. I. £. 1891.) 

(2^ 3+4+8+9+13+14 + 18 + 19+ .to 20 terms, (c.f.a. 1881.) 

( 25 ) . 5^-i ..to n terms. 

n n n 

8. Find the sum of n terms of the A. P. whose 

(1) 1st and looth terms are 17 and - 16 respectively. 

(2) 12th and joth terms are 5 and 9^ respectively. 

4. The 8 th term of an A. P. is double the 13th term ; prove that 
the 4th term is double the ifth term. 

5 . If there are 6 terms in an A. P., the sum of the first and last 
is equal to the sum of the 3rd and 4th. (p. i. K. 1893.) 

» -- - 

504 . By means of jthe equations given in Art 503, when any 
three of the quantities a, d, /, «, j, are given, we may find the others. 

Ex. 1 . What number of terms of the series 10, 8, 6,.must be 

taken to make 30 ? and what number to ma^e 28 ? 

(i) J«=3o, A»io, — 2. 

30=-{20-2(«- i)}, from (3) 

2 

aa;/(ll—«); W* - IIW + 30SS0 

By solving this quadratic, we shall obtain «=* 5 or 6, either of 
which satisfies the question, since the term of the series is zero. 

(ii) J*a28, ass 10, — 2. 

/, 28=-{2o-2(«--i) 1, from (3) 

/, «* —IIZ/ + 28—0. 

Now, from the above quadratic, we obtain «*= 4 or 7, either of 
which satisfies the question, since the 5th, 6th, and 7th terms of the 
series, 2, o, —2 together=zero. * 

Ex. 2 . How many (erms of the series 3, 5, 7,.make up 24 ? 

Here, J"»24, a=3, rf=«2. 

^ n 

24*--{6 + 2(«—1)}«»«(«+2); w* + 2;/-24««o. 

2 

Solving this quadratic, we shall obtain or -6, of which the- 
first only is admissible by the conditions of the question. 
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Ez- 3. The sum of lo terms of an A. P., whose hrst term is 3, 
is 41^ ; nnd the common difference. 

Here, so that the equation (3) of Art. 503 gives 

4 ii = V(6+9<^)or 45^=1; .•.</««= 

Ez. 4 . The first term of a senes in A.P. is 3, the last term 90 and 
the sum 1395 ; find the number of terms, and the common difference. 

If /7 be the number of term^. then from (i) of .An. 303 we have 
•395= ^^(3+90); whence //«3o. 

If be the common difference, then we have 
90 —the 30th term 

= 3 + 29rt'; <^=3. ^ 

« 

Ezercise CLXLIV. 

1 . The first term of a series in A. P. is + i and the com- 
.mon difference 2 ; find r.he sum of n terms. 

^ 2 . 'I'he first term of an arithmetic series is 2. the comimin 
ditference 7, and the last term 79 ; find the number of terms. 

/ 3. The sum of 15 terms of an arithmetic series is 600 and the 
common difference is S ; find the first term. 

4 . The first term of an A.P. is 1315, the common ditfeience 
— 3, and the last term ^ ; find the number of terms. 

r' 5 . The sum of ii terms of an A. P. is 144, and the common 
difference is ^ ; find the first term. 

6. Find how many terms of the series 13, I2i, 11^.must 

be taken fo make zero. 

■7. 'fhe sum of a certain number of terms of the series — 7 — 5 
-44 -.is 133 ; find the number of terms. 

8 . How many terms of the series *7, '6, *5,.nflist be taken 

to make-24*8? 

9. Find n in each of the following cases :— 

' i) rt = 32» -3, j- -2075. (2) a**3, rf=6, j-507. 

f 3 ) ti- I, rf- i^, .f* 94 i. ( 4 J <1-2, rf--7, -438. 

10 . How many terms of 1*2+ 2*4 +3*6+&c. amount to 163*2 "i 

^ 11 . 'I'he first term in an A. P. is i, the number of terms is 33 ; 
what must the common difference be, in order that the sum may 
be 149I? (c. F. A. 1864.) 
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12 . How many terms of the series 5 + 7 + 9 + is;c., must be taken 
in order that the sum may be 480.^ (p. i. E. 1889.) 

13 . The 5th term of an A. P. is - 5, and the 11th term-23; 
find the 30th term and the sum of 30 terms. 

14 . The 11 th term of an A. P. is 36 and the 20th term 27,, 
find the first term and the sum of 25 terms. 

15 . The sum of the 8th and 4th terms of an A. P. is 24 and the 
sum of the 15th and 19th is 68. What is the series ? 

16 . The sum of 24 terras of an A. P. is - 18 and the 7ih teim 
IS 2. Find the series and the sum to 48 terms. 

17 . Find the last term in the series 20J, 204, 207,..., when the 
sum is 8217. 

18. If the sum of n terms of an A. P. be and the rommon 
diticrencc 2, find the first term. 


r 

505 . 'I’he following are typical examples with their bolution^. 

Ex. 1 . Find the A. P which is such thAt the sum of n term?- 
is always }«\3«+ i) for all values of n. 

Tst Method. Putting «= 1, the sum of one term, i.c. ist term =2 

Putting ;/ = 2, the sum of two terms—x2(3.2+7, ie., the 
I St term+the 2ncl term— 7, i.e. 

the 2nd term ■■ 7 * the 1 st term *=7-2 — 5. 

'I'he A.l^ is thus 2, 5, 8,... 

Note. This method is open to objection, for it is based on the 
lion th.at a series must be in A. P.y which may not sometimes happen, 

2 nd Method. Let .S'p denote the sum to v terms of the senes, 
so that .S'p. j w'ill denote the sum to {r— i) terms. 'I’hen 

the /'th term — — .s'L 1. 

Now Np = 5 /* + i/', and .Vp. i = 4(/'- i + 0 

Np - Np. I = S-{/'*-(/•- i)*J + -(?■- 1;} 

Then making r-i, 2, 3, &r. the result follows. 

Ex. 3. In an A. shew that the sum of any two terms equi¬ 
distant from the beginning and end is constant. 
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Let axtbe first term, ^=the common difference and/ethe 
•last term, so that the rth term from the end=/—(r-I)<jl. Art. 501. 

Also the /-th term from the beginningsa + (r— \ )d. 

Hence the sum of the rth term from the beginning and the 
nh term from the end 

srt + (r—i>/+/—(r—i)</ 

+ which is constant, being independent of 

Ex. 3. Find the middle term or terms of a series in A. P. of n 
terms, whose first and last terms are a and / respectively. 

First, Let n be odd,, and of the form 2/)+ i. 

Then, obviously, there will be one middli: term, the (/ 5 -t- i)th, 
there being p terms before, and p terms after it. 

Xow 2^+i=®«, ** P~W^— t' •'tnd p-\r \ —1). 

Hence the middle term or the +1 )th term 

—tf + - I + ^ V= i{ 2 a + («- i)d} =■ .i(a + /), 

(where d is the common difference). 


Secondly* Let « be even, and of the form ip. 

Then obviously, there will be two middle terms, vi::, the ^th 
and the f^+i;th, there being /-i terms before and;J—i terms 
after them. 


are 


Now,,2/»a«; /, and/>+i-«2(« + 2). 

• Hence the two middle terms, /. <?., the /th and (^+ i;th terms 

and respectively, ^ 

(where d is the common dififerenceV 

i.e. J{2a-f (« —2)//J and \{2a + nd) respectively, 

na + (n-2)l , — . l—a\ 

i.e. —;-^ and - , -- , (forrf=s- 1 . 

2(«-i) 2(;;~i) V «-i/ 

Note. The sura of the two middle terms 
«If 4<i + (2« - 2)</} = 2<i + (« - 1 )rfs=a +/. 


Ex. 4 . In the two series 2, 5. 8, &c., and 3, 7,11, &c., each 
continued to 100 terms, find how many^terms are identical. 



ARITHMgnCAL PROGRESSION. 575 

» 

Let the rth term of the first series be identical with the /th 
term of the second series. 

Then, by question, 2 + (/'- i)x3—3 + (/>- 0 ^ 4 * 

/. S'*- * = 4 />-1, or 3r=4^ ; 

Let «»;//, then P — yn and /, r<=^m. 

Now, since r and p must each be a positive integer not greater 
than loo, therefore ?// must not be greater than 25. 

Hence 25 terms are identical. 


Ex. 5 . If the sum of n terms of one A.P, be to the sum of 
// terms of another as i + 2« : 5 + 3«, find the ratio of their 4th terms. 


Let a “first term and ^=com. diff. of the ist A,P. 
and A— .and .2nd. 


rhen 


\n{2a-\-{n ~\)b} 2a + (»-i)b 
^mUA I )Bi^ 2A + (« - I )B 

Now to obtain the ratio of the 4th 

2<2 + 6 ^ 


I +2« 


S + 3 « 


r.(•) 


terms, 


we must find the 


value of 


a + 3b 

A+zB' ’ 


of 


2A + 65 * 


Therefore, making «=7 in (1), we have 

2« + 6^ a-¥ 3 b I+ 14 

- ■ I ■ — or --—— ssB -^ 

2^+65 A-^iB 5 + 21 


IS 

26* 


Ex. 6. Find the sum of the series in the «th group of 
4+ (6 + 8)+ (10 + 12+ 14)+ (16+18 + 20+22) +. 

The no. of terms of the series 4, 6, 8, 10,...in the first —1) 
groups is evidently the sum of the series i +2 + 3 + ...to («-1) terms 
-sj«(«-i). Similarly, the no. of terms of the above series in the 
first « groups = 4 m(w+I). 

Now, the sum of the series 4, 6, 8, 10...to yw(« +1) terms 

“ +1 )[2 X 4 +J+ I) -1J X 2] “ 4 «*(« +1 )* +1«(/| + I). 

Similarly, the .‘^um to i«(«-i) terms 

I i)*+ §«(«-1), (writing for «). 

Hence the sum of the series in the »th group 

+1)*-(«- i)*} + !«{(« + !)-(«“ i)J 
“ X 4« +X 2 - »(«* + 3). 
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Exercise CLXLV- 

1. If the first term of an arithmetic series be = j, and the- 
Lonimon difference•»w, the sum of n terms of the series i^ 

3 . Prove that the sum of the rth and («-r)th terms of an 
A.P. is equal to the sum of the first and (w~ i)th terms. 

3 . If the sum of n terms of an A.P. is always equal to w*, 
fur all values of find the first term and the common difference. 

4. The sum of the latter half of 2« terms of any Arithmetical, 
series—one-third of the sum of 3/? terms of the same series. 
Prove it. (C. F. A. 1876.) 

5 . The sum of n terms of an A.P. isf 2»* ; find the first term 
and the common difference, (c. f. a. 1878.) 

> 6. If the sum of « terms of an A.P. he pn *for all valuer 
of;»/, prove that its «th term is always (27/— i^p ^ q. 

7 . The sum of n terms of two series in .< 4 . A are as 1+37/- 
17- 2« ; compare their fifth terms and their T-th terms. 

8. If the /7/th term of an A.P. be n and the //th term 7// ; ol 
how many terms is the sum i( 7 // + 7 /)( 7 // + 7 *-1) and what is the 
last term ? 

9. The ^th term of an A.P. is a and the ^th term is b. .Show 
that the sum of the first (/ + ^) terms is 

I a + I • (M- P- A. 1887.) 

- 10 . If the sum of the first n terms of an A. P. be one-third of 
the sum of the next n terms, prove that the common difference is 
double of the first term. 

% 

11 . If the ip--q)th and,(/+^)th terms of an be/;/and 
7/ respectively, find the ^th and ^th terms. 

12 . The sum of the first ten terms, of an A. P. is to the sum 
of the first five terms as 13 : 4 ; find the ratio of the first term to- 
the common difference. 

13 . The sum of n terms of one A. P. is to the sum of h term.s 
of another as 27 r -|-1 : 3» — i ; find the ratio of their 9th terms. 

14 . If the sum of n terms of an A. P. be Tfti»(5-3//), find the- 
7th term. 
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k 

15 . The sum of m terms of an A.P. is «, and the sum of n 
lerms is tn. Kind the sum of {/u + n) terms and also the sum of 
{m - n) terms. 

18 . Sum to n terms the series whose nh term is 5 >' + 4 . 

17 . The sums of terms of two arithmetic series are as 
: 5 ^* "3 ; shew that their ninth terms arc the same. 

18 . Find the sum of 11 terms of an A. /*, of which I2i is the 

middle term. • 

9 

19 . Find the first term and common difference of an A.P. in 
'which the sum of n terms is equal to + 

20 . Find the sum of the series in the «th group of 

(1) 2 + .' 7 + 12 )+ (17 + 22+ 27 )+(32+ 37+42 + 471 +. 

(2) 1 f (8 + i5 ) + ( 22 +« 9 + 36 ) + (43 + 5 o + 57 + 64 ) +. 

(3) + 3 ) + ( 5 + 7+9 + ‘•') + (i 3 + ‘5 + » 7+»9 + 2i +23) +. 

21 . The series 3+9+ 15 + .. and 2 + 7 + 12 + ...extend each to 50 
terms ; find how many terms are the same in both. 

22 . The series 3 + 8 +»3 + ...and 4+6 + 8 + ...extend each to 
100 terms ; find how many terms are the same in both. 

23. Find the sum of 15 terms of an A. P. of which the 8 th is 6 . 

24. The sum of the first and fourth terms of an A.P. is 19 and 
the sum of the third and sixth terms is 31. What is the first term ? 

25 . The first and last of (2;/ + 1) terms of an A.P. are a and b. 

Write down the sum and the middle term of the series. 

26 . Find the rth term of a series the sum of whose first « terms 
is 32//* for all values of n. 

27 . If K be the ; 5 th, ^th, f-th terms of an A.P.^ shew that 

{q - r)P-p— qMi — o. 

28 . Find the sum of the first n rfumbers of the form 3/* +1. 

^ 29. The first two terms of an A.P. are i\ and 23. How 
many terms must be takai that the sum may be 171 ? 

3 Q. If s be the sum of an Arithmetic series whose first term 
is «, and common difference is 2 /j, find the number of terms and 
the last term. 


M A. —37 
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506. Arithmetic Means When three quantities are ii> 
Arithmetical Progression, the middle one is called the Arithmetic? 
Mean of the other two. 

Thus, if a,^ are in A.l\^ x is called the Arithmetic Mcatc 
{A.M.) between a and d. 

Ky definition of A.I*, given in Art. 498, we have 

x-a^b — x\ 2.v = rt + ^and *, x^\{a + b). 

Thus, the Arithmetic Menn of dtiy hoo quantities is half then 

sum. 

507. When any number of quantities are in arithmetical pro¬ 
gression, all the inteimediate terms aic called the Arithmetic 
Means between the first and last terms. 

Thus, to insert any number of arithmetic means between two 
given quantities, is the same as to determine an A.P. whose first and 
last terms and also the number of terms at^ given, 

508. To insert n arithmetic means bchaeen Nao quantities a 
and\s. 

Let d be the common difference of the required A.!*. 

Here, we have to find an A.i\ of in+ 2 ) terms, of which a is the 
first, h is the last, so that 6 is the (;/ + 2)th term of the A.i\ 

Now, the (;/ + 2)th term of a series, whose first term is « and. 
whose common difference is d, is 

« + {« + 2 - 1 ,W, i.e. a + {n+ i )d. (Art. 500} 

/, <1 + (;/ + I )d^d, or (;/+!)//*//-«; 


SI'he means may now' be easily determined ; for they are 
a dj a + 2d, aytj .a + nd. 

The /th 

Thus, on calculation, the means will be found to be 
na+b (n—i)ti-¥2b in - 2^/1 ■4-31^ a + nb 

n + i ’ w-i-i ’ «+i " .. n+i 

Ez« 1 . Insert 3 arithmetic means between 6 and 26. 

Here, we have to find three numbers between 6 and 26, so that: 
the ^ve may be in A./*. This case then reduces itself to finding d,. 
when am»6, b^^ib and n=s^. 
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We have 26=6 + 4^; »whence </= 5. 

§ 

Thus the means required are 11, 16, 21. 


Ex. 2 . Find the number of Arithmetic means between i and 
19, when the first mean is to the last as i 104. 

Let n be the number of means, and r/«=*the com. difterence. 

Then the 1st mean* i+^Z and the last mean* 19-rf. 

Hence, by the question, • 

I + : ig- rtf* I : 4 ; 4 + 4^/= 193. 

. 18 


. d — a 18 
Hut ; 

?/ + i w + 1 


»+1 


= 3, and /. //=5. 


• Exercise CLXLVI. 

^ • 

1. Write down the arithmetic mean of ^ 

(i) 7 and 13. (2)9and-9. I3) ;r+_>'and .r-y. 

2 . Insert 4 arithmetic means betweeft 2 and 17. 

3 . Insert g A.ul/.^s between 3 and 9 and 7 between —13 and 3. 

4 . Insert 4 A.A/.’s between 2 and - 18, and 8 between — 3 and— 

6. Insert 10 arithmetic means between —7 and 114. 

6. Insert 9 A M.'s between li) - 2^ and 4^, and (ii)- 3I and 2|. 

7. Find 4 arithmetic means betw'een 4 and 324. (c. F. A. 1890) 

8. Insert 10 arithmetic means between sa — 6d and sb-~6a. 

9 . Find the sum of n arithmetic means inserted between 
a and b. 

10 . There are n Arithmetic means between 3 and 17 ; and the 
5th mean : last mean :: i : 2 ; find n. ^ 


509. Natural Numbers The numbers i, 2, 3 , 4 , ...are called 
the natural numbers. 

Ex. 1 . F*ind the slum of i + 2 + 3 + 4 +.to n terms. 

Here, the «th term««. Hence jr*in(n. + l). (Art. 503). 

• 

Ex. 2 . Find the sum of 1 + 3 +5 + 7 +.to n terms. 

Here, the wth term*i + («-i)X2aB2«-s*i. 
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Heiu'e, +2// - !) = J«'/< 2n~H*. 

Thus, the sum of n consecutive odd numbers beginning ivith 
unity is #1-*. 

Ex. 3 . Find the sum of all the even numbers which are greater 
than 150 and less than 350. 

The first even number greater than 150 is 152 and the last less 
than 350 is 348, of which common difference is 2. 

If y/ be the no. of terms, we h ive 
348 * 152 + (;/ - ij X2, which solved gives // = 99. 

Hence, j = i x99x(152 + 348 X99X 500 ^24750 . 


Exercise CLXLVII. 

1 . Find the sum of the first 40 odd numbers which are greater 
than 150. 

2 . Find the sum of all the odd numbers between 100 and 200. 

3 L Find the sum of all the even numbers which are between loi 
and 999. 

4. Shew that, if unity be added to the sum of any number of 
terms of the series 8, 16, 24, &c., the result will be the square of an 
odd number. 

6. Find the sum of all the numbers between 100 and 500 which 
are divisible by 3. 

6. Find the sum of all the numbers between 100 and 1000 
which are divisible by 7. 

7. ' If <1, by f, d are in A.P , shew that + 

8 If a, by c are in A.P.^ prove that a*(^+f), and 

are in A. P. 

♦ 

9. If <1*, and be in A.P.. prove that and 

^ b-\-c' r+a a^b 

are in A.P. 

10. If the roots of the equation --a)2r +(a-=0 are 

equal, prove that 1^, and c are in A.P. 


510 . To find the sum of the cquarOB of the first n natural 
' numbers. 
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Let S be the required sum, so that we have 

5-I* + 2* + 3*^.. + 

We have ^(x- i'^ = — ; (identicaUy\ 

Putting w, «-i, w-2, .3, 2, I for ;r in the above identity, 

■we have 

—‘in + t , 

{n-Vj^-in — 2 ^sr 3 (?»-i) + t, 

(« - 2',^ -f;/-3'3 = 3(«_2)*-3(«-2)+ *, 


3»-2* -3.3* -3.3 +1, 

23_,3 -3!«B +T, 

and i^-o^ =3.1* -3-1 +i, 

Also there are n 8f these equations. 

Adding together the \)fertieal columns, we obtain 

n} -o* = 3(i* + 2* + 3* +.+ «*) 

— 3(1 -1-2+3 +•.+ «' + ;/X T, 

i.e w* = 3.S-3X - ^—+w ; (Art. 509, Ex. 1 .) 


• r- < 2 n^ + yt* + n 

.. 3 .S « 7/3 + •—-7/ = - - 

2 2 

7/(27/* + 377+O 7/'7/+,f''(77/ +I> 


Hence 5 - 


511 . 7 V> Jinti ihe sum of the cubes of the Jifst n natinal 

numbers. 

Let .S' denote the required sum, so that we have 
5 «al 3+23 + 33 +.+ « 3 . 

We have —f;r- i *=43:3 — 6.r*+,43r—i, {identically). 

Putting w, n-\^ 7/-2,...3, 2, i for 2: in the above identity, ave 

have 

— -6n* + 47 / — i, 

(/I - i)* — (n-2)*=^(n—j',^-6[n - i)*-+4f7i— 1 ) - i, 

( 77 *- 2)^- (77-3,* = 4 71 - 2)3 - 6 ' 77 - 2 )*+ 4 ' 7 /- 2 )- I, 


34-24 

-4.3* 

-6.3* 

+ 4-3 

- I, 

2 * - 1* 

=^ 4 . 2 ® 

- 6 . 2 * 

+ 4-2 

-T, 


=4.1® 

^- 6 . 1 * 

+ 4 t 

- 1. 
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Also there are n of these equations. 

Adding together the vertical columns, we obtain 

4(i^4-2*+3^ + ... + /*^) —6 Ci* + 2*4'3* + ... +//*) 

+ 4(j 4-2+3 + ...+«)-//x I, 

. ,, , //(«+I''(2//+0 . «(«4-i) 

le. * 4.S -6 X-2- + 4 ^ 

Or 2 

(Arts. 510 and 509 Ex. 1) 


== 4.y-;/(//+ i){2u+ i) + 2/i + — ; 

45= /i* + n{/i + I )a» + 1 ) - 2 ;/(// + 1 1 +;/ 

+]) + «(//+ i}{(2// + i}-2} 

= + —« + i)+(2// —1)} t 

= + +»)*• ' 


1 lence S-- 


H*' /r 4-1)^ 


I 


2 i 


Cor. Thus we see that 
l^+2^ + 3 ^ + ...+«^'= 


I;/(;/+ I 


(I 4-2 + 3 + ... + ;/)*. 


/. r*. y/zt’ of the cubes of the first n natural numbers is 

equal to the square of the sum of these first n natural ninnbers. 


512 . Problems. The methods employed in solving the 
following examples deserve special notice. 

£z. 1 . The sum of three numbers in A. P. is 21, and the 
sum of their squares is 179 ; And them. 

. Let the middle number be x and the common difference of the 
numbers be y, so that they are x—y^ x and x-^-y (this being a con* 
venient assumption in problems of this kind). 

Then, we have (x y) + x + (x +y) or 34r —21.(i)) 

and ix-‘y)*+x* + {x4 ry)* or 32:* + 2>® = i79,.,(2)J 

< 

From (1) X’^J and 2y* = 179-3A:*e=i79-147 — 32 ; .*.^=±4* 

Hence the reqd. numbers arc 3, 7, and 11. t 


Ez. 2 . Find Ave numbers in A. P. whose sum is 15 and the 
sum of whose squares is 55. 

Let X be the middle number and jz the common difference, so 
that the numbers are 2:-2_y, 2?-^, x^ xK-y and jr + 2y. 
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f 

We have then Cr-2y)-I-(;ir-v) + r4-(r+^)+f.f+ 2j/) = !$...(i) 1 
and (^-2j/;*+(j:-/)* + y* + (.»:+^/* + (.ir + 2>',* = 55...(2) f 

From (i) 51^=15 and /, 

From (2) 5r*+ iqy^ =“ 55 » or x* + 2v* =11. 

2>'*=a II - = II - g=2 ; = i i. 

Hence the reqd. numbers are 2, 3, 4, and 5. 

Ez. 3 . A man stands by a heap of 100 stones. How far must 
“he walk, carryinj,^ one stone at a time to place the stones separate¬ 
ly, at intervals of 10 yards apart, in a straight line having one 
■end where the heap is ? 

'Po carry the ist stone, the man shall have to walk 20 yds. 

.2nd.•.40 yds 

.3rd.60 yds. 

and so on, till he carries the ggth stone, for one stone should 
fl-emain at the place where the heap is. 

'riius, we have to sum the series 
20F40+60-F...to 99 terms. 

Hence, distance travelled on the whole 

= V{2 X 20 F 98 X 2 o}yds. = ( V ■< 2000 1 yds. = 99000 yds. 


Exercise CLXLYIII. 

1 . How many strokes a-d.ay do the astronomical clocks make, 
which strike from one to twenty-four.^ 

2 . How many strokes does a common clock make in 12 hours ? 
.iind how many, if it strikes also the half-hours ? 

3. P'ind the three numbers \n mA. whose sum shall be 21, 
and the sum of the first and second = ^ that of the second and third. 

4. There are three* numbers in A.P. whose sum is 10, and 
the product of the second and third is 33^ ; find them. 

6.1 Find three numbers in A.P., whose sum is 21, and the sum 
■of whose squares is 155. 

6 . Find three numbers in A. P, whose common difference is 
I, such that the product of the second and third exceeds that of the 
<irst and second by 
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7 . Find five numbers in AsP. whose sum is 40, and the sum' 
of whose cubes is 4720. 

8. Find five numbers in A. P. whose sum is 40, and the sum> 
of whose squares is 410. 

9. Find three numbers in A. P. whose sum is 21 and whose- 
product is 315. 

10 . A debt can be discharged in a year by paying one shilling 
the first week, three the second, five the third, &'c. ; re4uired the last 
payment and the amount of the debt. 

11 . Divide 25 mto five parts which are in A./^.^ and which are 
such that the sum of the squares of the least and greate.'^l of them 
is one less than the sum of the squares of the other three. 

^ 13 . A number of three digits is equa’to ?6 titnes the sum of 
the digits and the digits arc in A P ; if 396 be added to th? number, 
the digits are reversed ; find the number. 

k'la. One hundred stones being placed on the groun«l at the 
distance of a yard from one another, how far will a person travel, 
who shall bring them, one by one, to a basket, placed at the distance 
of a yard from the first stone ? 

y l 4 . A class consists of a number of boys whose ages are in- 
P., the common difference being four months. If the youngest 
boy is just eight years old, and the sum of the ages is ifeS years, 
find the number of boys in the class, (c. F. a. 1872.) 

15 . A sets out from a place and travels 2^ miles an hour. 
B sets out 3 hours after A, and travels in the same direction, 3 miles- 
thc first hour, 3^ miles the second, 4 miles the third, and so on. 
In how many hours will B overtake A ? 

16 . ♦A man saves each year/iV. to mere than he saved in the 
preceding year and he saves A'.t.i2o in the first year ; in how many 
years will his savings, not including interest, be moie than A'j. 1000? 

17. The sum of three numbers in A. P. is 18. Th»sum of the 
squares of the first and third exceeds twice the square ot the middle 
one by 32 Find the numbers, 

18 . A person is employed to count A’j. r2(X)o. He counts at the 
rate of 150 per minute for an hour, at the end of which time he 
begins to count at the rate of 2 less every minute than hA did 
the previous minute Find when he will finish his ta.sk, and explainii 
the fact that two solutions occur. (M. F. a. 1886 ) 
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p II. GEOMETRICAL PROGRESSION. 

513 . Quantities ai'e said to be in Geometrical Progression, 
when they proceed by a constant factor. 

Thus, each of the following series is in GeonieMcal Progres¬ 
sion {G. P.) :— 

3. 9 . 27 ,... 

4 » I, 

yi I 7i» T =>» 37^,.". 

a, ar, a;*, 

the constant factors being 3, r, re'ipectively. 

514 . The constant factor is called the common ratio of the 

series, which may be founfl dividing any tcrni of the series by the 
term pteceding. • 

Thus, in the series a, a?-, 

, . nr nt* ar^ 

the common ratio«• — = —= =a».. = r. 

a ar 

515. 7 V> find the nth term of a G. P. 

Let 1st term, and common ratio. 

Then the series will be ai\ at*, at^,... 

where the index ofr in any term is just /ev.v by one than the number 
of the term. 

Thus, the 7th term = <176 ; 

13th term = </;•'* ; 

30th term = rt»*^ ; 
and generally, the fih term = 

Hence, if n be the number of terms, and / denote the last or 
«th term, we have • 

/=x 

Ez. 1 . Find the 8th rt;rm of the series 8i, -27, 9. 

Hcjje a— 81, r= — ~ s> «=8 ; 

Hence the 8th term “81 x(-i'/ = 3^ X - A- 

3 3 

516 . When any two terms of a series in ricometrical Pro¬ 
gression are given, the series can be completely determined, for 
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then we shall have two equations to determine the first term and 
the common ratio. 

Ex. 2 . Find the G. P. whose 7th term is i and whose nth term 
’“5 TS- 

Here, we have i and ar** = iV- 
Thus, by division, and so / =• i- 

Hence that is, a = — 

Thus, the series is 64, 32, 16, 8,... 


Exercise CLXLIX. 

1 . Find the 1 

(i) 5th and I4lh terms of the series 9, 3,' i,. 

" (2) 6th and i6th lerms of the series 2, —3, 5,. 

<3) loth and «th terir.s of the scries 6, - 2, . 

(4) 8th and 17th terms of the series *6, ‘03, 0015,... 

<5) I2th and «th terms of the series — i, 3 , . 


; 2 . Find the «th term of the series v'3+ V+ +..(C.I'’.a.i886.) 
' J33J3 

'■! 3 . Write down tlie 12th term of the series 2,-2 J2, 4,... 

4. Find the last term of the series 3, —3*, 3*,...to 2 n terms. 

' 5. Find the/Jth term of the series a, a*, . 

6. * What is the fifth term of the G.P. whose first term is 3 and 
Avhose third term is 4 ? 

7. The 5th term of a P is 20 and the 8th term —160, find 

the ;/th term. * ♦ 


8 . The second term of a G. P. is 4 and the 5th term 256 ; find 
the series. 

♦ 

9 . The fifth term of a geometric series is 8 times the second 
and the third term is 12 ; find the series. 

Vio. The fifth term of a geometric series is 4 times the third, 
•and the sum of the first two is - 4 j find the series. 

11 . Find a geometric series, whose first term is’2 and 7th 
iterm is 3^. 
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12. liiven 6 the second term of «t. geometric series and 54 the 
.fourth, find the first term. 

13 . The ^rd term of a G.P. is 1, and the 6th term is —1 ; what 
is the loth term ? 

\\ 14. Find the scries in which the 5th term is 4J and the 9th 
term is 


517. Sum of the Series To find the sum of a given number 
of terms in Gcomeiriial Progression^ the first term and the common 
ratio beinggi7fen. 

Let a denote the first term, r the common ratio, n the number 
iof terms, and .S' the sum of the terms. Then 


S = a + ar + ar^+ar^-f-...-\-ar'^~' ] .(i) 

Multiply by r ; then 

.S>= ar+ar* + ar^ +... + ar"~^ +ar^ .(2) 


Hence, by subtraction of ft) from (2), \\e have 

Sr - .S' = ar^ — a ; 

i.e. S{r — I) -* a{r^ — 1) ; 

. aP* — a - 1 

.. S- _ -—r. 


Changing the signs in numerator and denominator, 

1-r" 


S=Ma 


l-r 


(2) 


Note. The form (2) ii the most convenient lo use when r is negative. 


If /denote the last term, we have 

.(3) 

so that the formula (i) may be writTen 

r.ar'^'* —arl-€t> , . 

.S=a-= ;. (4) 

r— I 1 

a form which is sometimes convenient to use. 

I 

Ex. 1 . Find the sum of 3-6+12'-...to 6 terms. 


Here, « =* 3, r = - 2, « = 6 ; 

3 {(- 2 i 6 -i} 3^64-1). 


/. .V- 


-2-1 


-63. 
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Ex- 2 . Find the sum of 4 terms of the series i, — s, Vv- 
Here, «=» 1, r--= - ; 

. r- ' 3 / 3* 3“^ ^ ^_2;6-8r 

■= - - ■- — ^ ‘ ' A 

3^ 


-5- I 


— “ — I 


■ = - X 

3 7 


i7<; 

7‘J-^ 


25 

.S7 


Ex- 3 . Find the sum of 2i — i + 5 -*&r , to 5 terms. 

Here, ^*=* 5 , r=-^, //=a5; . 

K 2\' 1 -2® 25 + 5* 

2 -;f--| 2 - i;- I ^ 2 I 

5 32 + 3*25^ 3157 

7’ 55 14.55 250' 

Ex. 4 . Determine the ;/th term and the sum of//terms ol' 

Here, a = J, r= - -:-1 = ~ ; 

/. ;/tb term = .U-:i)”■’ — .I,"'*, 

and 5 =i. ;. V,’ - A{| 

* V I / ;j 


Exercise CC. 

1 - Find the last lemi and the sum of 


(i) J +4+ 16 + &C. to 4 term.s. 
(3) 3 + 6+12 + &C, to 6 terms. 
(5) I-4+16-&c. to 7 terms. 
(7; 1+2 + 4 + &C. to 6 ternrjs. 

- 2 . Find the sum r>f 

( 1 ^ a +1 + /a + &c. to 8 terms. 
(3 } + I+S + &C. to 6 terms. 
(5) 9-6 +4-&c, to 9 terms. 


(2) 5 + 20 + 8o+<SI«. to 5 terms. 
(4) 2-4 +8— to S terms. 

(6) I -- 2 + 2*-&c. to JO terms. 
J (8) 81 — 27 + 9 - &c. to 8 terms. 

t 

12) ^ + i + f+&c. to 6 terms. 

(4) 3 - i + I'a - &C‘ to 5 terms. 

(6} too - 40 +16 - &c. to 5 terms, 
c 

I 
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3 . Find the last term and sum of the folio ving series : — 

'«(l) 1+2 + 44-8 +.to « terms. 

(2) 8 + 20 + 50+125 +.to « terms. 

(3) 1 +3+9 + 27 +.to 9 terms and to n terms. 

(4) I -2 + 2* —2^ +.to 10 terms and to n terms. 

(5) 3s + 2^ + ii +.to 8 terms and to « terms 

(6) 5-*-i + 4+.to//terms. (7) ^“f + 9“ to terms. 

( 8 ) *2+ '02+ 002 +.to//icrnTs. 

( 9 ) (li)"*+2"‘+(2 t;’* + .to 71 terms. 

V » I . t 

•^^Io) 7- + i+*-- +. to ip term>. 

^ J2 * 2^72 r 

*. Sum the following series ; - 

• (•) I - a +1 - &c. to 6 t^i ms. (p 1. E 1888.) 

1 • 

(2) a - (fr + 1 - &c. to 7/ terms, (c. F. a 1865.) 

I 9 

(3) ->-+ I+-.- + &C to 18 terms. (P. I. E. i8gi.) 

*^3 n ^3 • 

(4) 2+ y/2 + 1 +&C. to 77 terms, fp. i. K. 1890.) 

21 I 

(5) ' / + / + / +&C. to 10 terms. 

v ^3 \'3 2^3 

(6) 5y/x+ 7- + 3 %/■*■+ ^+ terms. 


5. Find the sum of 7/ terms of the following series 

(I) i+ 5 +a)*+. ( 2 ) I- 5 +S-V+...'. 


( 3 ^ TO — 2 + '.iV “. 


/.I3 

■ y/2 


(5) + a+ . ( 6 : jr-J/+--■^ +. 

X ax* 'XX* 

v '3 + ‘ j.. j.''3 -' ^ '■ 


618 . The following are illustrative examples. 

Ex. 1 In a (J. P.. shew that the product of any two terms equi- 
v:distant respectively from the first and the last terms is constant. 

Suppose a is the first term and r the common ratio. 
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Let the two terms be the ^th term from the beginning and the 
^th term from the end, both the terms inclusive. 

The ;)th term from the beginning = rtr**" *. 

Also, the / 5 th term from the end is the (//-;5 + 0 th term from, 
the beginning, and hence it is 

= a/"‘“p**"* 

Hence their product •ay**'* 

=«/=^i constant.. 

Ex. 2 . h^nd the middle term or terms of a series of n terms- 
in G.P. 


Let a, ar, a/*,...denote the sefies to n terms. 
First. Let // be odd. 

'I'hen there w'ill be one middle te^m, 77V. the 

* 1 ti -1 ‘ 



and it is =ar ^al. 

Secondly. Let even. 

Then there will be two middle terms, viz. the ^^h and 
terms, and they are 


th term., 


’^■^=11, 


■" « ^ 2 n - ‘j V 

at'^' and ar or ar and ar*. 

Note* It .should be noticed here, that the product of the two midclU 
terms 

ti - a « 

= ar * X ^ a*r^' * = a.nr "~* =a/. 


Ex. 3. Sum to » terms the series whose ^th term is (<- t 'ya.*^. 
' When / 5 = i, the first term = (— — a*, 

When P^iy the second term=/— 

When^=3, third term=(- i) 3 a**= -a**, and so on 
Hence, the first termr* -a+ and com. ratio= •'al 


• • -“ ^rjrrt; 


Ez. 4. The sum of the first 10 terms of a certain G. P. ijy 
equal to 33 times the sum of the first 5 terms. What is thd common 
ratio ? 

Let fl* the first term and r** the common rat 
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Then, by the question, we have 

«(i — r*®) a'l -r*) 

. = 33 - — 


33 , or >s = 32 


rs=2. 


Ex. 6. If -S’be the sum of an odd number of terms in G. P. 
and the sum of the series when the signs of the even terms are- 
changed, prove that the sum of the squares of the terms will be SS'. 

Let fl=the first term, r=the common ratio and 2«+i=no. 
of terms. Then 

S=a + af'+ar^ + . +ar*’‘= -- . 

1 -r 


and + . 


a( I 


1 +r 


• VC'- -(rV**! 

• • ..a" — .'a' 


I — r 

■ 


I - / 


Also rt* + {ar)* + («;*)* +... + (rt? *")" ~ 
Hence the result. 




I -f 


Exercise CCI- 

1 . If ill! the terms of a f 7 . P. he multiplied or divided by the 
same quantity, the resulting terms will form another G p. with the 
same common ratio. 

2 . If every alternate term of a G. i’. be taken away, the remain¬ 
ing terms will be in G. P. 

3. Shew that the reciprocals of the terms of a G.P., are in G.P. 

4 . If a. c, ti be in 6'./*., shew that ad^bc. 

5 > Shew that the product of any two terms of a G.P.^ which are 
respectively equally distant from the first and the last terms, is equal 
to the product of the first and last terms. 

6- From three given numbers whfbh are in G. A, three other 
numbers in G. P. are subtracted, and the remainders are found to be- 
also in G. P.y prove that |he three series have the same common 
ratio. (« P. E. 1890.) 

7 - If an odd number of quantities be in G.P.^ prove that the 
first, tl 4 e middle, and the last of them are in G P. 

8. If ab be the {2fn+ i,th term of a G./*., whose first term is a,, 
find the middle term. 
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9 . The sum of three terms in G P. is 63, and the difference of 
the first and third terms is 45 : find the terms. 

10 . When the number of terms of a series in G. P. is even, 
shew that the product of two terms equidistant from the beginning 
and end is equal to the product of the two middle terms. tP.i.E 1890.) 

11 . Show that the sum of n terms of a G P, beginning with the 
/ih term is times the sum of an equal number of terms of the 
same series beginning with the ^th term. (m. r. a. 1884.) 

12 . A G P. has 2/* terms. The sum of the n odd terms is 
equal to a and that of the n even terms is b. Find the G. P. 

13 . If there are si.\ terms in G. P.^ prove that the product of 
first and last is equal to the product of third and fourth. (P.1.K.1893.) 

14 . In a G.P. if the f/ + ^)th term®;//, and the — ^)th term=»« ; 
find the /)th and the ^^th terms, (ii. P. E. ifr88.} 

15 . The sum of the first four terms of a G 7 ^. is 40, and the 
sum of the first eight terms is 3280 ; find the series. 

1 6. Shew that the product of all the terms of a G. P. is equal 
to the «ih power of the middle term, when n is odd ; and is equal to 
the ^«th power of the product of the two middle terms, when n is 
•even (» being the number of the terms in each case;. 

17 . If rt, b, r, r/ be in G. P.^ prove that 

(1) a*b’^c*{a''^^^b~^^rc'^) = a^^\■b^ ■¥c^. 

(2) + b*-^c* and are also in G. P. 

(31 {a + b-\-c-\-d,^ = {a-\-b,-■^{c^rd)‘^ + 2 {b-^C)*. (C. K. A. 1900.) 

(4) (a —= (c F. A. 1900.) 

(5) (a* + ^* + ){b* ■^d^)-{ab -k-be ■¥cd)^. 

* 18 . If rt, b^ and c are in A. P. and z in G. P., prove that 

19 . If /\ Q and B be the />th, ^?th and ;th terms of a G.P. prove 

y>«*r ^r-p (H. iv E. 1889.) 

20 . Show that the 2^«th term of a geometrical series is the 
mean proportional between the //th and 3«th terms, (c.f.a. 1877.) 

21 . If a be the first term and nr**'' be the last term of a 
geometric scries, and ar^~' be the first and a the last term of 
the same series reversed, and if the terms of the first icries be 
divided by equidistant termsi from the beginning of the second, then 

the sum of the resulting series will be ^ . (C K. A. 1868.) 
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22 . If .S' be the sum, P the procflict and R the sum of the reci¬ 
procals of the series ar^ See. to n terms, prove that = 

(c. F. A. 1883.) 

23 . The common ratio of a series in (Geometrical Progression 

IS 3 ; the sum of the first and third terms is equal to the squares of 
the first and second terms ; find the sum of n terms. If n = 6 , shew 
that the sum is 364. (C. F. a. 1866.) 

24 . If ay dy Cf X be real quantities, and if • 

la^ + 6 ^)x*-~ 2 d(a + c)x + d* + c^=Oy 
prove that a, by c are in G. P. and x is their common ratio. 

25 . If S denote the sum ofa-^ar+ar* + .. and A* that of 

a + nr~' 4 rar~*-\- ., each to « terms, prove that /A, when / is 

the last term of the first series. 

26 . If S\y S\y .S'a be* the sums to n, 2;/, 3;/ terms of a (/ P. 
respectively, prove that 

(ii) Sy{S^- So)=={S2- S,)*. (B. p. k.*S 82 .) 

27 . Prove that in the product 

^ I ^ ^^ j ^1^ jc^ 

the coefficients of odd powers of x is zero, and of even powers 
unity, (b. p E. 1893.) 

28 . If« terms be in G. P.y whose common ratio is r, and S,„ 
denote the sum of the first m terms, prove that the sum of the 

products of every two terms = 


519 * Sum to Infinity. If r be a proper fraction, />., if / 
be <L I, its powers, r*, &c., will, a fortio'riy be also <: i, and 

therefore, ar* will be <; a : hence, instq^d of writing .5^=—— , m 

which fraction both numerator and denominatof are nej^^atiifey we 
may write, in this case, , 

^ _a — ar" _«_ ar* • 

^ ~~ i - r t — r i-r 

Now the greater we take the value of //, {i.e. the more terms we 

t ake of the series) the less will be the value of at"; and, by taking 
t sufficiently great, we may get ar^ as small as we please, only never 
;o small as actually to vanish. If ar* vanished, we should have the 

M.A.— 38 
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-sUP' of the scries: but since, however small may be the value 

I 

t)f <2/^, the second fraction will never actually become sero^ it follows> 
that the sum of the series will never actually reach the above value, 
though, by increasing «, i.e. taking more terms of the series, it may 
be made to approach it as nearly as we please. 

On this account, the Limit of the sum of the series, a+ar+ar* 
4- or sometimes fbut less correctly) the sum of the series 

,iii infinitum or the sum of an infinite number of terms, in which / is 

numerically less than unity^ —r ’ 

Note. is usual to denote the Limit of such a sum by s. 

£z. 1. Find the Limit of the sum of the series >+*+i+- 


Here, a— i, ; 

/ e. the more terms we take of this series, the more nearly will their 
sum *2, but will never actually reach it. 

Bz. 2 . Sum 2 t — 5+iV - - infinity. 

Here, <* = 25, > = - L 


/, reqd sum* * 


r+i 


- P V 4 I 


•i - 1 

TI — 2x5. 


520 . Recurring Decimals are examples of infinite geometrical 
series. Thus, for example 

28 28 

10*io 5 


•9282828 ... denotes Vo + + —t + 


Here the terms after Vb ^orm a iL y^, of which the first term is 

j t. . . I 

- r and the common ratio is - » . 

10^ 10* 

i * Hence the sum of an infinite number of lernis of this?.series is 
(*"7o*) thatis,Vu- * 

Therefore the value of the recurring decimal isi* 


9 ^ 

10 ‘ 990' 


+28 919 

990 " 990 


\ Note. The value of a recurring dedmial mav be found { 5 ractically 

Let *9282828. 

then lOJ— 9282828 ” 

and loooj** 928*282828. 

Hence by subtraction, (1000-10)^-928-9 ; 

so that 990J—919, /, 
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Exercise CCII. 

1. Sum to infinity the following series :— 

n) 4 + 2 + 1+. (2) i+^ + |+. (3) + . 

(4) f-i+3-.... (5) i-| + }_. (6)1-1 + /^-. 

7) 5 + i+ 1++ •••(C. F. A. i 888 .) ( 8 ) s + T*!r + ?\r +. 

' 9 ) 432 4-324 + 243 + ...(c. F. A. 1894 ^ (lo) ^ + + . 

Ul) 3-i+.4-i +.(c. F. A. 1876 ; 11 . P. E. 18 S 6 .) * 

( 12 ) 2 -j + 9 "r-... ( 13 ) 2 -ii + ;i-. ( 14)1 + 4 + /^+. 

15 ) 9 + 6 + 4 +. ( 16 ) 2 + 3 +:+^%+... ( 17 ) 3 :+ 2 i+m- 

• 8 ) -3i + is-t + ... ( 19 ) (i |)**+2 ‘ + (2?)'’+... ( 20 ) 6-3 + ^- 

( 21 ) 6 —3 + J-I +.(als<f to « terms), (c. f a. 1878 ) 

i' 22)'48 —36 + 27 - 20 y +.^Iso to // terms), (c. f. a. 1879 .) 

. ,'-111 , , I I 1 

* 10 ^ 10 * 10 ^^. 2 ~ 2 . 2 ^'*’^ 6 ”. 

' 25 ) I-x-{-x^-x^ + ...{x <Zl). 

2. Sum to infinity :— 

‘ i) \/3+ 'V ‘H-7" +.I'-A. 1886 .) 

v3 3 s/3 

( 2 ) ( J2+r) 4 - 1 +( J2-0 +.(C. F. A. 1887 .) 

'3)''(2+ n/3) + I+(2- s/3) + .(C. F. A. 1891 .) 

( 4 ) JI+n/S + W§ +. (5) i+(v/2-0 + ( 3 - 2 ^ 2 ) +. 

..i'>'> 

is) </p+^i+v/;+.(9) 

Y a ax ax* * 

( 1 +.^"(t^ ti+ir)**^* . • 

3 . ^Vind the sum of an'nfinite number of terms of the series 

^ c a b c a h c 

*+' + ^+ . 

ft 

^ 4. Find the values of the following recurring decimals :— 
fi) '2343434 . ( 2 ) -43285285 . ( 3 ) -75363636 . 
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V 

5 . If 2^ and i be the first and third terms of a (/. find the 
sum of the series ad infinitutn. 


V 6. In a C/. P. continued to infinity, the common ratio being les'r 
than unity, each term bears a constant ratio to the sum of all the 
terms which follow it. 


V 7 . 


Shew that 


a - ar-^ar^ — ar^ + 
u + or+ar^+ar^ + 


.. to /;// _ I - 
....to wf.~ i+r’ 


V 8. (iiven a and ^ the first I*.wo terms of a decreasing geometru 
series, find the sum to infinity \ and the sum of the same series to 
inf. commencing after the //th term. 

V 9 . The first term of a Geometric series continued to infinit> 
is I, and any term is equal to the sum of all the succeeding terms 
Find the series, (m. a. 


VIO. In an infinite G. P. whose ttfrms are all positive, tlie- 
cornmon ratio being less than unity, prove that any term is >, = 
or <: the sum of all the succeeding terms, according as the common 
ratio is - or :> (n. P. E. 1887.) 


t 11 . If .S’,, .s;.,....Sp are the sums of infinite (Geometric series, 
whose first terms are I, 2, 3,...^ and whose common ratios . 1 , t, 

respectively, prove that 

.S'i + .S2 + .Sj + ... + .S,, = ^^|^+3). (b. p. e. i888.) 

12 . If .S',, .S',, .S'a are the sums to n terms, 2;/ terms and i'> 
infinity of a G. P., shew that 

.V,(.S'i-.S ',1 = .S',(.S',-.S’,). (C. F. A. 1877.) 


621 . By means of the equations of a /^. given in Art. 517. 
we^nay find any one of the four quantities r, n, and s, when the 
other three are given. It is not, however, generally easy to find 
n, when the other quantities are given, because this quantity occurs 
in the form of an index. The student should be able to guess at 
its value in the s imple instances we shall here ^ve ; but in othei 
cases, it could only be fount! by the aid of logarithms. 

Ex. 1 . In 'a G. P. the fiist term is 4, and the sum of the first 
8 terms is 7fJ. Find the common ratio.*- 

^ _ I 

Here, «“ 4 , «*= 8 , and 5=731®= Va** so that 'W~ 4 --» 

' “t* 

which simplified gives 128^^-255^+127=0 ; 
or 256r*-5ior+ 254*80; /, (2r)* -1-255(2^- i)=o. 

Hence, 2r-i (being acorn. factor)=o, and /. 
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Ex. 2 . How many terms of the series 6,-2, 3...must be taken 
that the sum may be 4^4* ? 

Here, a= 6 , r= — l and .t = 41.2a “ Vifn® ; 
so that, if ft be the number of terms, we have 

729 ' ' ' 


Hence, {~\) 


,, 32S0 2 

- . 1 - X - = 


729 


—V- — -* =f — "8 
0301 3* 


// = 8 . 


5 ’i 2 . In the case of an infinite Cieornetric series, the cases 
tamsidcred in the precedin}^ Article arc much simplified. 

Ex. 1 . The sum of an infinite (j. P. is 4 and the second term 
IS ^ ; rind the series. 

Let a be the first term*and r the common ratio. 

Hence, - =s4...(i), and =■ i...f2) 

I - 

liy division, we have i — r) = ^ - 4 = 

r* — r 4 -TV. =0 ; whence r=^ or jj*. 

As both the values of rare less than unity, both are admissible. 
Also from (2) ■!-;'=»3 or i. 

Hence the series is either 3, v'tc. or i, &c. 

Ex. 2 . The sum of an infinite (icometric senes is 3, and 
the sum of its first two terms is 2’|. Find the series. 

Let a be the first term and r the common ratio. 


a 


Hence, ^ ”^=3...(i) and rt + rtr=2f ...(2). 

IJy division, we have - - ^ 

Q 

/, 1 - r*«s I - ^ ^ ; and r— -fc 

Hence, from (i) <*= 3(1 - r) = 3(i + J) = 2 or 4. 
Thus, the series is either 2, j, «S:c...or 4, — tSiA 


Exercise CCIII. 

1. How many terms of the series 2 — 3+ §— &c. must be taken 
that the sum may be — 8 yB ? 

'•^■ ^.VThe first term of a 6^. P. is 12 and the sum to 6 terms is 
39iH. Find the common ratio. 
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. 3 - The first term of a (/. /^ exceeds the second by 2, and the 
sum to infinity is 50. Find the series, (c. F. a. 1892 ' 

* 

4 . The sum of an infinite Geometric series is 2, and the second 
term is — find the series. 


6. if the sum of a Ci. continued to infinity be//times the 
first term, find the common ratio. 


8 . 

of terms 9, to find the common ratio. 

7 . The sum of a (r. P. whose common ratio is - 3 i.i - 1092 and 
the last term is - 1458. Find the first term. 

8 Given a = 5, r«4, /=* 327680 ; find .r and n. 

9. Find the U. P. whose second term is — j and whose sum tn 
infinity is 4 tV *’ 

10 . The sum of an infinite Li. P. >s lo, and the sum of the fir-’t 
two terms is 6i. Find the series. 

11 . The first term of an A. /'. is the same as that of a (/. /'.. 
and the common difference of the one and the common ratio of 
the other are both 2 : and th? sum of 5 terms of each series is the 
same. Find the 5th term of each series, (c. K. a. 1873.) 

12 . Find the Li. I\ whose sum to infinity i.s 9, and whose second 
term is —4. 


523 . Oeometric Mean. When three quantities are in Geo 
metrical [Progression, the middle one is called the Geometric Mean 
of the other two. 

#Thus, when «, r, b are in Li. P.., .x is called the Lieometric Mean 
{(J. M.) between a and b. 

By definition of (J. /*. we have 

= ' ; x*^ab . and .v— ± ^ah. 
ax • 

Thus, the geemciric mean of any tiuo quantities is the square 
root 0} their product. c 

Note. It is worthy of'notice here that quantities which arc in O'. I'. 
are in continued proportion (Art. 414), and that the geometric m|,an of two 
quantities is the same as their nieun proportional. 

524 . When any number of quantities are in geometrical pro- 

S ression, all the intermediate terms are called the Geometric 
[cans of the two extremes. 


t 


C 
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'I’hus to insert any number of geometric means between two 
given quantities, is the same as to determine a G. A, whose first and 
last terms and also the number of terms are given. 

« 

525 . To insert n geometric means between a and b. 

Let r be the common ratio of the required G. P. 

Here, we have to find a (/. P. of in + 2) terms, of which a is the 
first term, b the last, so that b is the («+2)th term of the G. P. 

Now, the (« +2)th term of a series, whose first term is and 
whose common ratio is is • 

f. (Art. 515). 

.% so that r”**=bla ; 

and r— 

The means may now ^^e easily determined ; for they are 

ar, ar*y ar^, . ar^. 

*• _] 

‘ (ab^y^ * 1 . 

£z. 1. Insert 3 geometric means between 2 and loi. 

Here, rt = 2, b=^ lo^ ; r=(ioi-*-2)'^ 

Hence the means are 3, 4I and 6|. 

Exercise CCIV. 

1. Insert 

(1) 3 CP. J/.’s between i and 16, and also between 5 and 12S. 

(2) 4 G. J/.’s between - to and 3j, and also between ^ and - 5 tV.- 

(3) 3 G. A/.’s between 4 and 324. (c. b\ a. 1890.) 

(4) 5 G. Jf.’s between and 45. 

(5) 3 G. A/Js between 2 and 32, and also between 37 and 2997. 

2 . Insert 5 mean proportionals Uetween 8 and 27. 

- 3 . Insert 2 (/. J/.’s l)etween »J2 and ^3. • 

4. If n geometric ilteans be inserted between a and prove 
their product is Uib)*. 

ft! The arithmetic mean of the first and third terms of a G. P. 
is five times the second term. Find the common ratio. 

' 0 . Insert two numbers between 6 and 16 such that the first three 
may be in A. P. and the last three in G. /’. 


The «th mean=rt/ 


.n. 


<a ^ 





boo 
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* 

^ 7 . Find the ratid of a : 6 when their arithmetic mean is to their 
geometric mean as 13 : 5. 

. U a, d, c be in (/. and x and y be the A. M.’s between a, 

h and c respectively, prove that 

,=-+ and2=»~+-. (p. 1. p: 1802.) 

X y X y ^ 

9 . Find the geometric mean of 9r* - 24;H-16 and 4J«:* + 2o;«: + 25. 

10 . The O. J/. between a andf^ is to their A. Jf. as m is to // ; 
shew that /i : d- 5 /+ V,//*-///*} : »- J{n*-m*). (A. 1 R. 1889.) 


526 . Problems. The following are illustrative e.\amplcs. 

Ex. 1. The sum of three numbers in G. P. is 21 and the sum of 
their squares is 189 ; find the numbers. * 

Let X, xy and xy" be the numbers, so that we have 

+y+y^) = 2 j...{i) and ^*(1 +j'*+y+)=» 189...(2) 

Dividing the square of (ij by (2), we get 

I -t- P+V* 21 X 2 I J . 

-i = —— «= s, which solved gives v —2 or J. 

I -y+y* 189 ^ « 

Hence from (i) ^-=3 or 12 so that the numbers are 3, 6, 12. 


Ex. 2 . The sum of three numbers in G. P. is 2i, and their 
product is 216. Find the numbers. 


Let jc/yy Xy and xy be the numbers, so that 

X X 

+x+xy‘=2i...{i) and .x.xy^2Jb...{2) 

^ J y 

From (2), jr^=a2i6 and ;if=6. 

„ (i) * + orj/*-§j/+ic*o; 

y ^ 

which solved gives_y=2 or 
Hence the numbers are 3, 6 and 12. 

r 

Exercise CCV. * 

1 . The difference between the first and second of four nuipbers 
in (r. P. is 12, and the difference between the third and fourth is 
300 ; find them. 

3 . The sum of three quantities in G P. is 24^ and their product 
is 64 ; find them. (a. i. f:. 1891.) 
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3 . The continued product of three numbers in G. P. is 216 and 
the sum of their products, taken in pairs, is 156. Find nun^ers. 

4. 'Fhe sum of three numbers in G. P. is 38 and the stmi of 
their squares is 532 ; find them 

5 A man saves each year half as much again as he did in the 
previous year. If he saved y?.v.400 in the first year, in how many 
years will he have saved Rs 8312. 8®. ? 

* 6. Suppose a body moves eternally in this manner, vis. 20 miles 

' the first minute, 19 miles the second, i8i'n miles the^ihird, and so on 
^ in Cleometrical Progression ; required the utmost distance it can 
p reach, (c. F. A. 1864.) 

L. 

7. Find three numbers in G. P , such that their sum is 19, and 
their continued product is 216. 

8 . The population of a country increases annually in G. /’., and 

in 4 years was raised ^rom 10000 to 14641 souls ; by what part of 
Itself was it annually incretised ? ^ 


III. HARMONICAL FROG^ESSIOR. 

627. Any number of quantities are in Harmonical Progres¬ 
sion when the difference between the first and second of any three 
con.secutive of them is to the difference between the second and the 
third as the first is to the third. 

Thus, by Cy dy &:c., are in Harmonical Progression (/^. /^', 
\i a —b : b —c : : <* : r, 
b — c \ c — d w b \ dy and so on. 


528 . The reciprocals of quantities in Harmonical Progression 
in Arithmetical Progression. 

Let a, by c be three quantities in //. P., then 
a — b\b — c\\a\C,\ /. c{a a{b — c), 

w ac-bc^tib-ac. Divide by ; then 


1 


b 




It • T. 

- , - are in % 4 . P, 
b c 


Thus, since 1, 3, 5, &c., i,-i, — 3 T are in A. P., their reci¬ 
procals^, i, Scc.y 4,— 4,— a, &c., are in H. P. 

529. We cannot find the sum of any number of terms of an 
Harmonic series ; but many problems with respect to such series 
may be solved by imterting the terms, and treating their reciprocals 
.IS in A. P. 



6o2 


MATRICULATION ALGEBRA. 


Ez. 1 . The 15th term of a H. P. is 5*jf, and the 23rd term i - 

A : find the series. 

w 

Let a be the first term and d the common difference of th - 
corresponding A, P. ; then 

25 =the 15th term*»<i +14</; 
and 41the 23rd term = <1 + 22 d ; 
whence rf=2 and <*= - 3^. 

Hence the a. A is-3, - i, i, 3, 5. ; 

and the //. J* is - J, - 1, 1, L L • • • 

Ez 2. Continue to 3 terms each way the series 2, 3, 6. 

Since L S’ iii'C i*' with the common difference - 

the Arithmetic series continued each way is 

I»Si .It Itl’t 6»®* “it “7f I , 
and the Harmonic series is 

't ^ 2, 3. 6, '"t-6, -3. 

Ezercise CCVI. 

1. Find a H P. in which 

(i) the 3rd term is lA, and the 21st term is f,. 
f2) the 2nd term is i|i, and the 15th term is 

2 . Find the //th term of the series 

4 + 4^+4f5 + 5 + &c. (c. K A 1886.) 

3. Find the scries in If. P.^ in which the 39th term is 1', ar. : 
the 54th term is A- 

4. Continue the If. /^, to 3 terms each way : 

(1) 2, S, 1. (2) ij, 2i,3j|. (3) I, li, li. 

5 . The 1st and 5th terms of a If. P. are^andy; find iln* 
2oth term 

6. Find the wth term of a If. whose first term i.s t/, who.se 
last term is Cy and whose number of terms is n. (m. f. a. 1884.) 

7. In a H. P.y if the />tl. term = and the yth term»;J;', prove 
that the rth terrn—/^. (a. i. E. 1892.) 

8' If the mXh term of a If. P. be «, and the //th term w, fimi 
the (/« + //)th term 

9. If I\ R be the /ith» ^rth and rth terms of a shew that 

{g -r)( 2 R-\r[r-~p)RP-^{p- g) P( 2 ’" 0 . (B. P. K. 1887.) 
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10 . An A. I* and a // P. have the same first term, the same 
last term and the same number of terms ; prove that the product ol 
the nh term from the beginning in one series and the rth term fron> 
the end in the other, is independent of (b. P. E. 1890J 


530. Harmonic Hean. When three quantities are in Har- 
monical Progression, the middle one is called the Harmonic Ucan 
of the other two. • 

Thus, if <1, t and /> are in If. P , then x is the Harmonic Mean 
between a and b. 

Hence, bv Art 528, we have * , - , \\xi A. P. 

u X 0 

I _ I I L. - + 

.V b x' '' X b ab 

. 2 fib 

. . .V— - . 

a + b 

Thus, /Ac haimonir mean of two quanifties is equal to twice tAeir 
product divided by their sum 


531 . When any number of quantities are in harmonical pro¬ 
gression, all the intermediate terms are called the Harmonic Moans- 
of the two extremes. 

We find the harmonic means between two given quantities h\ 
first finding the arithmetic means between the reciprocals of the 
two given quantities. 

532 . I'o insert n harmonic means beMveen a and b. 

Insert n arithmetic means between i/a and \lb. 


From Art. 508, we see that they are 

11 12 It 

« + . {n-i). {n-2). 

a 0 no an 



t. e.. 


« + i ’ «+i ’ • n+v ’. n+i ’ 

nb + a (n—i)b-\- 2 ft (//-2)3 + 3 flk b + na 

(n+i)€tb^ vt+i'iub ’ (« + i .. 


Hence the required harmonic means are 
• f« + I )ab (n+ I ''ab (n+i )ab f« +1 '^ab 

alrub ’ 2 rt+(;/- i)b ’ 3a-»-(«-2)^’. na + b 

fn'h^''ab 
pa + {n~-p + i,b * 


Thus, the p\h mean 
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Ez. Insert 4 harmonic means between 2 and 12 
Here, we have to insert 4 arithmeiic means between i and 
Hence, by Art. 50S, we have 

A-a + 5^^» so that 5^/= - /. d— - I'a- 

Hence, the Arith. means are f\, ^ ; 

and /, the Harm, means are 2^, 3, 4, 6. 


533. If A, a, H be the arithifietic, geometric, and harmonic 
means between u and ft, we have proved that 


■4 ■ 


.(1) : G= Jab .... (2) ; H = 


2a h 
a+ft' 


.( 3 )* 


631 . To prove that G is the Cicometric mean between A and 
H . and that A, G, H, are in order of mtjtjnitude, A being the 
i:reatest. 


. a 2 ab 
Since A = — , and H = 


• ft 


A V H 


a-\’b 'lab 




G= ^/AH, or G is jhc Geom. mean between A and H. 

. L, a-^b 2 ab (/i + ^)®-4rtA T/* —/;)* 

Also, A-H= - -7=* ^ ’ 

2 a-^b 2[a + b) 2{n+b) 

s'a positive quantity for all j^ositive values of a and b. 

Hence A is > H, and of course, > G, whose value ^being the 
tieom. mean between them* lies between thoie of A and H. 

Thus. A, G, and H form a descending G. P. 


533 . Three quantities 6, r, are in Arith , (ieom., or Harm. 
I'Mjgression, according as 

a-b a 

o -« a ft ’ « 


fl) -a > I : a~b^b-c. and r/, c are in A.^. 

o -- c a 

b ^ * 

'^>0 i **• T ab-~b^=ab-at\ or b* — ac I 
b — c b *' 


iii) 


a-b 

b^c 


a 

c 


*, bju'^clb^ and a, c are m G. P. 

; ac-bc — nb-ac, or (dividing each by abc\f 


till , III -An 

- = - - ; whence - are in A. P., 

b a c b a b c 

and /, rt, c are in H. P. 
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1 . 


}S. 

3 . 

4 . 
6 . 

6 . 

7 . 

8 . 
9 . 

10 . 

11 . 

12 . 

13 

14 . 


15 . 


16. 


1 • 

Exercise CCVII. 

Insert 

(1) 2 harmonic means between 2 and 4. 

(2) 6 harmonic means between 3 and j,. 
(3> 5 harmonic means between ^ and 


Find the Arith , (ieom. and Harm, means between 
(1)2 and 4j. ^ (2) 3I and li. 

Find a fourth harmonic proportional to 6, 8 rfnd 12 . 
Insert 3 H. 3 f.’s betw'een 4 and 2 . (c. F. a. 1867 .) 

Insert 4 H. Jf.’s between i and 30 . (a. i. k. 1892 .) 


If and c are in //. prove that 


1 e I 


[ 


1 


+• , ’ r /+ and - + * are in H. /* 

u o + c h c + a c n^-h 


If ^ and c be in P.y prove that 

—TT— > T‘^T —and ~r' is are la //./'. (n. p. k. 1891.) 
a\b-\-c) b\C-\-a) + ^ f > 


Prove that f:«r* +^y +^*), x* + and (x^ + v* ) x 

(,x* —xy+y*) are in H. P. 


If a, <5 and c are in H. P., prove that 

, , —- and - are also in ff. P. 

b+c c+a a+b 


The A.M. of two numbers exceed.^ the (f.J/. by 5-, and the GAb. 
exceeds the by 5. Find the numbers, (c K. a. 1870.1 

The sum and difference of the Arith. and Geom means between 

. two numbers are 9 and i respectively ; find thetn. 

The Harm, mean between two numbers is 35 of the Arith. 
mean, and one of the numbers is 4 ; find the other. 

The difference of the A.Af. and //.If, betw'een two numbers 
is ; find the numbers, one being four times the other 

Find two numbers whose difference is 8, and the //.J/. between 
them is 1^. * 

• 

The square of the A AT. between two numbers e.xceeds that of 

• the G M, by 400, and square of the G.M exceeds that of the 
H,AI. by 144. What are the numbers (c. F. a. 1874.; 

Find two numbers such that the sum of their A. J/, G. Af., and 
//.M. is 9l, and the product of these means is 27. 
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17. If d, b and i: be in .<4 P.y and h, and ti in H.P.y prove that 
. a, c and d are proportionals. 

18. If «i, be the ^4.-1/’s, the J/.M.'s and the G.MJs 

between a and by shew that 

UyAi (M. K. A. 1891.) 

19. If tfy b and c be in prove that 

(1) rt* + r*'> 2 ^*, if rt, b and c be positive. 

( 2 ) ti : c: : 2 a^+bc : 2 c* + ab. 

20. If a, by and c be in A.P.y and «*, b* and c* in prove that 

either - ^Uy b and c are in G.P.y or else Oy by and c are equal. 

(c. r. A. 1904.) 


IV. OTHER SIMPLE SERIES. 


536. Besides the Progressions, there are some other simple, 
but important, series the successive terms of which are formed 
according to simple laws. We shall now consider the summation 
af some such series, wh^ch depend on the rules laid down in the 
preceding Articles. 

Ex. 1. Sum the series 1 . 2 + 2.3 + 3.4 + .lowterms. 

Here, the >'th term of 1 + 2 + 3 +.is r, 

and the rth term of 2 + 3 + 4 +.is r +1. 

Hence the rth term of the given series rir+])=*r* +k 

Making 7 ■■ i, 2, 3,. tty in succession, we have 

the series = (i* + 2* + 3*+ .+ »*)+(! + 2+3 +.+«). 


Hence sum reqd. ** 

»(n + i) 
2 


n{n+ i)(2n+i) 


H--, (Arts. 510 & 509). 

2 

«f«+l)(« + 2) 

■ 

3 


Ex. 8. Sum the series i*+3* + 5* +.to wlerms. (m.f.a. 1889.) 

Here, the fth term of i + 3 + 5 +.is 2^-1. 

% 

Hence, the rth term of the given series is (2r- i)*»4r*-4r+ i. 

Making r«i i, 2 , in succession, we have 

the series«4(i*+2* + 3* +.+«*)-4(i +2+3 +. +n) 

+ (i +1 4 .to H terms.) 
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.. . /?//+1 )'f« 4- 1 ) n'n+l) 

Hence, sum reqa. = 4 x - ^ - — 4 x---h i X w 


2 n{n+ I) I ' — 1 1 

/J! '4«* - i) 


+ «“-+ » 


Ex. 3 . Sum llie series 1+3 + 6+10+15 +.to « terms. 

Let .S’ denote the reqd. sum, and /„ the «th terq^i. 

Then .S = i + 3 + 6 +10 + 15 +. + /,„ 

also .S = i+ 3 "h 6+JO+. +^«-i+/w 

Hence, by subtraction, we have 

o = (i + 2 + 3-Jf4 + 5 +.to n terms) — /,,. 

/«= I+2+ 3+ 4+ 5 +.to//terms = i«(;/ +1). 

= ^'/ 7 * + «*. 


Making 2, 3,...successively, we get 

the series = ){(i* +2* + 5* +.+w^) + (i +2 + 3 + ... +«)}. 

, , f//« +rV2«+1) w(«+i)\ 

Hence sum reqd “M ^ ^— / 

//«+l)/2// + I ^ \ 7/f«+ i)('m + 2^ 

2 \ 3 ~6 • 


'Bx. 4 . Sum to » terms the series 

5 + 55 + 555 + 5555 +. 

The given series = 5(9+99 + 999 + 9999 +.) 

~5 K*o- r) + (io*-i) + (io*- 0 +.} 

= 10+ to® + io® +.to n terms) 

-(I + I +1 + .to n terms)J. 

Hence sum reqd. = giC^o" — i)- ««. 

Ex. 5 . um to n teAiis the series 

1+3 + 7 + 15 + 3'+. F. A. 1876.) 

jJkt .V denote the reqd. sum and /« the «th term. 


Then .S*«i +3 + 7 +15+31 +.+/„, 

also .S'- 1+3+ 7 +*5 +.+ ^«-i+^*. 
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Hence by subtraction, we huve 

o = (i+2+4 + 8 +16+.to n terms); 

2 ** — I 

1+2 + 4 + 8+16 +.to « terms =- 

2 — I 


Making ««= i, 2, 3,. successively, we get 

the series = (2+ 2*+ 2* + ...to n terms)-(i + i + i...to « terms) 


2 ^2*- 

2-1 


1) 


_« = 2 "+ 1 -(;/ + 2 ). 


Ex. 6. Sumtheseiies ^-+ -■ t- -- +...to//terms. 

1.2 2.3 3.4 


Here, the rth term—--. 

/•v;*+i) r r+i 

Making r=i, 2, 3,...//, in succession, w^ obtain 
theseries=a-i) + (*-i) + !i-l) + ...+ (^^^__1)+ 




n 


«+1 /r+ I ’ 

(since all the terms except the first and last destroy one 
another). 

Note. When n is infinite, —~ is zero. Henc e the sum of an 

« +1 

infinite number of terms of the given series = 1. 


537. Mixed Series. The rth term of such a series consists 
of a pair of factors, one of these factors forming an A. P. and the 
other a G. P. 

Nx. Sum to n terms the series i + 3zr + 5.r* + 7 .r 3 + ... 

Here, the factors i, 3, 5,...form an A. y^, whose first term is i 
and whose common difference is 2, so that the «th term=i + 

2 'W-l) = 2 «-I. ♦ 

The other factors i,.*-, ,r*, ;r 5 ... 1 orm a G,P.^ w'hose «th term = ,t“'*. 
Hence the «th term of the given seriess*(2/r- i)zr"’*. 

Let S denote the required sum ; then 

.S'=l +3zr + 5z:* + 7Ar* + ...+(2« — .(r) 

f 

Multiply both sides of the equation by ;r, 

Sx= .r + 3.f* + 5 ;i !'3 + ..,+(2;/-3).r'«‘*+C2«-i).r"...(2) 
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I • 

Subtracting (2) from (i), we have 

S — + 2 x+ 2 x* + 2x^+ - +2x"‘* -(2«- i);r", 

or S{i -x)=i+2x(i +x + x*+ .+.r«-*)-(2«-i)jr«...(3) 

But I +x+x* + ...+x'*~* is a U, P. of (>/-— i) terms, having i as 
the first term and x as the common ratio, and thus the sum 
I 

I - .v 


Hence, from (3), we obtain 


i 

2 Jr'* 


s’f J — .1')=* I+2.a:.' - -(2;/-i).r«—I +• — — (2«-i)jif*, 

i —X I — A' I -;r ' ’ 

I 4-:r 2;r’‘ + (2//— -jr) i-\-x f2//+ i)jr" —( 2 ^/-- 


I -X 


I —X 


r ~.r 


I —X 

, i-\-x (2/t +—(2«—T)jr'*+* 

" * (i-x)* 

Note. If ;r be < i, and u be infinitely great, then .r“ and 

I +x 

■iirc both loo small, .and thus the sum to infinity =--i . 

’ * ^ (i-x)* 


Exercise CCVIII. 


Find the sum of the series to u terms :— 

t 

(1) 2 + 5+IO + 17+ .(C. F. A. 1877 ; h- F. K. 1885.) 

(2) 2 + 7 + 14+23 + 34+_(c. K. A. 1878 ; n. p. 1885.) 

( 5 '> 5 ’ + 7 *+ 9 * +.+ 25*. (t. F. A. 18S8.) 

t 4 ) 1.3 + 2.4 + 30 +.* (5) 1 - 2.3 + 2 . 3.4 + 3 . 4 . 5 +.... 

( 6 ) 2* + 5* + 8 * + ii*+. (7) 3-5 + 5 - 7 + 7 - 9 + 9 -II+. 

(^) I 3 -S+ 3 - 5-7 + 5 - 7 - 9 +. (91 1.2.4+ 2.3.5+3.4.6 +. 

<io) i^ + 3* + 5 ^ +. (ii) 2.1* + 3 . 2 *+ 4 . 3 * + ...(c.f.a.i 887 .) 


2 . Sum the series 

».!+{«- i).2 +(//-2).3+(//•- 3).4 + ... + 1 . «. (c. F. A. 1889.) 


3 . Shew that • 

i+2* + 3+4*+*5+6*+ — ... to « terms 

”’t'«(«+ 0(2»*+« + 3) or Vff«'«+4)(3« + i), 

• according as n is odd or even. (n. P. E. 1893.) 

I 

4. Sum to« terms a* + (rt+!)*+(« +2)* + 

5 . .Sum 1+(i+«)r+(i + <i+rt*)A'* + 

being << i. 


to infinity, r and a 
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6 . Sum the following series to n terms 

• + ^+(a* + 2<i^) + (a* + 3a*^) +.(C. F. A. 1891.) 

7 . Shew that the sum of the products, taken two and two 
together, of the natural numbers from i to w is 

iK«+i)(3«+2). 

8 . Sum to n terms - 

(i) i + l + i + H- -(c. F. A. 188+) (2) 4 + ff + ^S + -..(u. i. A. i8«o.) 

(3) *+^ + ^-3 +. tc. F. A. 1889.) 

(4) a{rt + ^) + (a+^)(a + 2^) + (a + 2^)(<i+3A)+. 

9. Sum to infinity 

(l) 4 + gS + o’® + +. ( B. B. E. 1883.)| 

j (2) T + 4 + S + TB+ •••» and also to « terms, 

(3) <* + (a+<^)B+(rt-F 2 / 5 }r*+(tf+ \b)r^-\r../r<. i):inflalso to n terms 

(is. p. K. 1889.) 

10 . Sum to n termf.- the series whose rth term is {2r+ i)y. 

11 . Sum 2 + 224 ' 222-|»2222 + ...to » terms. 

1 * 3 . Sum to infinity and dr being each <; i) 

ar+{a i- ad)r* + (a+ab+ad*y^ + . 

13 . If Sn denote the sum of n terms of a given series in (r. /', 

find the value of .S\ + +... +,S‘„. (c F. a. 1861.) 

14 . Sum to n terms : — 

(1) {a-\-b) + {a* + 2d) + [ai + Sd)+ . 

(2) {^+d)+(sa + 2 d) + {$a+/^d) + ..., and to roterms. (c. f. a. 1868.) 

. ( 3 ) ( 2 «-l) + ( 3 « + ^)+( 4 a-:Ar)+. 

(4) ^ + 5 + 13+29+61+. (5)9+99+999 +. 

( 0 ) I + 4 +1 + V* .(^’ F. A. 1880.) 

(7) 3+6 + 11+20+.(b. p.f.. 1886.) 

(8) '55 + 'S 55 + - 5555 +. 

15 . On the ground are placed a gasket and 12 stones in a 
straight line. The first stone is one yard from the basket, the second 
stone is 3 yards from the first, the third stone 5 yards from the 
second, and so on, the distances between the stones incres^ing in 
A. P. How many yards will a man run, who, starting from the 
basket, picks up the stones one by one, returning each time he picks 
up a stone to deposit it in the basket ? (A. i. E. 1894.) 











ans\Vers. 




£z. I. (p. 

. 4., 



1 . 

(I) 8o. 

(2) 80. (3) 280. 

(4) 41 

( 5 ) 

! (6) 14. 


( 7 ) 6 . 

(8) 31- 




2 . 

(I) lO. 

(2) 44. (3) 58. 

(4) 12. 

( 5 ) 5 - 

(6) 7. 


( 7 ) 33 - 

(8) 14. 




3. 

(0 4 - 

( 2 ) 30. (3) 2. 

(4) 4 - 

/ 5 ) 1 

(6) 3- 


( 7 ) 2. 

(8) 6. (g) 16. 




4. 

(I) 8. 

(2) I. (3) 106. 

U) 7 - 

(5) 158- (6) I 92 

6. 

(i) i8. 

(2) 42. (3) 8. 

(4) 41- 

( 5 ) 7. 



(6) 78 

(7} 8. (8) 6. 


6 . ]. 




• Ex. II. (pp. 

0-7.) 



1 . 

(i) 2880 

(2) 17496. 

(3) 48CX). 


(4) 4032- 


(5) 238. 

(6) 41328. 

(7) 486. 



2 . 

(0 94. 

v2) 89. (3) 216. 

(4) 16. 

( 5 ) I. 

( 6 ) 7. 


( 7 ) 3 - 

(8) 38 i[. ( 9 ) 49 - (10) 



3. 

264. 

4 . 3^’ 5 . (1) 79 - 

(2) 16. 

(3) 5 

( 4 ) Hi- 



Ex. III. (p. 8 .) 



1 . 

(1) 9. 

(2) i. 

f 3 ) 4 - 

(4) 6. 

(5) 12. 


(6) 40. 

( 7 ) 24. 

( 8 ) 6 . 

(9) 2. 


2 . 

(0 30- 

(2) 1312. 

(3) 2040. 


(4) 17424 


(5) 225. 

(6) . 397 - 

(7) 1120. 


(8) 750 - 

3. 

(0 9 * 

(2) II. 

(3) 20. 


4. 4676. 

5. 

(I) 46. 

(2) 24. 

(3) 7200. 





Ex. IV. (pp 

. 9-10.) 



1 . 

(0 30 - 

(2) 80. (3) 600. (4) 9. 

(5) 25. 


(6) II 

( 7 ) 4 - 




2 . 

(i) 21. 

(2) 22. (3) 7- 

(4) 13* 

(5) 

15. (6) 4 

3. 

(0 39 - 

(2) 10 4. 6. 

• 

5. (i) 14. 

(2) 

25 - 



Ex. V. (pp. 

19-14.) 



!.• 

9 ; 27; 

81 ; 81 ; 6 ; 0 ; I. 

9. 

I2;0 ; 

144; 30; 72. 

•3. 

486; 0 ; 

2916. 




4. 

(I) 6f. 

( 2 ) 4 ji. ( 3 ) 2 o|J. 

(4) 6^. 

(5) 235^5 

5. 

88 . 6 . 128 . 7. (i) 230 I. ( 2 ) 53 xV 

( 3 ) 2 *. 

( 4 ) I 42 li 
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8. 

(i) 3 - 

(2) 6 |. 

(3) *46. 

( 4 ) 55 - 

(5) 3 * 5 ' 

( 6 ) 6 . 


( 7 ) 5 - 

(8) 1 

(9) >• 

(I0| t 

(II) |. 

(12) 2. 

9 . 

(I) 8. 
(7) 2. 

(2) 3 - 

( 8 ) I. 

(3) 27- 

( 4 ) 125 - 

( 5 ) 64. 

( 6 ) 3 - 

10. 

(I) 8 . 

(2) 120. 

(3) 4. 

(4) 384- 


11. 0. 

12. 

0. 

13 0. 

14 . 3 exponent and 4 coeffident. 

15 . 0. 


Bx. VI. (ppi, 15-16.) 

1 . x^y. 2 . 3 . 64x+4y+;^. I. Ji + i ; a -i. 

S. x-y. 6. a+^. 7 . (i) i6a. (ii) i92rt. (iii) 64a. 

(iv) 4a. (v) 8a. 8. (i) 35 . (ii) 365 . 

9 . (i) bill. (ii) 5/36. 10. ax. 11. x—\^. 12. 13 - .r. 

13 . 2x \ I28 x. 14 . s/« ; too,'a. 15 . 192® + 125 . 

16. xy ; aly. 17 . xjy. 18 . (i) 3a. (ii) .^a. (iii) ax. 

19 . 144«' 20 . ax+dy. 21 . (i) ix+y)l3. (2) 

(3) (6a3-:r4)^*. (4) + 5 »)/(a + 5 -//). (5) (a + 5 )*(^-rf;. 

22. 45; $6*c ; f a 5 ; ax* ; a*. 23. The sum of a 5 and ac. 

2 i a+a+a; a.a.a. plS. (i) 7. (ii) 9. (iii) 5. 

Bx. VII. (pp. 18-19.) 

1. -12. 2 . -12; 12; 8. 3 . -120. 4 . (i) -15. (ii) 15. 

5. (i) IS miles, (ii) -ismilesj. 6 . 4 - 45 - 7 . 35 seers. 

8 . 50 years; 30 years. 9. 9 inches. 10 . -10. 

Bx. VIII. (p. 20.) 

1. 9- 2 . — 15. 3 . — 7a. 4 . — 2x. 5. 5 a - 4c. 

6. 5a*+4a5-5*. 7 . 9a*-7a. 8 -ii;r*+6. 

Bx. IX. (pp. 21-22.) 

1. -8; -58. 2 . -202; -780. 3. -304. 

4 . (0 -31- (2) -8. (3) -sJ. 5 . -33. 6. (i) 2i|. (2)-11. 
7 - 6. 8. 6, 2, o, o, 2, 6. 9.'* -10, -15, -13,-8, 11, 111, 286. 

12. (1) 1640. ,(2) i. (3) -1560. 

»• 

Bx. X. (p. 23.) 

1 . 24a. 2 . 272’. 3 . 23 a 5 . 4. 23 a* 5 . 5 . -f4jr 

6. •“ 35 '*' 7 . 305. 8. o. 9 . loo. 10. — 2a5 

11 . toabc. 12 . - 6 a* 5 *. 13 7a*b*. 14 . 1405*. 16 . o. 

13 . - 7 «* 5 *. 17 . o. 1 $. 4ax. 19 . -3a* 20 . o. 
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1. 

3. 

5. 


1 . 

5. 

8 . 

10 . 

13. 

14. 
16. 


z. XI. (p. 31.) 

- 3^ + 5^+6rf- 7.ir. 3. 9^^* " 3^*)' + ~ 

5a*^-3a^ — 5^*+4^*. 4. 2a — + 2a^ - ^a*. 

— 5rt^ + 29a*^+4a3^*-7a*^*“ 3a^+ —7^5. 

Bx. XII. fpp. 35-26.) 

iQ^ar + iyr ‘1. —2$a-^i26. 3. o. 4. «+3 + t:. 

— a+T$d-Sc. 6. r5a + 3^-6tf+6i/. 7. 6^>'~7'!^^ 

23a* —26a^+i4#*. 9 I4x-^gy+ihs^i2. 

44 ad -cd- 6c*. 11. 5^:^ + sox*y — 1 4 xjy* + 4y^. 

22X - sxj/ + 3x*jf*. 13. 2Tax + 7ax*. 

2x* + 2y* + 2x*, 15. 6ax* — 43a*x. 

— \2a?b*4r\4ftbcd. 47. 6abc. 18. 28 r^. 


1. -(ti-d). 
4. Met. 

8. n + 3- 


1 . 5 a. 

6. -7a*». 

10 . — 2rt. 

14. 2bcd — abc. 

17. 3ax+a. 

20. 2b-c. 

23. 4x*^2ax-b. 


Ex. XIII. (pp. 26-27.) 

2, 5(a—3)x*. 3. g',x*+y*)’-Sab(x*-^ y*). 

5. \^x*. 6. — ^xy. 7 . - 8a*b. 


9. x* + ix^. 


10. ia*b* + ab. 


1 . 

4. 

7. 

9. 

11 . 

12 . 

13. 

14. 

V 

,19. 

21 . 

23. 


Bx. Xiy. (p 28.) 

2. -4ab. 3. ijab. 4. 

7. 4a. 8- -2a-5b. 

11, —X. 12. a -b. 

15. 3a*-3b*. 

18. 3i*^-f-2rt. 

■ 21. -3,y. 

24. -2b —c. 

Bx. XV. (p. 29.) 
3. 2tf* —2a —4. 


7xy. 5 . 20b. 

9. i8ax*. 

13 2a—3b. 

16. a — b — c. 

19 x-v-a-b. 

22. -a» + 4^* + 2^* 
35 — .r*4-i4:t—12. 


<*“3^ + 3^- 2. 2 a* -2a - 4 . 3. — 2 x* — 7 Xy^ 3 y*. 

4ax — gby4‘2tz. 5 . 3x* — ^x 4 r 3 ‘ 0 * —2a*+ab — 2b*. 

a* — 3b* + igc* — \ 8. - 6x*y +1 \xy* — 2y^. 

— I2a^ + tJa*b + 3b^. *10. 2a^ — iia*3-n4a/>* — 4^* + 2 

7a* — 3a + 4b* — 7 ab + 2C* — 6bc ; 8 a*^ + 2b* -Hxy. 

— .r* — 6x*y — 2y* + 4 — 3X* — 4y* ; — 2x* - gxy + 4y*. 
3jr*-H32y'-^*- \6xz-i3yz ; 2x* + i2xz- ^z*. 

I4a + I4. 16.a-ii^-3C-2//+4^- 

— -igg* + 23^g. 17 . —3p*g^- 19 . x* 4 -xy 4 ’y* 

— Bx+gx* — 3x^. 20. 3a^ —4a*<5 —4a^* 4-23+. 

3 ^* — 6 ^^+^*. 23. a* 4 -fl*^ 4 * 8 «*^* — 2 . 

5a + ^ —6r. 24. —ix*. 25. a+^+c. 
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Bx. XVI. ^p. 30 .) 

1. 2aix—}f). 2. -‘2{a — 3){x^y)+2{x+}f)6^. 

3. —2(a+6)* + v[a* + 6*) + 2x*{a + 6]. 4. —\abc-k’\^a^b-\a^. 

6. aga* + iia*^ + 55'»*^*- 6. Aa*b*{a-b)-\(iX*y*{a^-\rb^) 

7 . vX*y* + f^x^ys + 3 xy^s + ^J 

8. jT(a*b* — abc + Vx*y*s* + i(a - ^1. 9. ~ a + ^ - r. 


1. 5a-4^. 

5 . —2a+\ib. 
8 . -X — 6 y. 

11 . 

14. - 9 ^ + 14 ^. 


Ex. XVIIi (p. 32.) 

*^2. x + 4y. 3- 2 x — y. 

6 2a —2df3C. 

9 . 4a —4;»r. 

12. 2ax* + 2by^ + 2cz^. 
15. 5 a* - Kia*^4-^*. 

Ex. XVIII. fp. 33.) 


4. i 4 - 5 Jf- 

7. - 2 ;r + 5y-23 
10. 4fl*-4«*^- 

13. 


1 - 

6. a*-3^* + 3i‘*- 

9 . 3a-2^. 

13 . a. 

17. 2 a. 

21 . 8x — 4y - z. 


2. 2a+ 3^:. 

6. 2ab + 4b^. 
10. ^-4- 
14. — 4 ^+ 4 ^- 

18 . - 3 *+- 3 <^- 
22 . 2x-y ; o. 


3. 6a —^b. 4. 6x-~y. 

7 . o. 8 - -3;r-;^+4ff. 

11 . 70 :— 11 ^ + 52 ^. 12 . a. 

16 . iia-i5^. 16 . -x—y-m — n. 
19. rt+io^ 20 . 65A' —33^. 


Bx. XIX. (pp. 34'35.) 

1. (5A-4c-3«):“(3«“5^ + 4'^)- 

2. {2 — a4-b — c)\ — (a —^ + C— 2 V 

3. ( 2 a + 3^-4t-5) ; -{s- 2 a-+ 4 c]. ‘ 

4. (3x-^r) + (.S^+a) + i3b-2c) ; {^x-2y-\-yj)-\r[a4-3b-2c). 

6 . { 2 a - 3 b) + ( 4 C - 2 d) -\€-S)> ( 2 a - 3 ^ +• 4 ^) - { 2 fi+ d - 5 ). 

6. (a5+2a^)-(3a^-5a*)-(3a+i) ; (a*+2a+-3a*) + (5a*-3a-i). 

7. (4a* + 5^*)-'3c* + 2Ar*)-(3y*-2s*); (4a*4-5^*-3ir*) 

-{ 2 x* + 3 y* ~ 2 s*). ^ 

8 . -(5a-2f)-(3//+2si-(j/-3r,l ; -(5a-2«: + 3al-(2^+j^-3;r). 

9. -(3tr*+2y*)-(5ar*+a)+(2^-3c); -(34r* + 27 * + 5«*) 

-(a-2^4'3^)’ 

10. {3;r-f2y-50)K{«+(3^-2<^)}- * 

11. {2a-{^b-4c)}-{2d+(e-s)\.*- 

12. |a*+(2a+-3a*)K{5«*“(3a + i)l. » 

13. U«* +{ 5 ^* - 3 c*))-{ 2 x* + (3y* - 2 z*)), 

14. -iSa-{2c-3d)}-{2B4-{y-3x)\. 

16. -{3^* + (2^* + 5-^*)>-{«-(2^-3«)h 
10. (a — b + c)x^-(b—c+d)x*-{c+d-¥e)x. 
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17. rtjr®+(5^ —2)jtf*-(a-3^ —4 )a’. * 

18. -3.ir* + (i3«-3)^*-(3^-6)^. 

19. -(4ad- 3);r* -(3a^ + 3^^* + (3a-2C®)jir*. 

20- {a^’-Sd)x^^{^d-6)x*+{4a-2)x. 


21. 

2(ax- 

^by). 

22. 

2(rt + ^):f*. 

23. 

{3a-p 

- 1 

]x^ 4 -ib- 

2)x* - rjr. 

24. 

2(ax+0 '}; 

2b{x- 

^-v). 

25. 

{a 4 rp)x 

rl _ 

1 

H 

-(r- i)r. 





Ex. XX. 

(P- 

39.) 




1. 

-6. 

2. 

» 5 - 

3. -*48. 

• 

4. 

360 

5. 

JI6. 

6 “2i6. 

7. 

48. 

8. 

- 16 

2. 9 -34. 

10. 

I. 

11 . 

98. 


12. 

13- 

13. 

67. 

14. 0. 

15. 

‘ »3 

16. 

-32* 


17 . 

9- 

18. 

2, 

19. (r)~6. 

( 

2) 36. 

(3) 

' 3 b. 



f 4 » - 

405. 


f5) »6. 

ao. 








Ex. XXI 

• 

(P 

40) 


\ 


1. 

iHfib- 


2. 

— bac. 

3. 

I ^ab. 


4. 

5. 

1 2a*x*. 

6. 

- 3«V>3. 

7 . 

— \2ab^y^. 

8. - 

iSaS^V*. 


9. —iSa^d^c^. 10. 26 x*y*s^. 11. adx^j(*. 12. —x^y^ 

13. a*^6**. 14. 2 a*cx*y. 15. - mnx^, 16. \2a^b^. 

17. —-ybaHc^d- 18. -36a^^*. 19. —6oa*d*cx^jf. 20. 2ibx*y^. 

21. ~42a®^**. 22. \bx*y*. 23. Sia'*. 24. I44x*y* 

25. 2i6aH6. 26. -729a”. 27. 28. SiaH^c^ 

29. -242aSd5cS. 30. -8n^6^. 31. 8ia*68. 32. -«*♦. 

33. -'i”. ' 34 -rtW 35. 6oa*33/:6. 

Bx.^XXII. (p. 41.) 

1. 4a* + i2ad. 2. ax*-\-^axys. 3. 24:1:+i8y. 

4- -~2abx* — bby^s. 5. 6. — 9rt*.r —6tf^. 

7. + 6.ir^®ar*. 8 . + 2oa*<;*rf*. 

9- — ba^b*— 2\a^h. 10. 4^*--6a^3 — 4a^3*. 

11. ;r^ —12. — 

13 -rt^jr3+a*^.r* —14. ‘-x^y + 3x^y^— 3x^y^— xy*. 

15. — sa*b - 1+ 9 a*^* + 3 <i^*. 16 .* ^ 15a*^*^* + ioa^b*£^d, 

17. 48a^^<r. 18. ibx^y^. • 19. 240X^yS^5, 

20. 42a^b*x^y^s. *21. I2^*f:*— 34^*(f*+ 32^:5. 

22. 6x^y* — xy^-~i2y*. 23. 2x^ — 3(ix^ 24. a^ —8^^. 

25. -^4a* + iba*b^ — 4ab^’~8b*> 

• Bx. XXlll. (pp. 43-44.) 

2. ;r* + 8j: + i5. 

5. 2a* + 3<»^ —2^*. 


1. X* -i- 7X - 78 . 
4. X* — 2 X-'l 5 . 


3 . A'* + 2 jr— 15 . 

6. 20«® + 23 a^+ 6 ^*. 
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7. 2 rt* + 7 <i^ + 3 ^*, 8 - 2ttc — bc-C'iad+^dd. 9. +i 3 ^j+ 6 ^* 

10. 6a*b^-ab^-i2b*. 11. x^+_y^. 12. A^3+6z* + 7jr-6. 

13. .r*- 6 ;«r* + ILr — 6 . 14. jr*—l 6 ^*. 15. 6 j:^- 96 . 

16. i 7 rt*-r*+ 4 rt+. 17. + 

la 8Lr^-j/4. 19. ai + 32 di. 80. a 6 -.t<*. 

21. rt*-4^*+I2^t+9r*. 23. a^ + a^-2a*+^a-no*-a^-Sa^ ■¥a+\ 
23. .r+- 4rt^;r + 3rt+. 24. 

25. 2 j; 6 - 9 r^ + 2 ix^-,t*- 6 jir + 3 . 26. a^ + 2a3P 

27. x* + 2 ax^ + 3a*x* + + 8 a^. 

28. 6 .r 6 — yc5 — + -6x- 1 5 . 

29 . 27a^ + /'* + 8 - i8rt^. 30. - 6^ ++ 3adf. 

31. - 8 ^^- 27 r^ - 33. 25 .rS + 16 *-- 64 . 

33. ja^ — Sa'^fi + I irt®^* — <:)a*b^ + 4 ab* — 

34. 27 a^ + 8 ^^ + t'3 — iSa^r. 

35 . 6rt*- I7a*b+22a^b* — 27 a*b^ + 22ab* - ilb^. 

36 <j^+ 4 fl^ — 3 ^^ — 20 rt* + 18 . '37. rt^ — 4 itf--f 2 o. 

38- a^-i. 39 . 4 A 6 - 5 .vS + 8 jr+-io;i:3-8.r*-5.v-4. 

40. I + 2 ;i:* - 7x* - i6x^. 41. rt* 5 * - + i */!■* 

42. a^'- 2 a*^* + ^4-4rt^*-r*. 43. i+.t* — .r+-jr*. 

44. 4 ; o. 45 . - 138 ; -60. 46. o ; o. 

Bx. XXIV. (p. 45) 

1 . X*- (a + b)x +afi. 2 . x* -{a-^ b)x ~ab. 3 - x* + {ti-~b)x — ub 

4- x^-{a-\-c)x*-\-{ac4-b}x ~be : x^-ia^ -b4-t)x^ •¥a{b’¥e)x-be. 

5- ''I* - amx — 2 m*x^ + ytinx^ — n*x* ; 

a* + aim + 2n)x — \aim +;/) — 2 mn}x* — (m* + 2 n*)x^ + fanx* 

6 . x^+ia + b-^-e)x*+{ab+ae-\rbe)x-\-abc; x*-{a*+ b*)x* ■\-a*b*. 

7 im + n)x^ + (m* + 2mn + »* -- 1 )x^ •¥{ 2 vi*n + 2mf7* - m - n x* 

+{m + n — 27nn)x — i. 

8 x^—px*-\-qx~a}-\ra*p — aq. 

9. r -{a—i)x — (a-b4r\}x*-¥{a-¥b-c)x^ — {b+e)x^ + cx^. 

10 - ox* -{a-^b^x^■\ria + b-¥c)x* — ib^-e]x-\-e. 
ll. b-ap-k-q. 12 . ae^-b*. 

13. aPx^- a*(b-e4- d)x*y — (abe — abd + aed)xy* + hedy^. 

14. 4Ar^+ 6 (w - n)x^ — ( 4 »i* + 9 w« + 4 «*);r*+ 6 ;««(w - n)x’\‘4m*n*. 

15 .r* — { 2 a* + 2(^* + ab)x^ + (a* 4- a^b + A- ab^ •\‘b*'x — a*b*{a + b). 

K 

Bx. XXV. (p. 46.) ( 

1. 2. fx^j'^s*. 3 . -yax^. 4. -pi*b^t*. < 

5. - -la*b^e^. 6 . v\x*y^. 7- -^x^y^-^.x*v*4-^‘‘„xyff*. 

8. 3a*x + 83*;t: - ge*x. 
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9 . -1 aHx^y + %a^b‘^x^y^ - J \c?b^x*y^ + ^4 \ab^xy ♦. 

10 . + -^sa^ + haU-'icfib^-2a*. 

11. 12 . 13 . -tUs^V^- 

14 . 2 a*-a^^- 3 ai^^* + 15 . ^x^+ir.x^y-i^ry^-!y^. 
16 . }a*-‘\>iaib + f,a*b*+i^aabi-~b\ 17 . ^a-^ + 2 «» + .^ 

18 . ix^+y*, 19 . ^iX^-‘^x6 + xS- \-x^ + !^. 

20. I - 4a* + Ha^ - ’ia+ + ^\a^. 

Ex. XXVI.»{pp. 46 - 47 .) 

1 . a^-a^x-a^x^+d^x^ + axS-x^. 2. 4x*4-4ax^+a*x*~-a* 

3 . x^ — i ojr*+9. 4. .r* + (rt + ^ + c)x^ + {ab + tic + bc)x+abc. 

5. a* 6 + «*+!. 6 . a 4 _ 5 a*^* + 4 ^ 4 . 7. a«+rt^^+ + ^« 

8. a^+Ioa* + 35a* + 50^ + 24. 9. .r"*—5a*jt*+4a'*. 

10 . - 13///*//*r*j'* + i6x^y^. 11 , .r* - 16j/*. 

EjX. XXVII. (p. 48 .) 

1 . -25a^* + 28.r-49, * 2 . I2a:*+a*-25. 3 . 2jr*-5a:^ + ;r*-12. 

4 . .IT* —6.r*--15. 6. 27a*+ 8 ( 5 *. 6. .t^-8j'^. 

7 . 4 .r 5 + 3 .t*- 23 ar^ + 2 5;»r*-i 4 jr + 4 . 

i 6 .ir 5 -32.if* + 35 ,r*- 23 j:*+g:r- 2 . • 

8 . sx^-iix 5 + 2 ix*- 13x^4- igx*- 12X+9. 

Ex. XXVIII. (p 49 .) 

1 x* + 4xy + 4y*. 2 . gx* — 6 xy 4 -y^- 3 . 25<i*+3oa^ + 9^*. 

4 . 9a* - 3oa^ + 25 ( 5 *. 5. a^ + 2 a*^* + ^*. 6 . a* — 2a*b* + b*. 

7. i 6 a*^*+ 2 ‘ 4 a^ + 9 . 8 . 4 a++ 12 j»:* + 9 9 . 25a*^* + 70 a^ + 49 

10 . a*b*-babid+gc^d*. 11 . 4x*4-4x+i. 12 . 9 .r* —24;^;'+i6y*. 

13. 4 a^ + l2rt*+9. 14 . ^+I2.ir + 4;r*. 15 . 4 a**- 12 A'^ + 9j*. 

• 16 . a^ — 6 a^,r+ 9 a*A:* 17 . ( 5 *.r* - 2 ^r.r^/ + r*.v*j*. 

18 . 4 a*^* + 20a^i: + 2 5^*. 19 - 1 +4^bc+4a*b*c*. 

20. i6a*^*-24a^*^: + 9^+^*. 21. 9801. 22. 7225. 

23 . 6084. 24 . 11025. 26 . ioo8ot6. 26 . 998001. 

27. 1010025. 28 . 250300*09. 29 . 63*936016 30 . 9994*0009. 

Ex. XXIX. (p. 50 .) 

1. a*4-b*+c^^2ab + 2ac—2bc. 2. A+ + 6,r^+,i ia*+6a:+ i. 

3 . 4Ar*+i2Ar^ —7.r* —24,r4»i6, 4 . i6a+- i6A^-36A:* + 20Ar.+25 

5 . a® + ^* + c® + 2rt^^^ — 2a^c^ — ib^c^. 6« + 2a^b^ a^b* — 4a^* + 4 ^^. 

7 . 4Ar^-i2.r*-7Ar* + 24Ar+ t 6. 8. 4 + i2.ar~7A:*-24.r*+ i6a‘*. 

9. a*-^b*4'C*4‘d*4-2ab — 2ac—2ad-‘2bc — 2bd4-2cd. 

10 . <f®-a*-ia*-a* + 2a* + 2a+1. 

11. 1 — 6.r+i5.if*-20Ar* + i5A^-6;irS+A®. 

12. + <:♦+- 2aH* - id^c^ + 2a*d* 4-2b*c* - 2b*d* - 2c*d‘^ . 
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Bx. XXX. (p. 51 .) 

1 . Z. 3 4 . 4a*-1. 

5 . 6. g;r* —25. 7 . ga*-25^*. 8. 

9 . 4 P*-g*, 10- 25jr*-i6a*. 11. 12. — 

13 . 16-a6. li. 144-492:*. 15 . 64-252.*. 16 . rt*-49d*. 

17 . 18 . ;r6-a6. l 9 K-a^x^. 20 . 9«*-^“- 

21 ./*2^-y*. 22. 1 - 2:1 23 . 2:*-8i. 24 . a+-625. 

25 . 81-12962I. ^ 26 . aP-b^. * 27 . 2:“*-4096 28 . 8i2:+-i6rt*. 

29 . a*-256t:*. 30 . 999999- 31 . 9996. 32 . 39975 - 

33 . 12075. 34. 3*9975- 35 249856. 36 . 399 ’ 9964 - 

37 . 89975- 38 14399 39 . 39936. 40 . 809999997^. 

Ex. XXXI. (pp. 62 - 53 .) 

1 . 9a*-4^*-+-4^6-C'*. 2 2:* + 2 i'*+2*-4. 

3 . a*-4^*+I2^t:-9^:*. 4 . rt^ + 4^1 

5. a^ — 2 a^x + n^x* ~x*. 6 «♦ —«* 2 :* + 2 tf 2 :* —,rl 

7. x*-a* + 2 a^x-a^x^. 8. i - 4a* + 12<i^ - 9^*. 

9 4a* + i2u<J + 9d* —25.* 10 . <*6 —a^^* — 4 rt^A* + 4 ^®- 

11 . 4a* - 5 a*^*- 4-<51 12. 2:* + 4 j'*. 

13 . a*+2ttb + b* — c'* ; <**-^*+ 2a<:4-c* ; a* — ^* — 2^t:-f*. 
li. a~ -2ab + b^ -(T* ; -^j^ + 2ab-b^ + £* ; -a* + ^* - 2^r4-(C*. 

15 . 4a* - ^* + 6^^ - 9^:* ; -4rt* 4 -i2/if+ i*-gt*. 

16 . 4a* - ^* — 6i<: - 9<:* ; - 4a*+4ad - d*-fgc*. 

17. a* + 2 af: + c* —^* — 2 ^(r^—/^* ; a* 4 * 2 arf 4 -/^* - A* — 2 dc —t* ; 

< 5 * + 2^ir+ c* -a* ^ 2ad - ^/* ; a* - b* -c^ — d* - 2bc — 2bd - 2< r/. 

18 a* + 2(1^/-+- r/* - 4^* + 12^tf - giT* ; g<r* + 6crf+//* - a* + 4^^ - 4^* ; 

a* -4* 6a<r«h g^* — 4 ^* + 4 ^^ — d*\ a* — 4a^ + 4 ^* — 12^^: + tac -4- gc* — /^*. 
19 . a*—^*- 6 ^*^*+ 4 ^*^-^^ + 4^^1 20 i+22:*-72:* - 162:6. 

21. a* 3 *. 4 r*rf*-a*r*- 3 *</* 22. a«-^6. 

23 . a*2:* + a*2l^ +1. 24 . 2:*6+2:*y®+7*6, 25 .r* - 1622*+ 6561. 

Ex. XXXIl. (p. 54 .) 

1. 2:* + 42: + 3. • 2. 2:* - 22: - 24. 3 . .v* -102:4-24. 

4 . a*^*-a^ —6. 5 . 4a*2:* —8a^2:4-3A*. 6. 2:*+ 32:*-4. 

7 . .t*- 42 r*_y* 4 * 3^1 8. 2 52:^-5a2:-6a* 9 . 15+ 82:4--r*. 

lO. a*(&*—Joa^ 4 * 2 l. 11 . 21 - 2 :*^- 6 ^*. 12 . 492 :* + I 42 :_y- 3 ^*. 

13 . gz* 4 - 3 a 2 : — 20 *. 14 . 16 a* — 80 * — 15 . 15 . 21 — 82 :- 4 ;r*. 

16 . 10. 17. -13. 18 . 5. 19 . 20. -10. 

21 . —65. 23 . -32:. 23. 3(2:-2). 

24. 2:* —22f* —252f*4-26.r 4 120. 
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Bx. XXXIII. (p. 55 .) 


1. x^-¥tx* +• ii;t + 6. 

3. + i 4 a -24 

5 . x^ - lx* - 26;tr + »20. 

7 . a^-\-la*b-‘i 2 ab*— 

9 . x^ — IX*y —2xy*’k‘ 24 y^. 

11 - - 3 ; -8 12 - 18 /*; 3 ^. 


2 . x^-6x* + iix-6. 

4 . a*-i6 a* + 8i«-i26. 

6. + 64:* — 7jr - 60. 

8. I -3x- \sx*+isx^. 

10 . a^ + 4a*b* — 7a*b* - lob^. 

1% iQy* ; - 8 y. 14 . — 28 ; o. 


1 12.*:*+i7Jf+6 

4. i6x* + 6x-7. 

7. 6 ;r*—i9A' +14. 

10- 28jr* + jry-45;/*. 

13 . I4.r* + 29;r-f 5. 
16 - 24V*-50^ +25. 

19 -157'. 20. -41- 


Bx. XXXIV. (p. 66) 

2. 6ir*-23Ar + 20 
5. 14^:*-29rj'-15^*. 
8. Sx* - J4X- 15. 

11. l2X*-X-20. 

14.* 26t*-4i^4'3. 

17. f2.»r*~7;r-12. 

21 3)/. 22. -II. 


3. 24^:* — 29 r- 4 . 

6 . 8 ;r*- 38 ^ + 35 • 
9 . 6 x* - 13-1? - 8. 

12. I4x*-29.»r+i2. 

15 . 5+9;ir-2.*r*. 

18 . i2Ar*-25.r+12. 
23 . -13. 24 . II. 


Bx. XXXV. (p. 57 .)^ 


1. -()X* + 27X - 27 - 

2. 8 a* 4 - 6 oa* +i 5 oti+ 125 . 

3 . %-\-\2aX'\-(>a*x* 

4 a* +1 20*b* 4* 48 a*^^ + 64 ^®. 

5 . x^-6x^y*-^\2X*y^ — 2iy^. 

6 . 8j:*-36;r*4-54J‘^-27, 

7. 27^6 + 54a^^ + 36 'i*^* +8^5. 

8 . 8 a^-36a®^* + 54a*^*-27^6, 

9. .r3 + 27. 

10 . 8rt*+27^3. 

11 . i+a*^*. 12 . 

13. 8a3+/53. 

14. 1 . 

15. 64 rt*-i 2 5 ^*. 

16- 729 a« + 8 ;ir*. 

17. Sxi 

— 27 /*. 18. 216 rt* — b^. 

19. rt 6 -.^ 6 . 

20 je- 

64 . 


Bx. XXX7I. (pp. 69-8a) 

1 - — ^ub. 

2 . - 2a*b. 

3 . 2gr. 4. -Sabxz. 

5. "^a*byz. 

6 - 2abc*z. 

7. -7p‘^qr. *8. -^abc^. 

9. -be*. 

10. 

ll. -i^bx. 12. — 2 . 

^ 13 . — ^abc. 

14. Sx. 

15. - 5 a*. 16. -4^5*. 

^17. -8,M. 

18. -^a*b*c*. 

19 . xyz*. 20. - \7bx. 

' 21. ^a*b*t\ 

m 

22. — 7(Pdy. 


Bz. XXXVII. (p. 60.) 

1. x~y^ 

2. -a + b. 

3. — 3«-4i. 4 . 9 a —3f. 

5. 5<v-7<»^* 

6. —x^4-x*—x. 

7. '^xy — 2 xz 4 r'yyz. 

8 . —a*b*'k-7abc‘ 

^-4C*. 

9. a^x* — yxx 4 rz^y — b*y*. i 


10. — 4w*//+ 3/«* — 2w«* + «. 11. - 5a^^*4-3a*5+«-2A*. 

12 . +4ab*c^d--Sbc*d, 
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13 . - 3 ^ 5 ^*+y* ; “ - 9 /*+ 3 ^^ - 

14 - — + ZX*y* — 2X^y^ + xy* + 6 

15 . - 4<** + ^ab^c - 3^*c® +1. 16 . ^xy^z^ + $x*ys^ + 6x^z* — 2x*y^. 


1. x + $. 

5 . 2ad — ^d*. 

9 . 4 .ar-- 3 j/. 

12 . 4«* + 6a^-P9^*. 

16 . l6'a^-4a*^* + ^^ 

18 ya — Sd. 

21. 3a* + 2a ♦ i. 

24 . a* + 2ad - 
27 x^-x^-x-i. 


Ex. XXXVIII. (pp. 62 - 63 .) 

2 3rt — 2^. 

6 x + 6. 

10 . 2 « -I- 3 ^. 


3. »/*-4w-f3. 
7. :r-8. 


4 . 3Ar + 2j'. 

8. 2fl-f7^. 


11. i6a* — 2 o«A-I- 25 A*. 


13. - 11 

16 . a* + 2^^-t-2^*. 

19 . «*♦-«* +1. 

22 . a*-f 2«**-f 3a*-I- 4 tf-»• 5 
25 . 2.r* + 3>'-i. 

28. .r*-4a.r-l-4a*. » 


14. jr»-H2. 

17. x^+xy + v*. 

20 2;r*_;'*-|-3Arj^-H. 

23 igx^ + i^v+g. 
28 . 

29 . — 2a* - 4 - 8a^ — 5^*. 
32 . .r*-|-2.rr-f3y*. 


30 . — 2r*-22:®-3r-4. 31 . + , 

33 . ///*- 2 ///- 4 - 3 . 34 . i “ 2 :ir 4 - 3 A:*- 4 ;j:^-f. 5 ;«:+. 

35 a*-2a^^-4-3a*^*-3a^*-»-^^. 36 . .*^-4-2:1'^-l- 32 r*-|- 2 .t + i. 

37 . a* — 2a*- 4 -2a— 1. 38 . 4:r* — 6.r- 4 -9. 39 . a*-f 2 a*A- 4 - 3 a^*- 4 - 4 A*. 


40 . 4 a*- 4 *i 4 a-H 9 . 


41 . 3 a- 4 - 2 ^- 4 -<r. 


42. 3r*-4Jr-4-5. 


43. 

46 . 

48 . 

50 . 

52 . 

53 . 


2a* + ^ax* — 2X^ 44 . -$av+ a*. 45 . a* - $a6 -4-6^*. 

— I - 32:^ - 13 r*j*. 47. x^+;^x^y + 8 x*y^ - 8 y*‘. 

3x^ - 4 - 2f * — 4a: - ro. 49 . yx* — yxy -4- 5_j'*. 

;f*“;r-i9. 51 . — x^ + x* - x^+ r-i. 

— (a®;r -l-a^jr* — a*x^+a^x* — a^x^+ >ix^ — x"^. 
x^+x^y+x^y^ -f xy^ -4- y*. 


Ex. XXXIX. {pp. 61-65 

1 . a-f^- 4 -i:. 2. a —^ —<r. 3 . x* —px-\-q. 

4 a3^-\rbx — c. h. a-\’b~-c — d. 6. 'i + 2^ —r. 

7. 3a-f2^-4-£'. 8. a* -4-^*-4'C* + a^ — ac-^-bc. 

a^-\rb^•\-c^— ab’^ac + bc. '0. I - jr-4-2j/+2r* + 2;»r>'-4-4j^*. 

11 . I - jr - 2 j/+;ir* — 2 xy + 4y*. 12 . x* -4- 4 ^* -4* 9 s* ^r^y - 3 A';cr -f 

13 . x*+y^+z^ + j. “ 14 . a — b — c. 

16. x + a. ,\6. a^- 3 ab{a-b)-b^. 17. .if*-4 -a*-( 1 +a). 

18 s^-^-yz+zx+xy. 19 . x 9 -xy+y*+x-^v^i 

20 . x*+ 4 y*+ gz^+ 6 yz + sxz-2xy. 21 . a- 4 -2^-t- 3 ^". 22 . fx + b 


Ex. XL. (pp. 65 * 66 } 

1 . -^^ax, 2 . — 3 . fa*<^*. 

5 .,iV. 6 -^xy*. 7. 

9 . 3a^tf-J^r+4a*^ ; |a^V-|^*c-4-la*^*c*. 


t 

4 . 

8. -a + 3d+V'*r. 
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10 . 

13. 2 a* — ay — \y*. 

16. a* + 5rt + v 
19. ^x*^x+i. 

‘ -22. + hy*- 

25. sa — lb + lc. 


11. yax+u 12. sx*-^xy+y*. 

14. + 5 ’ts>/* . 16. ia* ^b^. 

17. a-lb. 18. yx^ + ^xy + ly*. 

20. a^-ia*b+ib^. 21. x* + lx + l. 

23. jx*-^x+ 6 . 24. tX^-^x* + Ix+ 9 . 


Ex. XLI. 67.) 

1 . te - ax-t-ax* — ax^. 2. i + 5;r+1 5 ji:* + 45 ji: 3. * 

3 . I - 5 Jf+I 5 ;r*- 45 a:*. 4. i+ 2 a- 8 a^ - 

5 . i+2T + 3jc*+4Af^. 6. i-(a + b}x + (a + b)bx*-(a+b)b*x^. 

7. — I - /* + 2<a* + 4rt*. 8. a^—ftp*■{•ay — r. 


Eji XLII. (p. 

1. 4 X*- 7 . 2. rt®^3rt + 9. 

4. jr-3. 5. gx*-ix-\-i. 

7. 3Ar'‘® + 2;r-4 8. x*~-x. 

10 . I2.r+- f ijf* + io;i:* + 39;r+ 8. 


>.) 


3. .r* —3jr+2. 

6. x^-x^-^-x- I. 

9. 3a-23. 


Ex. XLIII. (p. 70.) 

1. a — x. 2. a^+a*ji:+a*2r*+aAr*+jir^. 

3. rt5-a*r+a*;r*-a*a^^+aA:^4. 32:+!. 5. 5:r—1. 

6. 2;r-3. 7. i-2^ + 4;ir*. 8- 9ar*+3a:+i. 9. i-22: + 4;t* —8jr^. 

10. 2:* + 33ir*>'+92y/* + 27 j*. 11. a+-2a*3+4a*3* —8a3* + i63^. 

\2. x'^—x^*y*-{-x^y^—x^y^-{rx^y^ 13. ^a* —Ja3+3*. 

14. x^y^ - x*y *3 + xvs* - * 15. 4 m* — n*. 

16. a* + 2a®jr+4a®2r* + 8ar^ +l6;r*. 17. 32—i6a+8a*-4a3 + 2a^ —a*. 
18. a*-7a+ 49. 19. rt + 3-f. 20. x*4rxy - xs4ry*-^yz^-s*. 


Revision Papers I. 

Paper I. 

1. 15., 2 . 4+2:. 3 . ya-yb. 4. 2a. 6. 15 ;^i ; -3; 3; 19. 

7 . {ax - by) - {cs + bx) + {cy + asr) ; {ax-by-cz) -{bx-cy- az). 

8. 422?*+2i6A‘y + 3q;/*. 9. a*+ab—/tc—bc. 10 . 42;*. 

0 Paper II. 

1. I2ff4 2 . 22f*-a*-2a*+2a+7. 5 . ia^ + 2 yb*-c^ + iiabc. 

6. 62:* - 22r* - 82? “ 16. 7. 2: - 6. 8. 22 ; 9 ; o ; - 5 ; - 6 ; - 3 ; 4. 

"- 352 f 3 '* 8 j'+i 7 ». 10. x*-2:6y*-2f*y« + y*. 
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Paper III. 

1. 4 . 2. 3 . 123 *. 4 . 94. 

5. •o 6 -' 3 ;r + - 2 ;»r*-jr* ; • 031 . 0 . 2 (x^+y*-i-.y^-yS’‘ 2 x-xy). 

7. x^ — a^. 8. 9. x*+ ^{a — i)x — ^. 10 . 3a —63 miles 


Paper IV. 

1- 3s/(»33)- 3- 5-*^*+6.'«ry+2>'* 

4. 2 r* + 3<ijr4*3rt* and a rem. 3 ^*. 

6 . 3** + 4a-2. 7. I+3''< + 4 a* + 2«^ 

10. a+ 33+2//. 


3 . a*d*-b^ lJtbc*(i 
5 , 20 x^-sax. 

8. 3 a*+ 4«3 + 53 * 


Paper V. 

1. 2700. 2 . ^a*- 53 *+r*-V^. 3 . u^-a^b+3a*c ~4cfb^ 

- 9 a£* + i 2 <j 3 c- 243 *^+ 453 ^:*+ 433 - 27 «r 3 ; «*-43*+f 23 c- 9 ^* 

4 . x^-2(a+b+c)x^ + 2(ab + ai:ix. 

5. X* - 2 qx^ - 2'^* - q*).x * + (/^ + p*q + ; 

jr«-(^+y}2r+y*. 6. A‘*-( 4 rta+ 93 V* + 36 «*^*- 

7. 2a3+3at+63c. 8. i6(.t^--2:*V*+j+) - 8(.r*+^*)ft* 4-a* 

9. 3a*—a+ 2 . 


Paper VI. 

1 . 94 - 3. (ioa + 93 + 9 f)'fl + f + 3 )«iOtf* + i 9 a 3 +i 9 i/i; + 93 * 4 - 

i 83 f+ 9 f*. 3. yx^ — lyax i2a^. 4. x^ — ax — b. 

5 . 2>'*. 0 . 2:* + 3af* - i6jr-48 ; 6 .r 4 - 24 . 7 . 7;r* + 52:^4-2j/* 

8 . AT* and a:^ are divisible by x+y ; x* -y* and 

jr5_j;S are divisible by AT—y. "* 9 - A'*+.r^+i. 

* Paper VII. 

1. I. 2. (i) i6a*3* + i2a3<:+9(:*. (ii) 9a*3*-6a3tf+4f*. 

3 . (i) <i*+a*- 2 o. (ii) 14375 . *(iii) 996004 . 

4. Ar«- ii 6 Ar’^+ 17894 :®- i046oAfS + 2502A:+- 5382 A:*.^ 633 Ar* 

-7o8.r+ii89. , 

5. 3a*-a3+3*. 8. i6«Ar*. 7. 2xi-x*y-lx^jf*^*/x*y* 

8 . 9. 62Af*+33Ar^-^* 10. xi^y + z-^xyz 

“ Paper VIII. 

1. 4. 2 . 3a*-i23*-96<:*-3<!i3+4a-i23+5c. 3 - 3. 

4. (i) a:®- 25 . (ii) 94f*-45Ar+56. (iii) i2Af*-47.< + 45 . 

5. Ar»*-ArS^*+>**. 6. 2Ar*+jc-i; x+i. 7. a^x-i-b^y+c^z. 

8 . 5 ^' 9. 2A:*-2(a+3)Ar+a3. 10. 3 miles|r 
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Paper IX. 

1. 3. (i) ga*-i 2 a^x + i 2 a^x^-‘ 2 oa^j:^ — 2oax^-‘2Sx9. 

(ii) — 2ax^ — 2a**6 + 6a^x^ - da^x^ + 2a®jir® 4- 20 ^x — a*. 

3. — 3 a;r - a*+ 1 . 4. 9 a* + 6 ac + 4 ^£‘-“ 3 a<J-- 6 ^*. 

5 . 2+4.r + 8.tr* + i6jc*+32Ar^. 6 3(a*+^*+ir*j — 2(^t + ra + a^); 59. 

7 . x'^ — 2 a.tr® — i6a*t+ + 32 a+jir 3 + 64 a®r — I 28 a’^. 

8 . 2 x* - 5^:3 - 4 ;r* + .r+ 2 . 9 . x*—^*_y + x*y*-xjf> + y*. 10 . 6a* + 2 

Paper X. 

1 . 128 . , 2. — 2,r — 3 cy/+ 53 s’. 3- —doa^x^y^ ; — 4a*.r*y, 

4 + ;- 2 . 5 3 x*- 7 x + g. 6. a*+ 2 a 3 + ^*--ac - fic + c^. 

8. — 3a*^ + 6a*^* — 3a^^ + 9 . a;*+ (w + 3 'a 2 r 4 * 3 a*. 10 . 2Wf;2« 

Bx. XLIV. (p. 78.) 

1 . x(x + 3a). 2 . a*(a*- 3 ). 3. ,r*(jr* + 5). 4. x*(x*-‘5a). 

5. 5 ^*(^- 3 y). 6 . a(a- 2 ^). 7. 7(3 - 5-* ^ 8 - - 2 a(«- 3 ). 

9. 3 :ir*(i+ 32 :- 42 r*). 10- 4a(a- 4/1 + 6 )» ll. 8 j/(x+ 2 g). 

12. 3 a^i*(^*- 6 aA+ 7 a*). 13. 6 xj^s'x + 2 j^ —;^x*y^). 

14. 7 .r*y*.j( 6 s* + 7 .rj^s’ — 9 tr*^*). 15. 7 xj/( 2 X*— xy+Sy*). 

16. 5 a^(a^ + 5 a*^ — 2 ad* + 3 i^^). 17. 6 jirvs'f 6 jr — 9 ^ + 85 ’). 

18. ioa}h*c {7 - 6 a^i:+ 5 a*^*£‘* - ^a^b^c^). 


Bx. XLV. (p 79.) 

1. ya + b)(a+c). 2. (a —^)(a + <:). 

4. {ac~2byab + c ). 5. (a+^)( 2 r+^). 

7 . (ac-z^)(ac+b). 8 . (a*+^*)(^ + ^). 

10. (ii 2 r* + 7 )(tr- 5 ). 11. (5«-3<^)(4<^-7^- 

la (3a-4<^K5^ + 3f)- 14* (>r*+ !)(>'*+1). 

16 . -y)(.*■+>'- 5 )-* 17 . ^, 6 jr- 5 )( 3 ;/»- 2 tr). 

19 . (a + 2){ax-$by). 

Bx. XLVI. (p. 80 .) 


1 . (.r+ 6 )*. 

5 . (2.r + 5y)*. 

9 . ( 3 «J + ^*)* 

18 . ^a?r+i)*. 

15 . (la-l^)*. 

18 (a;r-dy+ 2 f)*. 
81 . I. • 88 . 4 - 


2 . (a-4)*. 3 . (r + 7)*. 

6 . (2;ir+i)*. 7. (^a-5^)* 

10 . ^»( 4 « 3 -c*)*. 

13 . (2tr^^+5s^)*. 

16. ( 3 a- 2 ^ + 3 c)*. 

19. (jr* + 2;r-2)*. 

23 . ‘0025. 

I » 


3. (a+b){c+t^). 

6. (a+^)(jr-tf) 

9 . (ar* + 2)(2jr-3), 
18. 2(3a+2f)(2a-3i) 
15 . (2r* + 4)(Ar + 5). 

18 . {xy- $z){a + be). 
20. 2(a-^)(a + 33), 


> 

4 . (2a- i)*. 

8. (a*+ 7)*. 

II. b*{2a‘-76c)^’ 

14 . (a*-10)* 

17. (2Ar-j'+;8r)*. 

80 . ( 2 a+ 35 +:r+ 2 ^)* 
84 . '0961. 85 . 4 
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1. (r+3.r)(i-3A',. 

4. ( 5 ^+ 4 )( 5 -r- 4 ). 

7 . {a+i^Yw 13). 

10 . 

13 . (a* + s)(rt*- 5 )- 
16. f 3 ^ + 7>')(3A'-7/)- 
18 (ifii + ra^Xrfa- izd). 

20 . (a3 + ^*)(rta-d*). 

22 . ( 5 +<»*'( 5 -«*) 

24. (a*^ 4 - 

26. x*y* 4 x+Sy)( 4 x--S)')- 

88 . 2 aA*c{a-\- 2 c'‘{a- 2 C). 

30. a-*(a+3d3)(rt-3^»). 

38. 7x*{x ia)ix--la). 

34 ir(H-3a)(r-3-1). 

36. + — 2 ). 

38 7C«* + 7^*)(«*“ 7 ^*). 

40. 1840 . 41. 54000. 

44. 119400. 45. 573 

48. T4352. 49. 29496. 


3 . ( 3 /« + 2«)(3/;/~2«i. 
6. (i+.i:*)(i+A-)(i-.v). 
9. (5 + rt^)(5-a^). 

12 . ( 6 +A'+)( 6 -.ir*). 

15. (7^*+9^)(7^*"9^^ 
17. (a + i 7 ^)(a- 17 ^;. 

19. (l2tf^+I lC*)(l2rtA- I u*'. 

21 . 4(a + 2)itf-2). 

23. ( 7 ^*+i)( 72 r*-i) 

25. ( ^ax + 2y)( sax - zy). 

27 . xyiay+x^Xay-’X^). 

29. 2:’(5jr + rtK 52 r-tf). 

31 . { 9 ^* + 8)(9;r*-8). 

33 . 3 (jr* 4 -io)(Ar*-10). 

36 . 5 ( 3 ^»' + 4 )( 3 ^J- 4 ). 

37 . 5 c(iia + i2d)(ii«-12^) 

39. 17 ( 1 + 2 '»^)(i - 2a^) 

43 . 250000. 43 . 15600. 

46 . 11800. 47 998000. 

50 . 45584. 


fix. XLVII. (p. 81.) 

2 . (a + ix)(a- 3 x). 

6 . (-«^ + 3)(2:-3)., 

8 . (a 3 +i)(a^— i). 

11 . (9^4-8)(9j;-8). 

14. + to)(a^fi - 10 ). 


Ex. XLVIII. (p. 82.) 

1. + 2. (a + ^-^)(a--fi + c). 3. (a + 3 ^)(a ~ 

4. (a*+^*+c*+rf*)(rt* 4 .^*-t:*-//»). . 5 . (a + 6 )(a -3 + 4). 


6 . (a+^ + 2 )(a — i) 

8 . (5x-^a + d)(sx-a-d). 

10. (42:-5)(3.r+ 1 ). ll. 8<i^. 

13. 7(x+y)(x-y). 14. 

15. 2 tf^-i. 16. 

17. (7x-y)( 7 y - x’^. 1 ^. 

19. (3i^ + 2)/ + 2a)(;»r 4-4y)- 

21 . (a-^ + i:)(a-^- c). 

23. ( 2 «* + 3a-i)(2rt*-3a + i). 

25 . (3<*-2d+4^+y)(3't -2fi-4x-y). 

27 . + ^ — — 

29 . (<* —^+c+/^)(a —^ — rf). 

31. 

38 (2X*+iX3-4x). 

35 . (3«+^-4'^-i)(3a-^+4rf~ i). 


7 . (.t- 4 - 2/ 4 - 4'i)(.r + 2y - 4a . 

9 . (c + a — 3)(c-~a + S). 

1 ’ 2 , (a+4x — y)(a-~-4x+y}. 
(A*4-4*74-.>/*)(.r* - 4 xy + y^). 

(a* 4 - 2 a^ 4 * 2 d*)(a^ - 2a^+2fi*). 
3(a+^+2C+yi'(a 4 - d -^c - 2 fi). 

20 . {a+ 6 ~ 2 c){a-d 4 ‘ 2 c). 

22. {c+a'-d)(£ — a + d). 

2l!i (^-3.7' + 4^)U-3^-4:). 
28- ia4‘d + c){a+d — c). 

28 ix*+x i- j)(x*-x-^l). 

30. {a+^+c){a-d + c'j. t 
34. ( 5 +<» ”4)(5 — a4-^). 

34. (a+Wa-^d)*. 
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Ex. :£LlX.*(p. 83.) ^ 

1. {^a^rb^rcY. 2. (:r*+;t-i)* 3. - yc. 4. (at* + 2 ;i:- 2 )* 

5. (1 + 6. + 7. (.**-54r+7)*. 8- 


1 . (.r + i)(;ir+5). 

4 . (»- 3 )(-*- 5 )- 

7 . U- 2)(jr+3). 

10 . ( 2 f + 5 )(-^- 3 )- 
13 . (x+3)(z + 4). 

.16. (j:-3)(^+4)- 
19. (^+7)(^+9)- 
23 . ( 2 r- 3 ‘»)('»-* 3 «)« 
26 . (xjr + ^s)(xy + iis). 
.26 (6+2r)(i I-2r). 

31. (a*-9)(«* + 5)- 
34 . (xy- ii)(xy+i 4 ). 

37 . ( 5 ^ 7 “ 0 ( 5 ^;'- 0 . 

40 . (x-6a)(x- 5b). 
i‘3. (x-~i)(43x + i). 

46. (x-- 7 a)(x + 3 b). 

47 . a(a-3xXa + 2x). 
49 . ;>♦(»«+ 7 )(w- 12 ). 


1. (22r + 3)(22r+i). 

4. ( 3 ^-i)( 4 .a:- I). 

7. (4^“ 0(^+3). 

10 . (32^+4X22:- I). 

13. ( 42 r+i)( 3 ^-i). 

16. ab( 3 a- 2 b)(a + b). 

18 . 31'*(3^ + 21 ')(^“ 1 ')* 
30 . x^(2b-3x)(3b-hx). 
22. <7+«)(4~5«)- 
26. (32r+4)(3^-2). 

•38. ( 3 -;r)(i+ 82 :}. 


1 . ( 3 jr + 3)(jr+4). 

4. (2Jf73a)C22f-a). 

M«A.—^40 


Ex. L. (pp. 84-86.) 

2 . ix+4){^ + S)‘ 

6 . (2r+i)(2:+7). 

8. (.r+ 2 )( 2 >~ 3 ). 

11 . {x + S)(x- i). 

U. f;«:- 2 )(.r- 7 ). 

17. (i - 2 x). 

20 . {X'-iiXx- 12 ). 

23. (a* + 2 ^*Xa* + 7^“)- 
26. (ab-iicXab- 13 ^:). 
29.» (5+J«fK* -X)- 
32. (;r- 9 )(.ar + 8 >. 

35 . (;»r + 3 )>-i 6 ). 

38. (i 8 .r+^)( 3 jr-j/)., 

41. {x-i 3 y){x-i 3 y). 


3. (.*:- 2 X^-- 3 )- 

6 . ( 2 r-i)( 2 r- 9 ). 

9. U-3X.*^+0. 

12 . ix + i)ix-9), 

15. (^ + 2)(2r-7). 

16 ( 2 r+li)(;r-lo). 
21. (;r-ioX;r-2o). 
24. (a^ - 3 )(«* - 4). 
27. ( 7 +.rX 6 -.r). 

30. (2f + i3yX-*'“2^). 
33. (<i 6 +iJ(a 6 - 4 ). 
36. (3a6 + i)C 2 a 6 -I). 
39. ix + 2a){x—$b). 

42. ( 13 *-i)( 2 jr+i). 


44 . (I-.ar)(i-6^:). 

46. a*{x — a)(x — 2a). 

48. rt»(a*+86»)(a*-7^*). 
60. + 


Ex. LI. (p. 86.) 

2 . (4;r+0(^ + 3 ). 3. (;»r- 2 )( 32 r- 7 ). 

6. 2(;i: + 2)(4r + 3). 6. (a+3)(2a+i). 

8 . ( 2 .ar- 3 )( 22 r+I). 9. ( 32 :- 2 )( 2 r+ 2 ). 

11. (4Jr+iX3:i:-2). 12. 2^62:-i)(jr-i). 

14. (3<f-5)<J^+*.* 16. (4«*-.**)(3**+^*)- 

17. xy{ 2 x+jr){x+ 2 y). 

« 19. a*(3a2r-i)( 2 <ijr+1). 

21. (4-'a)(2 + 5a). 

93.,(7^-4)(22r-3)- 24. ri3»+2)(^+3)- 

26. ( 22 r- 7 )( 22 f+ 9 ). 27. ( 2 <i-i)(a+ 5 ;. 

29. ( 3 .^ + 5 )(^-S)- 30. ( 62 - + 1 X 32 :- 2 ). 


Ex. LIl. (p. 87.) 

2 . ( 32 r+ 2 )( 2 f- 4 ). a ( 7 .*r+ 3 )( 22 r- 5 ). 

6 . (7«-ay)(^+J'). 6 . ( 2 .r-i)( 2 r+ 3 ). 
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7. {ix+2){x+3). 8. (4^-5)(6.*--5). 9. (4-5^)(7+^)- 

' 10 . {3x+2a){2x-3a). 11 . it3x-^){7x + i7y), 

12. {iix+i3y)igx-iiy). 13. ( 150 * +i7^*)(i4«*-9^*)- 

Ex. LIIl. (pp. 87-88 ) 

1. {x + yXx^-xy+y*). 2. (x-y)ix*+xy+y*). 

3. {i-¥x){i-x-\-x^). 4 . {i-x){i+x+x*). 

5. lx^+y){x*-^x*y+y*). 6. (x*-y)(x^+x^y+y*). 

7 . (a-2)(a* + 2a+4). 8 . (2x+t)(4x*-2x+i). 

9 . (a^+i)(a*^*-a^+i). 10 . (a3-i)(a*d*+ad+i). 

11 . (a+4d)(rt*—4<*^+r6i*). 12. (3a+i)(9a*-3a+1). , 

13 . {a-4d)(a*+4a3+i63*). 14. (x* 4-i)(x^ - x* + 1). 

15. (i-3x^}{t+3x* + 9xV. 16. (2a-3^)(4a*+6«^ + 9^*). 

17. (6a-^)(36a2 + 6rtd + ^*). 18. (9;i: + 2<^)(8i2r* - i8a2r + 4a*) 

19. ix* + 4 )lx*- 4 x^ + i6). 20. (i+ 92 )(i- 9 a+ 8 irt*). 

21 . ( 7 a-i)'49a* + 7d + r)- 23. ( 4 ;^- 5 ^)(i 62 * + 2 or^ + 25 >»*). 

23. 2 (fl+ 4 )(a*- 4 rt+ 16 ). 24. ( 5 a*+ 82 r)( 25 a^- 4 oa*r+ 642 r*>. 

25 . 2:*(a + 32 :)(a*- 3 rtjrH- 9 ^*). 26. 3(3“«)(9 + 3«+®*)- 

27, x*y{a+3v)(a^-3ay + 9y*). 28. {2X* + y*){4x^ - 2x^y*+y*). 

29 . (4-fl+^)(i6 + 4a —4^+«* — 

30 . ( 6 +4a - 5^)(36 - 24a + 303 +16a* - 4oa^ + 2 *). 

31. 2 :( 2 r- 3 )(A* + 3 r + 9 ). 32. ( 7 a+ 9 d)(i 03 a*+ 180 / 1 ^ + 81 ^*) 

Ex. LIV. (p. 88 .) 

1. {x+2)^. 2. la + 2T)*. 3. (2jir-3)*- 4. (5a-2)^. 

5 . (;r-5)3. 6. 7- M^-3)^ 8. (a-6)^ 

Ex. LV. (p. 89.) 

1. {x*4-3xy-2jf^){x^-3xy-^2y^). 2. (a*+a+i)(a*-a+ 1 ). 

3. (3a* + 4rt + 5)(3a* - 4 « + 5)- U* + 22: - 4)(2:* - 22r- 4). 

5. (a* + 4 a^-d*)(a* — 4 a^-^*). 6. {x* + 3 xy+y*)(x*- 3 xy+y*). 

7. ( 32 :* + 22 ry + 7 >^*)( 32 f*- 22 ry + 7 y*). 8. ( 2 r*+ 2 r- 2 )( 2 r*-^ - 2 ). 

9 . (42:*+22r +1 )(42r* - 22f +15. 10. (4a* + 6^2: + 92r*)(4a* - 6a2r + 92:*) 
11 (a*+ 2 a 3 +2^*)(a* - 2a^ + 2^*). 

12. (7a* + i3a^+ii^*)(7a*-i3«^+i^*). ‘ 

13. {3x* + 3xy4‘Sy*){Sx*“‘3xy+Sy*). '. 

14. isa* + 7a3+46*)i5^*-7a3+4p*)- 15. (2r* + 22r + 2)(2-*-:2.r+2). 

Ex. LVI. (p. 90.) 

1 . ( 2 r + 2 )( 2 r— 2 )( 2 :* + 22 :+ 4 )( 2 f*- 22 r+ 4 ). 

2 . ( 2 r+ 2 )( 2 r- 2 )( 2 r*+ 4 )( 2 ^+i 6 ,'. 
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• * 

3 . {i + 3J')ii - + 3J'+9y*)i' - + 

4 . (i+2a)(i-2a)(i+4a*). 

5. {x + a){x-a)ix* + ax+a*)(x* -ax+a*X^*++<^)- 

6 . (x + a)(x - a)(x* + a^)(x*+a*)(x • + 0 *). 

7. (ax+3yXax-fiy)(a*x* + fi*y*). 

8 . (x^+x+iXx^-x+iXx*- x^+i). 

9 . (x*+xy - jry + y*)(^^ - x^y"* +>♦). 

10. U + 3)(-»^-3)(-*^*+9)* 

11 . (;ir+l)f 2 r*- 2 r+i)(;ir-i)(;r*+-f + i). • 

12 . i6fa+^)(« — ^)(5«*-6fl^+5^*). 

13. (a+d^+cXa + d-cX‘*~’^ + <^X^+^~-a). 

14. fa + 2 ^ — 2tf)(<* — 2 3 + 2t)(a* — Sdc + 4 ^* + 4 ^*). 

Ex. LVII. (pp. 91-92.) 

1. 4(;ir-H)(r-i). 2. ^a^dh*(a^-6dc+Sa6). 3. adc^a + c)*. 

i. x\x-d)*. 5. (ad^+c*Xa6^-c*Xa*i6 + c*). 

6 . x*lx + a)*(x-’a)*. 7. (a-^)(3-f). 8 . («+?)(«- 3 ). 

9. (3a^*-5c)*. 10. si^'-SyX^-'^yh > 11. 2(a-|-5)(a-5). 

. 12. 5a(a3 -H 4tf)(a/J - 3 ^). 13- ( 2 a^ - ScX2ad - c). 14. 3(2 -h;»r )(2 - x). 

15. {zx -^-y - ar)( 4 :r*'— ^xy -I- i.xz'Ary^r^yz+z% 

16. (a + ^ - 5c)(a* -I- 2ai + ^* -I- Sac+ ibc+ 2 5 ^*). 

17. {a+d+cXa* + 2ad + 6*-ac—dc+£^). 

18. 2x{x* + ^y^). 19 . 2y(3X*+y*). 20. 3 ( 1 -l-a-3)(i-a-h^). 

21. (ax+iXdx+i). 23. i 7 (;r+i)^.r-l- 2 ). 23. 13 ( 3 ^ +0' 3 : 1 :- 1 ). 

24. 2 ( 5 a-H)( 25 a*-sa+i). 25. fa-f-^+i)(a*-t- 2 a 5 -|-^*-a-^ + l). 

26. (a*4-ad-3*)(a*-a^-H). 27. 4 ^*(Jf+ 3 )( 7 ^- 5 ). 

2a (3 + «+^y3-«-^)- 29. (3^-i)(2^-3)- 30. (a-H 5 )(a- 9 ). 

31. ( 7 a+ii^)( 7 «“ 32. (a+i)(^-»-i)(a-i)(3-i). 

33 . ${70 + 66•cXc -a). 34 . {yz + J[b+c){$c-a). 

35. {x-yXx*-$xy+7y*). 3a (at+?)( 11 ^- 2 ). 37. (7^+Sr)(3^“4y)- 

38. (r*+ 22 ^^+ 4 y*Xx* -2xy+iy^X^^ - 4^V* + * ^y*)> 

39 . y{x - syXx - 1 2y). 40. ( 3 ^ + SyliS^ - 5 v)(9^*+ 25 ^*)- 

41. (24: + 2 j^-a-^){.^-Hy- 3 a- 3 ^). 42. (5J«f + i3)(5;»^-ii).' 

43. {7X-6X6X-17). 44. (2I2:-s)(3^+7'. * 

45 . (^^-H 4 ^-l-i 6 )(ar*-» 42 r-^i 6 ). 46. ( 3 ^+ 4 )( 32 r- 4 )( 2 r- 4 )(;r + 2). 

47 . 5a(i3a*-n8a^-H23*). 48. a6{a-6). 

49. 2{f-y)(4y-x). 50. 5^(a-3). 

5 l.« 2 ( 2 r-hy)( 4 ^-^). 52. 4y(x+y). 5a (a+dXa*+ad + d*). 

54. {x+iXx+2)(x-‘2Xx-3)' 56. a*( 6 +a)( 6 -a). 

S 6 . .r( 62 r-H)( 3 r- 2 ). 67. i6x{i~‘X). 5a x{i^2x){^^2x). 

59. + J). 00. 6(a-5)(a* + 5 <* + 25 ). 

t • 
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61. {a*^d*+c*){x*+y*+z*). 

63. (x*+2a*)ix* - 2a*){x* + lax + 2a*)(x* - lax + 2a*). 

63. (a+^-3<;)(a+^-3r-i). 64. 3(1+a)(i+f)(a-tf). 

65. 2{a + d+c+d)'a^d). 66» (a^+ax+x*)(a*-~ax+x*)(a*-a*x*+x*). 

67. (x+_y-i-a+u)(s+u-x -•j'Xx + ar - «)(jc ~ ar + «). 

68. (af* + 2af + 3)(jr*-2ar + 3). 69. (ar*+^2:>'-y*)(ar*-^2y-^*j. 

70. (x+a)^(x-~a)*. 71. (7x^ + 8vy,4gx*~-s6xy’t-64jf*). 

73. (5-ar)(i2+.a:). 73. (x+7)(x+61. 74. (jr + 2)(a;+6)(jr*+8af +10). 

75. Ix+7)(x-6). 76. (ar+6»)(a:-iia). 77. (2ar+y)(2^-^)(3ar*+^'*). 

78. (3r + 2)(x-4). 79. (2ar + 3)(3ar~2j. 80. (5ar+iH2;r-5). 

81. (i3ar-ii);3T+2). 83. 2(2a+5)(4a*+a5+5*). 83- (6-ar)(ar-4). 
81. (jr+l)*(ar-l). 85. (a+2^-^r-3<i0 a-2d+^~3</). 

Bz. LVllI. (pp. 94-95.) 

1. o. 2. 3. ar*-I. * 4. (a+d + c)(a-d + c). 

5. (ar*-2ry+>'*)*. 6. (a:^- a*;ir*+a^)(2:*+aar+a*). 7. x+j^. 

8. (a*+ar*)(a*+jir*)(a-af). 9. (x+_y)*+2(x+j')x 

10. i^ + 5af*y*+y*. 11. (ax+6y+cs)* ^(ax-i^dy+cxX^x-djf + az) 

+(tfx —5j/+aar)*. 12. 3r*-aar+a*. 13. — 

14. 7a* + i3^*+2ic* + i9a^+24ac + 334c. 15. ar* + 5a:-i4- 

16. -52x(x-7). 17. Jr(ar* + 22)(iiaf-io). 19 . 2x^-xj/-3y*. 

20. 4(6a*5*-a*-^). 21. (3ar*+y*j(af*+ 3y*). 22. 4(jf-z)^. 

25. a*+2a*5 + 2a5*+^*. 26. 64a:^(9;i:®-1). 

37. 7(:>f-i3)- 28. 7^*-10^+3- 


Bz. liX. (pp. 101-103.) 


1.4. 

2. 4* 

3. 4* 

I- 3- 

5. -4* 

6. 

-7- 

7. 0. 

a 6. 

9. - 20. 

10. 15. 

11. -18. 

12. 

3- 

13. 0. 

^ 14. 24. 

15. if. 

16. 8. 

17. 6. 

18. 

2. 

19. 16. 

20. -10. 

21. 0. 

23. •“ 4* 

2a 24. 

24. 

6. 

25. I.' 

26. -3* 

27. 5. 

2a 2. 

29.24. 

30. 

24. 

Ol. —. 21* 

32. - 03 

33. *4* 

34. *01. 

35. 5’ 





C 






t 

Bz. LXl. 

(pp. 104-lOS.) 



!• 5* *k 

2. 2. 

3. 3. 

a 4. < 

5. -1. 

6. 

7. 

7. 8* 

8. 9. 

9. 3- 

10.2. 

11. 1. 

12. 

4- 

13. 2- 

14. $. 

15. 2. 

16. 4. 

17. 28. 

la 

A. 

4- 

19. -2|. 

20. 24. 

21. a , 

23. 7. 

2a •“ 4* 

24. 

1 

?• 

25. 6* 

2 a 3 - 

27. -10. 

28. 10. 

29. 1. 

30. 

2. 

SL.4. 

33. 7. 

33. -2. 

34. 3. 

35. 2. 

36. 

24. 

S7. -5- 

38. 3- 

39. 54* 

40. 3- 


‘ 

« 
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Bz. LXII (p. 105.) 


1. 

t — a 

• 


2. 

2 a 

• 

3. 


a 

^ • 


5. 

2 


w - « 



5 

3 

9 



"s' 

6. 

a 

"* 2 ■ 


7. 


a 

^-4a‘ 

a — b. 


10. 

2 ab 

a->Fb' 





Bz. 

LXIIl. 

•(pp. 107-109.) 




1. 

8. 

2. 

4- 

3. 

12. 

4. 42 . 

5. 

12 . 


6 . 12 . 

7. 

12 . 

8 . 

5- 

9. 

7 . 

10. 4 . 

11 . 

5- 


12 , 7 . 

la 

7 . • 

11 

104 . 

15. 

42 . 

16. 6 . 

17. 

5- 


18. - 5 - 

19. 

12 . 

20 . 

2 . 

21 . 

Itt. 

22 . 3 . 

8 a 

7 . 


21 - 8 . 

25. 

4» 

8 a 

7 . 

27. 

s. 

28- — iJt. 

29. 

3* 


30. 1 

31. 

5* 

32. 

- 7 . 

33. 

12. 

31 7 . 

35. 

11 . 


36. ii> 

37. 

8. 

38. 

5* 

39! 

7 . 

40. I. 

41. 

13- 


42. 5* 

4a 

■a • 

44. 

10 . 

45. 

- 5 . 

46. 6 . 

47. 

-2^|. 

4a I. 





Bz. 

LXIV. 

(pp. ll(l*lll ) 


■ 


1. 

18 . 

2. 

56 . 


3 . 8. 

4. 4- 

5. 

2. 


6 . 18 . 

7 

8 . 

8 

_ 4 
' w 

1 

9. 9 . 

10. 6 . 

11. 

4 . 


12. 10 . 

13. 

7 . 

11 

. lof 

15. 24 . 

| 6 . 19 . 

17. 

— a 

• 

la 3-a. 

19. 

a - m. 

20 

2(« + C). 








Bz. LXV. (pp. 111-112.) 

1. 3. 2. i. 3. 60. 4. -U. 5. V 9 S - 6- 2 

7. 5. a 8. 9. ». 10. 7. 11- *4. 12. 5 

Bz. LXVI. (pp. 112-118.) 

1 . I. 2 . 2*15. a -29*1. 4 . 4*667. 6. 5 * 42 . 6. -8. 

7. 47. a 1*89. 9, 1*86. 10. 307. 11. yio. 12. -l. 

Bz. LX7II. (pp. 113-lia) 

1.3. 2.5. 3.6 4 .*-^ 5 . |. a iS. 

7. 14. 8. 5- 9. 12. 10. 3. IJ. 2. 12. 2\. 

13. P~-9- 14. a + k. * 15. js(25a—18^). 16. ^ • 

17. 5. 18. 4.. 19. ^a. 20. 7* 21. 4. 22. 5. 83. 5- 

24. 26. 4|. 2a 7j. 27. 4. 2a 29. 4. 39* ^ 

3ff 9. 32. No root. 33. 7. 34. 13*86. 35. -1. 

36. 2. 37. 8. 38. 11. 39. 3I. 40. I 41. 10. 

2^- •- *3. 9 . *4. 5- 43- lo- 

25(<*+i) * « 
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Ex. LXVIII. (pp. 117 - 121 .) 

1. x+g. 2 . g+x. 3 . x-i6. 4 . i6-x. 5 - x-i^. 

6 . 20—X. 7. a/ 6 . 8 * 35 /^- 9 . 20X. 10 . x — y. 

11. x-~2S» 12. x~-i2. 13 . x~~j^, 11. x+g. 15 . 75-Jif-^. 

16 . 80/jr. 17 . zyjx. 18 . 9/^ pie. 19 . 20 . y/g; itzjg. 

21 . 23 . a’’. 23 . m*. 21 . yjxRs. 25 . a4*2^. 

26 . ar+ 5 years ; ;ir-10 years. 87 « §x. 28 . a:/ 9 miles ; 9/;rhrs. 

29. ;r/j^ miles. 30 . jijX. 31 . \iX. 32 . a:/i 2 as ; \g2yfx. 

33 . I2xls> 34. 64. 35 . i4o<-jt:. 30 . 7. 37 . ;r;/shillings. 

38 . S.»^ + 2y; + 39 . 2 y. 40 . 2x+2y. 41 .^ 7 ^. 

42 . x/y. 43. pg miles ; x hours. 44 . 15/4X 

45 . Xt x + i, x + 2. 46 . Jf-2, X’-ijX. 47 . XjX + i, t + 2, x + z- 

15. X—2^ X—lf Xt X+lj X + 2. id. X, X+i\,X + 2. &0.2X+1. 

51 . 2;i:-2. 52 . 2Jir-2, 2*, 2*'4'2. 5 S. 24oa-H25+r. 

54 . a-2jryears; a - 2;r —^ years. 55 . 2;ir —16. 56 . 2Sxiy. 

57 . pxly hours. 58 . hours. 59 . ^ miles. 

60 . A:*sq. ft. 61 . xy. * 63 . ;r^+2;r2'+ 2j'^ sq. ft. 63 . xyjS- 

64 . x—yz. 65 . xy^rz. 66. (x-z)jy. 67 . i6.ar-i3l. 

68. 392/;»r days ; ^gifxy da.ys. 69 . Six/z. 70 . m'y — x)+x, 

71 . jr*-i2y + S. 72 . 2 x—y^^m. 73 . 20 x + z—y — Z‘ 

74 . jr-50-;^. 7 b. i{x- 7 )==^< 2 x + z). 76 . {x-i)x{x-^i)-a*. 

77 . 24oa-H30^+ I2(;«»:r. 78 . ah^^gx. 79 . ;r>^“5(a — 5 ). 

80 . 2Ar+io*»/. Sl.y-ix — 20 S2. x + 7ym,a. 

83 . X ^{ix+y+6oo)=a 84 . Z^Ph^- i 85 . Ary=»i 65 . 

Bx.>:LXIX. (pp. 125 - 127 .) 

1 . (i) 143 sq. ft. (ii) 16 ft. (iii) 7 ft. 2 in (iv) Soft. 

2. (i) 110 ft. (ii) 7 in. (iii) 198 ft. (iv) 3*14. 

3 . (i) 154 sq.ft. (ii) 7857I sq.ft. (iii) 6‘9 in.; 11*3 in. 

(iv) 89'4 sq. in. (v) 38977 tt sq. ft.^ 

4 . (i) 139I sq. ft. (ii) 12 ft. 5 in. (iii) 3 ft. 10 in. ‘ (iv) 152 sq. ft. 

5 . (i) 504 sq.ft. (K) 600 sq.ft. (iii) 10 ft. (iv) 10*16 ft. 

9 * (i) 35 ft. (ii) 90 secs, .fiii) J4lr ft. (!v) 17600 yds. (v) 20 ft. 

7 . (i) 576 ft. (ii) 2304 ft, (iiii 7 secs, (iv) 3 secs, (v) 15 secs. 

8. 61 ft. per sec. 9 . (i) 198 cub. ft. (ii) 569*9 cub. ft. 

(iii) . 6*6 in. (iv) 1*2 ft. 10 . (i) 51*9 cub. ft. . 

(ii) 9*7 ft. (iii) i 8‘9 in. 11 . (i) 523*8 cub. ft. (ii) 5*4 ft. 

12. 389. 13 - 1803*3. 14 . (i) 507. (ii) -51. (iii) -2075. 

(iv) 5500. 15 . (i) 2070. (ii) 625. (iii) 1625. (ivX 924. 

16 . (i) 2870. (ii) 13035. (iii) Zo20^^ 
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17 . (i) 6. (ii) 5. (iii) 1. (iv) -14. 18 . 496. 19 . 1120. 

20 . (i) Not right-angled. (ii) Right-angled. (iii) Right-angled. 

Ex. LXX. (pp. 131 - 135 .) 

1 . 3S) 13- 9- 3 . S13, 466. 4 . 31, 18. 5 . 12. 

6. 71, 17 7. 76, 24. j 3 . - 9 . A i?j.84, B ^5.42, C Rs.i^ 

10 . 120. 11. 90, 60. 12 . 16. 13 . Rs.$. 8a. 

14 - 37,30.20- 16 . 15. ife. 20. 17 . 79 i- 18 . 55 - 

19 . 20, 15 20 . 5,6. 21. 88. 22. ii’?r.ioo. 23 . 15. 

24 . 41. 25 . A /pj.85, B /?x.35. 26 . A 28, B 14. 

27 . 29, i7.« 28 . 2. 29 . £2. 6s. 8/f. 30 . 168, 72. 

31 . .^j.360, ^j.i2o, Rs. 160. 32 . £52, £2. I2J* 

33 . A i?.r.4oo, B ^.r.500, C ^j.ioo. 34 . A Rs.yy^ B Rs.io. 

35 . /?j. 8333. 5a. 4^, /?.».*!666. loa. 8p. 36 . 17 . 

37. ^J.450, ^J.570, /?j.63o,* /?j.65o. 38 . 9 years. 

39 . 20 years. 40 . 14,11. 41 . 22,8. 42 . 58,42. 

43 . 24 feet. 44 . £2. 15^. 45 . ii. 46 . 8| hours. 

47 . 8. 48 . .^i.189. 49 . A/?j.3, B C Rs.y. 

50 . A Rs.610^ B Rs.8io. 51 . 96, 70. 52 . 15, 5. 

53 . 98} miles from R, io| hrs. 54 . 5. 55 . 22, 7, 12 gals. 

56 . 1000. 57. 1 hr. 20 min. from B’s starting, 6 ^ miles. 

58 . 25 lbs. 59. 9 h.c., 4 d. 60 . 20 in., 16 in. 

61 . 36 years ; 18 years. 62 . A Rs.y^^ B Rs.20f C Rs.i6, 

63 . 52, 53, '54. 64 . A 4^ miles, B 3 miles an hour. 

65 . B 30, C i;, D 10. 66. 36 miles. 67 . 44^ miles. 

68. 128. 69 . 80. 7 Cf. 14. 71 . i‘r. 72 . ^^.550,/?j.45o. 

73 . 480. 74 . 60, 12. 75 . 44Tff days. 


Ex. LXXl. (pp. 142 - 143 .^ 

1 . loj miles. 2 . 25 ft. 3 . 3 miles an hour nearly. 
5. 32 ft. 6. 4’5 ft. 7. 1077 ft. 8. 28 ft. 
lO. 3*4 miles. , 11 . 4’5 miles. 12 « 39'2 ft. 

14 . 36 ft. 15 . 23*3 miles. 16 . 62*5 ft. nearly. 

18 . (i) 8*64. (2) i6-2. (3) 15-98. 19 . (i) 2*5. (2)3-6. 
20. 29 miles. 21. 5 in. nearly. 22^. 42*4 miles. 

23 . 1 mile ; i8'o8 miles. 24 . 9*6 miles. 

• Tn.» T.-Sr-V-TT f-n 


1. 4 <»*^. 
- 9 X* 

1V‘' 


Bz. LXZII. (p. US.) 

2. 3. i6a*l*c*. 

9a* - 25a* 

i6<^' 495 ^tf** 

f • 


6 


4. 4 ft. 

9. 9‘2 miles. 
13. 6*55 ft. 

17 . 2*4 miles* 

( 3 ) 3 ' 4 . 

25 . 3'9 miles.. 

4 . 25jr*y*. 

904^^6 

250^^ 
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9. Za^b^c^*. 10. 


13. 


Zsfi 


14. 


27X^ 

6a ' 


11 . 


15. 


-27a^i^c'*. 
b 6^9 
■ 27a’'■ 


17. 


21 . 


o I a • tr- 

2 ' 5 ^* 


18 

32 

23. 8 ia«^*V 6 . 


19. 




243 a* 

23. 64 a 6 ^»*t*». 
Bx. IiXXllI. (p. 147.) 


12. -i25a*^’’.. 


20 . 




24. - 128 a**. 


1. .ar2+6;r*4.i2jr+8. 2. ;r^--8jr* + 24 jir*- 32 ii:+i 6 . 

3 . ;r* + i 5 ar^+ 9 o;r 2 + 27o;r* + 4 o 5 x-+ 243 . ^ 

4. I + lor + 40 jr* + 8 o.r 2 + 8o;r^ + 32^1:*. 

5 . 64a6 - 192a* + 24oa^ — i 6 oa^ + 60a® - 12a*+ i. 

6. 8i;«+ + io8.r* + 54 jr* + i2jr + i. 7 . i6jr^-3?a;r* + 24 a*.ar*- 8 a 2 ^ + a^. 

8 . 243 r * + 8 loaar^ +1 oZoa*x^ + 720a* r*+ yioa'^x + 32a*. 

9 . 4096a® - 18432a*^ + 345603+^* - 34 56oa*^* + 

i944oa*^ — 5832a^’ + 729^®. 

10. - 6a^x^y* +1- 20'j2jt2^® + 15 a*r*_y* - 6aA:^'*® +>'**. 

11. a^jr^+ 4 a*.*'S+ 6 a*^®^ 4 a*^ + Jif*. 

12. 2)2a^b^ — 8oa+^® + ZoaH"^ - 4oa®3* + load’ — d’*. 

13 . a® - 3rt*d+3a®f + 3ad* — 6 abc + ^ac* - d* + 3d*f — 3dc*+ c*. 

14 . a2 — 3a*d — +3ad* 4 - 6 abc +3ac* - d* — ^b'*c — %bc^ — c^. 

15 . I- 3 r + 6 ;ir*- 7 ;r^+ 6 jt 4 — 3 r*+.ii:®. 

16 . I+3;r+6jir* + 74 r 2 + 6*^+3Jif*+jr®. 

17 . a* + y^bx +3a(d*+ ac)x* +(6ac+ b*)bx^ + 3(ac+ b^)cx* + ^bcx^ + c^x^ 

18 . l-6jr+I52:*-20Ar2+i5i:*-6i:*+;r® ^ 

19 . I -6;r4-2i4r®-442r* + 63;r*-54;r*+27;r®. 

20 . a2 - 6a*d+3a*r +12ad* - 1 2 abc +3a4:* — 8d* +12d*^ - 6 be* + c^. 

21 . I — 3rH-5Jr* —3T* — .jr®. 22 . i+9X’+33jir*+63Jr2+66a:+ + 36ar*+8;i®. 

23 . 2f4 + 25;ir* + i6x^). 24 . i+ 3 ;r* 4 - 6 i;t®+ 7 x®+ 6 jr® + 3Ji:*®+A**. 

25. 2 ( 36 a’+i 7 i^* + i 44 ^*). 26 . i+ 3 ar^ + 3 ar®+;r’ 


Bx. L^XIV. (p. 148.) "9f 

1. I-4a;p + 2a*A® + 4a*;r*+a*.ii^. 2. 4a*-4a*^ 7a* + 4a+4. 

3 . a^ —4a®d+ioa®^* — I2ad*+9d*.4.i —2X^;ix^‘~Ax^ + ye* — 2xS+x^. 

5. jr® — 4 ;r* + io;ir* — 4 ;r* — 7 ;r*-^ 24 ;r+i 6 . 

6 . I+ 4 ar — 2 ;r* — 4 ;ir^ + 25 ;r®- 24 a^* + i6;r®. 

7 . l+6;ir + i 5 jr* + 20 jr* + i 5 a^+ 6 ;r*+;r®. ♦ 

8. I+ I 2 jir+ 6 oa'* + i6o4:® + 2402 r+ + i 92 ;r*+ 64 *!;®. ^ 

9 . a® - 8o^;r+28a®jir* - 56a*jr* + yoa^x* - s6a®;rS + 28a*A® - Zitx^+x*. 

10. a® —4a*d+8a®d*—ioa*d* + 8 a*d* —4ad*+d®. , 

11. 1 -4Jr+ioa:*-i6;r* + i9*^- i6Ar*+^oi;r®-4;r^+;i*. 
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12. a®-4a^;r+6a®;r*- Sa>x^ + iia^x*-8a^x*-k’6a*x^ — ^ax^+x*. 

13 . I + 8 ;ir + 2Sx^ + $6x* + 7 a»^ + 56 ;r»+ 28x^+8x^ + x*. 

14 . 46. 15 . -44. 


Ex. LXXV. (p. 149 .) 


1. 

± sxy*z^. 

2. 

k I la*^*. 

3 . 

k i2d*b^c*. 

5 . 

i yx^y^z. 

6. 

± lOaAb^e*. 

7 . 

k ia*b*c^. 

9 . 

, 3adr»y* 

dcT • 

5 x 

10. 

yxy* 

8ab ’ 

• 

11. 

Sx^yi 
* 4ab*' 

13 . 

2V*y^. 

14 . 

- 3 a*^. 

15 . 

2X^ 

17 . 

2ay* 

18 . 

4 b*r^ * 

19 . 

6abc^ 

3 x^ • 

Sa 4 • 

7 x* 

21. 

± axy^. 

22. 

dka^* 

23 . 

2a*. 

25 . 


26 . 

Sab^c^ 

* 4 ? A m 

27 . 

3 «*^ 


5a* 

4 x^ 

.r* 

29 . 

2x^y 

1 • 

30 . 

^b* 




3 ^* 

c 




4 - ±2od*C*. 

8 . 

yafd^c^ 


• 13 . -k 


Ax^y* 
16 . - 4 a*^*. 
4 a®^ 

X 3 i ■ 


20 


34 . 

38 


— X*Jf^. 

2ab* 

c^’ 


Ex. LXXVI. rpp. 151 - 152 .) 


1. 2x-\‘y. 

5. ^vk^yz. 

9. 2 a* — 3 d!-t- 4 . 

13. 4 ;r* — 2 a^-»- 2 /;*. 
15. .j:*-a;r-|- 2 a* 

18. ^a^bk^ckd. 

20. i - —x^. 

22. dr*-6.ar*+i2r-i 
24 . pkqxkrx^ksx^ 


2 . 5 «- 3 *. 3 . 

6. sa^bckc*. 7 . i+2*’ + 3ar*. 

10. 3a + 2^+r. 11. X 


4 . 7ab-a^. 

8 . ix*k2xky 
*- 4 ^y-f- 4 )'*. 


26 - x* + (y + z^x + y* + z^. 


13 . .r*-2jr* + 3;r-4. ii.x* + 4X-i. 

16 . 2:r*-^2aJr+4^*. 17 . J -2x + 3x^‘’4x^- 

• 19 . xi-2x*y+2xy*-~y^. 

21 . 2 x^-’Sx*+x-4. 

23 . x* — (y+z^x~yz. 

25 . 2—3a-a* + 2a*. 


Ex. LXXVII. (pp. 153 - 154 .) 


1 . 

X 

+ ?. '3. 

2 X 2y 
+ " 

3. 5f 

- 

4 . 

X^ 

2 X 

3 

• 


3 

X 

y ^ 

3 ^ 

5 « 

« 

2 “ 

3 

4 

5 . 

3 x^ 

-\xyk^y*. 

6 ? I- 

\xy-2x: 

*j.». 

7. 


-^a^r+irt* 

8. 

x^- 

i 

-1+2 

.r* 

9 . 3.r- 

T • 

- 4 + — . 

^ 2 X 


10 . 

Xk 2 

: + ?. 


li! 

X 

« 

I + “. 

12 .^ - 

a 

2 Xk ^ 


13 . 

2 X 


. VL 


a 

X 

2 

3 


ly^ 

5 ^” 

4 z' 

14 . 

x^ 

?■ 

y® 

“2+!^a- 

15 . I -x. 


16 . a 

“2. 


17 . 

2 a - 3^. 


t • 



matriculation algebra. 


18. I -jf+jr*. 


19. x- 2 . 30. a-h. 21. 


Jlf* JT® 

22. a+— 

2 a 8a* i6a* 


23 

2a 8a* 16a* 


24. 1 — - |.r* — 


Ex. LXXVIII. (p. 155.) 


1 . or- -2. 3 . 

.r 

5 . ;r* + i^ 3 r — 

8 . a-b+c-fi. 

11. a* + b*. 

14. a*+(2^-c)a+^*. 


3 . 2 - + - . 


.a d 

3 . -j + ■ “ I ■ 

^ a 




6. jir®-2.tr+i 7. ab -ac + bc. 

9 . a* — 3 *+^* — 10 . ax + bj^+cx> 

12. ra*+^*)(c*+rf*). 13. 3a*-a^ + S^*. 

15 . (%^)+.. 

V*. a:* \y O'/ 


Ex. LXXIX. (p. 157.) 

1. x + 2 y. 3. a-3. 3. x + 4 . 4. 2a —3^. 5. a+Sb. 

6. 2r —7K. 7. m—^nx. 8- ax — ^^x. 9* a*+2a+i. 

10. or*- 40 -+ 2 . 11. ;»:* + 2 Ar 4 - 3 . 12. a*-ab-\‘b*. 13. 2 Ar® + 4 a'y- 3 v*. 

11, xi-x*+x-i. 16. .ir + rt + 5. 16-i--. 17. a»+a+ 2 . 

3^ a a 

18. a — b+c, 19. I- 2 r + 3 j;*- 4 *'*. 20- i 

21. x*-y*. 22. bta-{‘b-c). 23. 1 + 21 :. 24 x-ta. 


Ex. LXXX. (p. 169.) 

1. x^y. 2. x*y^. 3. 30’*. 4. 2 a 6 f. 5 4y*5'*. 6. Sa^b^. 

7. 6 a*be*. 8. 4aa’*. 9. 2a. 10 a*b^c*. 11. 4 a*be. 

12. 5a*. 13. 5r*^*. 14. 6y*ar*. 15. iixy*x*. 

Ex. LXXXl. (pp. 159 160.) 

I 1. 3*y. 2. ax. 3. a. 4. a. 5. a (2 —b). 6 . a —b. 

7. a+x. 8. 2 x*{a+x)*. ^ 9. x*(a+x)*. ^ It. ab(a-b)*. 

11. 2 (x~-i). 12. x*(x+i). 13. 2(.r+a). 14. x. 

15. jr-3. 16. x + ^. 17. a+2r. 18. 4(^*+/*)* 19- a*{x+i). 

20. 3(a;r+2). 21. a+ 4. 28. x+y. 23. x-y. 24. a-3. 

25. a-I. 26. a^rb-c. 

Ex. liXXXIl. (pp. 163-165.) 

1. 3;r-2. 8. 22r-|-3. 3. yx+S- 4. 2 x 4 - 3 . 

5. 3X-2. 6. 3^-2. 7. 8;r*+i4:r-15. 8. 4»-'S- 

9 . 2 {x* + 2 x + t). 10. y- 2 . 11. a’-2a. 12. x + 3. 

V I 
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13. x^i. 14. x-y 15. x-y. IjS. x+L 

W.»19. . 30. a(a+i). 

21. x*-3. 2i. 33. jr-8. 34. x-a. 

26. x+4. 26b if+5. 87. x-i. 28. x-s. 

29 . AT- 2 . 30. 3 ^- 5 . 31. x*+ 2 x-s. 32. a(a^-d*). 

33. ;ir* - 2 Ar^+^*. 34. x* + 4X+4. 35. 5;r*-*i. 36. x-^a. 

37. 2x+S‘ 38. 2{x*+ax-2a‘). 39. 3^-11. 40. x^-2x+i 

41. x^—x-¥i. 42. 2x^ + yc—2. 43. x-4. 44. 2X‘-‘\. 

45. r- 2 a. 46. ar*-;f+i. 47. 2x ^y. 48. x^x ^x "f* 11)* 

49. x^-3X + 4. 50. x + ^. 51. 2;«r*-r-2. 53. x^-4x + 3. 

53. 4 a*~ 3 a 3 +^*. 54. - 5 ;r* + 13 ^- 14 . 55. 2 ^*- 3 . 

-56 x-i. 57. 3r^ -2xy+y^. 58. x(2x^ + 2xy-y*). 

59. x^‘-2xy + 3y^. 60. iif*-2ar+a*. 61. x‘ + 2x + 3. 

63. A^-4x + i. 63. xSi-x+4i 61. a=6 ; x-'2. 65. y=*5. 

Ex. LXXXIII. (p. 165.) 

1 . x^- 2 x + 5 . 2 . .r*+i. 3. 5 x^- 1 . 4. .r + 4 . 

5. x-2. 6 . 4 x+f. 1. x-\f 2. X*4-x-^ 3. 

Ex. LXXXIV. (p. 170) 

1 . i2a*d*c. . 2 . 36x^y^. 3 - 24a*d^x^y^. 4 . 2oa^x*y*3*. 

5. a*d^c^. 6. i2a^d^c^. 7. 6a*d^cx*y. 8. i2oa^d*. 

9 . loa*^*. 10 . iSooa^AT*. 11 . gi4ai6^c*x^y*. 12 . looia^b^c^x^. 

Ex. LXXXV. (p. 171.) 

1 . axy{x.—y). 2 . a{b*-9rd^). 3 . 6(a*-^*). 4 . I2a(a*— l). 

5. a^4-b^. 6. {x- 3 ){x 4 -aV x-i). 7. {x 4^ i){x4r 3){x- 4). 

8. a^-i. 9 . i2oxy(x^ -y*). IQ. 24 o*^*(a*--d*). 

11. 36xy^(^*-yn 12. U *-2 5)(;«r*- 36 ). 13. a^(a*-3*)(a*-4^*)' 

14. (ji:-3)(*’-5)(^“7). 15. (rt* + i)(«+4). 18. xy(y^-x*). 

17. (a*-^*)(a*-4^*). 18. (x*-9)(x» 4^3^+9)• 

^^. 72«*^*(fl*“^,*)(«*-^*). 20. 72(a»r^*)(«*-^*). 21. 30A'*(;r*-O*- 

22 . 2.*'(;t-2)*(ar+2)(j:* + 2). 23 . (.**-a«)(jf*+a*). 24 . (;r*-i)(ji:«-1). 
25 . (3:r + i)(2 T-i)(j: + 2). , 26 . (a4-b)(a-b)*(a4-ib)(a4-6b). 

27. 28. (i+ 2 jr + 4 :e*)(i+ 24 r- 4 ar*)(i- 4 a:*). 

•29. (9^* -1 )(jr* - 3)*(9^:* -1). 30. (.ar-!)*(.» +1). 

.31.^^-i6fl+. 32. (.ar-<2)(jr-^)(;r + 3a + ^). 

I Ex. LXXXVl. (pp. 173-174.) 

1. (j«?^ + i)(4^-i)(3»-0. 2. (^+i)(^+3)*(r+4)(^+5)- 

3. (a*-4^*)«*-^*). ^ . 4. (;ir-a)*(jr-3^)(3^“7«). 
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5. (^+2)^r-i)(34r-i)(4;r»-3;r + i). 

6 . (x^ + 3r + 2)(3^» + - 3)(2;r* - 32: +1 ),#» 

7- (^*-4)(^*+Ar-2)(ri-^+i). ^7 ^- 1 )(^-2)(a'- 3)(:r 

9. + + (Ar-8,*(;r+9 (9;r*-ioo;. 

11. (^* + 3^-4)U+4)(^-3)(3;r+4). 

12. {x - i)(jr+4)(jr - 5)(;r+3 )(x + 6 )(z - 2). 

13. (^*+.ar-3)»(jir»-T + 3)(:r3-:r-.3). 14, 

15. - 2a* + 2a — 1. ‘ 

fix. LXXXVII. (pp. 176-177.) 

1. 2. 2. 30. 3. 53. 4 . -6. 6 . *3439- 6. -2. 

7. -4. 8.-2. 9. 35. 10. 23. 11. 144. 12. -6.. 

19. 23. 20. 4. 21. 14, or-13. 25. d 4 -c+i=>o. 

27. (p+g)*(p+g-^ i)=a. 

REVISION PAPERS II 

Paper I. 

1- ^>'*“4)® (i) ( 2 x + gjf 3 )( 4 x^-. i 8 xjf^ + Si_y^). 

(ii) (.*■* —6ar+i 8 )(ar* 4 ’ 6 ar-I-18). (iii; (7ar —9j/)(8ar4-1 ij/). 

3 . —%abc. d.-A. 4f, , 5 . 2(.*' + 4). 8 . — 9f,r*+i9.r—5). 

7. 2a:^-4;r*+jr-I. 8 . .^*“'*’*-♦-3;r"* — 5y™"*. 

9. (i) T*2. (ii) x — 8 . 10. 24. 

Paper II. 

1. (^ar-»-a)(.i:*-a:+i). 2. 4f‘» + 5fa-^)Ar*-K6a*-25a<^-|.6^*);r*- 

30a5(a-5)ar + 36 a*^* 3 ;ir*-2;r + 2. 4. 3 a*-a^-H 5 ^*. 

5. (i) a:= 7 . (ii) .r-4. 6 . 6 xyz. 7. {x*--a^){xi 

8 . (3-^-,2)(2ar-3). 10 . 1800 

Paper III. 

1- 2. (i) (2ar*-i)(2ar*-H)(2jr» + 2ar+i)(2a:*-2;r+i). 

(ii) ar(^+2)*. (iii» (■»^-2^)(2a:-i)(2ar*-5;«r-h5). 3^T* + 2jr-h3. 

4. a?6-a«. 5. x^-ax^ + 2 a^x+aK 7. 3 ^*- 2 (a + d)x+a*+ 6 ^. 

8. 4(«+#)’^*. 9. (i) *-5. (ii) X= 10 . ;£468o ; £4720. 

Paper IV. 

1. \2ahc. 2. i+fa+ 5)2r+J{**(^“0+5 (^—i) + 2a^};r* + 
J[M«-l)'«-2)-K^(^-l)(^-2)-H3a^a-|-^-2)J;r^ ; 

Ha4*5)(a+3* l). 3. 52’. 4. (i) (a;* + 3ry—y*)(;r* —3^?!^—j^®). 

(ii) («-5+tf+<<)(a + 5+^-</)(« + 5-^-t-rf)(5 + ^-+/f-a). 
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5, a6c(a+6+c){6 + c~-a){c+a-d){a+*d-c). 6. i6a‘^. 

(lY + . 9 x^2. 

d 

10 . {d~{a+d)i\ miles ; hours. 

Paper V. 

1. x^+x*j^+xy*i y~x. & 8a*. 3 . x-i \ i. 

4 . (2;r + 3y+ar)(2jr-3j^-ar)(2ar + a;>-;j). • 

5 . (i) ( 2 x-t* 3 y)( 2 .»r- 3 K“ 3 ** ^ii) (■»f* + 3 ^J'+ 4 ;'*X^*“ 3 ^J' + 4 i'*)- 

(iii) (:r*-f»2Ar-3)(:r*-2;r-3). (iv) (Sr-i)*(i-a)(i+a+a*). 

- » a* 3^* 5 - ... a b 

h) ax^-\rlbx^c. 

(ii);r-4 + ^. 8,4. 10. 234. 

X 

Paper VI. 

1. (;i:*+j/*)*=*(;r*-y*)*+(22:j')*. {a) i6* + 30*. 2. (i) (;r-i i)(.r +17). 
(ii) (;c + i)(^ + 2Xr-i)(^-2). (iii) {{,a-c)*^b[a-\‘c)\[a~c){a + b + c). 

3. (;r-3)(;r-4)(2jr-0*. 4 . (a+i);r* + (a* + i)^+a* ; 194^. 

5 . (i) a* + 5a^-3^*. (ii) a jr* + i)+^;Ar*+r). 6 6,r + 3. 

7. {ax + by,* + {ay-bx)^. 8 . ;c*- 5 ;r + 8 . 9 . :r=i 5 . 10 . 42. 

♦ 

Paper VII. 

1. y*+iiy^+47y*+93V+^9‘ 2 . a*-ab+b*. 3 . 2.r* + 5r-3. 

4. (i) ax + 2 b+~ . (ii) {a+b]* + 3c'a+b) + ^. 

X 

5 . (i) jr* + -\-2. (ii) 2 + 3jr-jr*. 6. (i) (3^-5)(4^ + 7). 

X 

(ii) (2;e-3)(4.ar+9). (iii) (9a* +I 2 a 4 + 83 *)( 9 a* - I 2 a 3 + 8/**). 
(’v) (r-a *(jt+2a). 7. (jr+j^)++»*. 8 . o. 

9. Jf-6* . 10. 60. f 

Paper VIII. • 

% 

a. o. 2. 3^- » ; i- 3 . (i) (ii) . 

3a 2X 0 

4 . G.^c. M.-jr+3;L C. M.a^^( 3 ;c* + 84 r*+ 3 ;lr- 2 )( 6 J:♦ + 

• 7;r*-27;r* + i7;r-3). 

5 . 2;r*-j:*-3. 6. 36*18:. 7 . -i^aHc^rlb^c^. 

■9. (ii).af--23. 10 . i. 
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Bx. LXXXVIII. (pp. 187-188.) 




Ibcd' 




7c*x* - 0+2 

1 S « A • •* 


11 

2^(rt + 2^)' 

' 15. 3^-5’'*. 
19. . 


a rt* 

v(;i: - 2 y) 

U. - 

or -i-b* 


. 4. 
9. 
13. 
17. 
31. ' 


6d*x 9 
• ■“ • 

7y 

m 

3(m-2X) 

2 mn 
m-¥n ‘ 
c^y 
/+ 2 x ■ 

,t* — 

x-{-b 


23. 

a —i 
a+b' 

34. 

x-c 

_ a-\-b-c 

o0« • • 

a-b-c 

26. -7*. 27. 

x4 -1 

2a 

a + b 
a-b' 

29. 

5a + 3ar 

30. . 

Za+x 

31. "‘•+1-" 
2a — ^ — f 

sa 

cx+d 

ax4rb' 

33. . 

2a:+ 3 ' 

34. «*-3«_+9 

3 

o- X— I 

35. -—. 

ar + i 


Ab*c^. 

7a 

7x 

Sa' 

3 a bc 

a’^b'¥c' 

X— I 

a 

x*+i 
x*+x*+ I 

87. ^ . 

X + 2 


'^—2y .•-T-W — u - •* - T“ V* QO ^ r ~ 

{2x*^y^)Kx^iy)' x*-3a‘ x^y¥\ 


a-Vb — c-d 


ji:* + 3a 


. 39. 


ar-y- 1 


I __?±4_ 

.** — 2ar-|-1 
. 5a^(a+af) 

jr(a*+ar+.T*) 
, 3aa:* +1 


Ex. IiXXXlX. (p. 189.) 

7X-2V A ar*-|-.r -2 


2. - 

5J 

5. 

. 8 . 


7X-2V 

5a:*-3ary+2j/* 
- a:* —ojr+a* 


x*-a^ 

3^*+^ 


' 4 a*ar*+ 2 ajr*—I * ' 4|;*+2ar-i 

jr-5 2x* + 3ax + 7a* 


x-S 

x + s 


;r* + 5;r+5- 
j ar*-h42:+4 

;e*-Har+Y- 

, (^- 0"_ 

2af* -4.r*-l-2r ~3 ’ 
2a:-l-3 x-i 


14 -7ax+ I2a*) 

2{x^+7ax + 1 2a‘*) * 

ar*+ar-i 2 

17. "2-—• 

ar*-ar- 12 


ar*--6aar-h^2a* 

>. i5.\?!±3»_-5 

) 7J^-S 


5ar- 2 


. 13.^-^ 

■* x-^ I 

ar* + 2ar + 15 


ar—2 


MW* ^ 

x-7 

a^ — 2a* + a+4 


1. 3^ + 


2. 2a 4* 


ar+4* * a*-2«*+I2a-i8 * 

Bx XC. (p. 190.) 

5* 3. ^ . .. . . *9 
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5. a - 2;r + 


8. i2;c + 3 + 
11. 

a’ + 2r^ 

« + 2 ;r 


1^1 
a f ’ 

19 


4;r- I 


12 . 


16. 


2a 


6. 2Jf + 6 + 

9. Jir - 1 - 
13. 


_? 3 _ 

^“3* 

22 :- I 
jr* - :r + I 
- 2X* - 3X 


7 . 2a-3;c + 


10. ^ + 3 - 


IX* 

5 a-.r 

X-2 




tl + d 
x*-^xy+y^ 


x-2 


14. 


3^+4- 

X* — io;r + 30 

x-l 


x + a • 

Ex. XCI. (p. 193.) 


17. 


x3 ~y3 

x* — xy+y* ‘ 


1. 


6cx^ clty^ abz 
ate 


2 6cx\jfiy\^z* 
I2abc 


3 9 x, 45<^ , 

iSax ^ 

a* + 2ax + j*, a* - 2ax + x* 
a^-x^ ~ 
a*x*-b*x* 


4. 


5. 

7. 


4ob ^x*y, 4Sab*t^, 4 8a*b y^, soa^x y* 
6oa^b^ 

6ax — 2bx, 20a — 4b, 2ax* — bx * 


6 . 


Sar^ 


10 . 


x*^ a*y*-4-b*y* « %ax*-%bx*j^ xy « a-.r, a+ar, 2 a 

^ 4<^\a*-x*) ' 

-^x* - a: - I, aar(.r +1)*, 3a(a:* -^ar* - ar + i)» 4 ^f.v - I ')*j 5(ar* - O 

(ar*-T)* ■■■■ • 

Ex. XCIl. (pp. 194-195.) 


1 . 

3. 


i3x 

12 

x±7 

30 X 


2 . 


6 . 


1 

I2ar 


3. 


^ayz 4 - ^bxz - 1 - gi:xy 


7 -2X 
12 


„ 25 a:- 2 ov 

■■ ‘" “ 

• 12 


2r*+ar* — 2 

10 . - 


12 . 

16. 

20 . 

34» 

28. 


2(a + ^)^' 

ab 

.i~b' 


13. 


4« 

3a* -a^ + 2^'^ 


I2ay'£r 

7\a-^\b Q 25a-20^ 

I • • Q» ' ' 

50 a 12 

5 a* - 4a + 3^ + 53 * 
ab 


11 . 


11 ,E a*4-b* 

a*-b*' a*-b* 


2a*-2ab4r2h* 2 ah a*-ab4rb* 

17. “5 13 . 18. 


X 

h*+x* 
a*(a+ar) ’ 
2a* 


21 . 


a*-b* 

« 

4 _ 

a* - ioa + 21 

a* + ar* 


a*-b* 

09 201 a4^ 

I - 25ar* c-^dx 


25 


a*{x - a) 


26. 


8r —2 


x{x- i)(ar + 2 ) 
a 


29. O. 30. - 31. 


27. 
32. 


ar(ar®- i) 

I +y*4-ar » 

x*{x* + i* 
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33. 

37. 


2X 


x-{-y 

Aa 

a+x 


34, 35 A^3t* + 3r3 


38. 


^+ax 
17 a 


X* —y* 


. 39. ,. 40. 3^ “^ . 41. 


(I -rH 

18 


a*-i 6’ a^ + d* ' (.1:-i)(.r + 2)(.r + 5)' 

Bx. XOIII. (pp. 19M99.) 


i 6 .y*- 5 r~i 3 . 2 y* 

(3;r + 2)* * ’ x2-yi 


3. 


5. o. 6. o. 


7. 

2a^ 


X 


(x - 2 a ,*' 


10. 3 «- 5 ^* U. 

a* - ,r* 


8 ^ 

27 a 2 +d 2 ' 

c^v — — v+ 


^ A* + 2jr + 4 

*■ .ri;r3 + ,) • 

9 - ii- 

* .r*-49 


12 4 x*y-xy'-y 
X* —y^ 


13. 


8(a + 6) 


14. 


la 


l+2X + S'V 

4 ii-x^) 

3«* 


15 


16 .V 


a* - I 

22 . - 


19. o. 


I - .T^ 

20 . 


16. 


X* - I 


25. 


U-l)(.ir-3){Ar-5J 
\7x 

{x^ '^\[x-^^)(x-7i ■ 
x*4-y* 


23. 


a*--b* 

21 . 


a^- 16 
4 <a* - a.*" - 

li • • m •• 

-ar- I2rt* 


— a*' 


24. 


(.r- iKa:- 2 ;(j:- 3 )‘ 
2r* + 2jf* + 2Jr- I 

.r+-i 




26- r - r^ av.z; • 27- O. 28 

(a + ^Xtf* + ^*) a + f 


35. 

38. 

42. 

47. 

49. 


X* ^y* * 

•r+g 

{a~x)\x-bY 
2(a -hx^ 
a* -tax-hx* ‘ 

4**-»-8 

1 +x*+x* ■ 

a+bA-c 


30 31 I O.J 09 ** 


36. 


x + y 


37. 


_ Ur-iK^- 2 ;U- 3 i 
3»- -rh.’ W. -4~ ■• 

X*-1 

l6x^ 


41. 


4a - 


i-x*^' 


{a-x,{a*+x*)’ 
44.' I. 15. I. 46. 1. 
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24^+ 


a{a* - b*)^* - 4^*j' 


W) — _ 

2r* + 5^+4* ( 2 a - 3 ^)(ti - 4 ^) ’ 

Bx. XCIV,. (pp. 200-201.) 

2C 2b* , 2Sax J K '» a x{a+x) , 

• A • M« oT* • *• 9 ^Mr» 0» mm • O* V. • 

sb 5J 28 ^j^ ^ 12b* b{a~‘X) 

a6c g a* -5a+6 g 2 a:> :*(;if-y ) 

‘ a* ‘ c a ‘ * 


3^ 


1 . 

-. 7 . 
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11. 

ab 

12. 

X 



15. 

rt4-4 

• 

16. 

• 

«+s 

x-S 


13. 


17. 


U. 


a-6 


x-y 

Ex. XCV. (pp. 201-202.) 


1 . 


40V 

495- 


2 . 


4 x^y' 

6. b{a + 6). 7. 

x -3 

a+6 — c 


- /** 4 -^*. . _ 

3. - y'2 . 4. 1. 6. 

(a - df 

8 . 9. 


a -3 

,Q r(;r-h3a) 

xo« , ■ ■ • 


• (a~df 


12 . 


a — 6 + c' 


13. ;ir. 


14 


3 

.r*+^ 

' x-d * 


10. «. 

20 x + 4 

x*^ax+a^ 
x^ + ax + a* ' 


15. 


Ex. XCVI. (p. 203.) 


1. 

a^ — x^ 

• 

2. «’ 

-1. 


3. 

Z 

• 

4. I. 

5. 

a^x{ax~^ l) 

■ • 


arx 






.r 

• 


a — ^ 

6. 

X-l 

9 . 

T.f"’ 


. 8. 

4 

I 

<• ' 

. 9. I. 

10. 


11. 


X* 




x^ 

+y* 


a 

xAry 

12. 

^”3 

13 . * 

*+l + 

I 

X*’ 


14. 

a 

.s 

a-Hi. 

15. , 

yi 

y 3 

xi‘ 

16 . 

x'+,+J. 

17 . 


b^ 

a* 

— I. 

18. 

a 

19 . 



20 . x*+x^y -.xyi^y*--^- + ^ . 


X X^ X'' 

Ex. XCVII. (pp. 205-206.) 

1. 4^£. 8. 3. ?-?!. 4. 5. 


10 


IS-2X 


2X+5 


21 


„ 27-4^ ^*12X-40 o iO-l^X ^ _ _ 

®* ”“6“- 

11. !lz^. 12, 


9 {x+i) 


1 -f'ii 


5 -. 13. -. 14.. I. 15. 


10 . 


16. 


3^-1 
2 0 —3,y 
2;r-25 ■ 
a* + x^ 
2 ax * 


17. ,y.' 18. 19. - 20. 21. , 

* a-S 3-3^ 3Ar l+^» 


I. X, 23. I. 24- 

M.A .—41 


4 

3«’ 

t • 


25. 


Aa*' 

a*-X*' 
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Ex. XCVIII. (pp. 207 - 208 .) 


.r* x(i-x) _ x+i . 

^ ^ ^ -- • 

2 +x (x—i){ 2 x—is aDya- 0 \^ 


5 . 

la+b + c)^ 
2 de 

0 . .- 

2m — n 

-s) 

-s 

7. 

1 

1 

-X* ’ 

8 

- 4 .*:j/U*+j/*) 
■T^" 

9 . 

a*. 


10 . 

8 2 

8 • 


11 . 

- . 12 . 

a « X 


• 

■-"ts. 

.rr 

« a * 

4:* 

14 . 


-7X3X-S)' 


15 . 

{2a ~X]* ' 










Ex. XCIX. 

(P- 

214 .) 



a 

1 . 

I ; 

3 - 

2 . 

19 

: 18. 


i. I ; 

1. ' 

4 . 

5 ; 

2 . 

5 . I ; - 

6 . 

I ; 

2. 

7. 

6 ; 

7 - 


8 8 ; 

2 

9. 

7 ; 

17 - 

10> 5 > 6. 

11 . 

14 

; ‘5 

12. 

1 . 

‘i * 

14. 


13 . 2 : 

1. 

‘ 14 . 

1 2 

; 3 - 

15 . 5 ; 1. 

16 . 

2 ; 

3 - 

17. 

7 ; 

5 - 


18 . 3 h 

; 2s 

19 . 

ff 5 

-1 

20. 2 ; - 

21. 

2 ; 

1. 

23 . 

13 

; 9 l- 


23 . 3 . 

6 . 

24 . 

I', 

; 24. 

25 . 4 i 5 - 

26 . 

I ; 

7. 

27 . 

3 . 

3 . ^ 


23 . 7-; 

10. 






Ex. C (pp. 215 - 217 .) 


1 . 10 ; 24. 2. fl ; -if. 
6. 5 ; 2. 7 . A ; 7- 

10. 6; 8. ll. 8 ; 5- 
15 . 5 ; 9- 16 . 3 ; 2. 


3 . 2 ; 3. 

8. 18; 48. 
12. 17; II. 

17 . 3. 2 - 


20. II ; 7. 21. -2 ; - i. 22. 5 ; 5. 
26. 10 ; 8. 26 . 8 ; - 15. 27 . “2 5 


4. 7 ; 2. 

6 . 2^ : 3 &. 

13 . 40 ; 60. 
18 . 5 ; 5- 
5?3. 7 ; 9 
3-5- 


Ex Cl. (pp. 218 - 319 . 


6- I > 

7 . 3 ; 4. 
12. 7 ; 4. 

16. 7 ; 3- 


1. -5 ; a-\-b. 


. be ac 
a-\-b * a^b' 


g I ^b^e ^e I ^j ^ 

abx—U'^b * a^b — abt 


5. 7 ; 9- 

14 . 6 ; 4. 

19 . 12 ; 6. 

24 . ’02 j 2 9. 
28 . 1-95 ; *675. 


1 . 3 ; 6. 2 . - I ; - 1 . 

5. 4 ; «o- 6. 2 ; 3. 

10. 3? ; -2|. 11. 3 ; 2. 

14. -2 ; 5. 15. 5*2. 10. 7 ; 3- 

18 . 10; 15. 19 . '.44; 216. 20 . 14; 9-^ 

Ex. on. (pp. 219-221.) 

„ a - b* b-<r{i* 

T^b' 


1 

1 B 

I . 

s f 


4 
8 

13 . 5^ 11 
17 * .5; 4. 
21. 6; 9. 


3. I 


; 18. 

7 • 9 . 4 ! i • 


_ c(c-b^ f(e-a) 
a(a-b)* b'Cb-ay 


t • 
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# • X > A ^ 

“ mp ntp — 

+ bm) bd\ cn - am ) 


10 . 

12 

15. 

17. 


ad+bc ’ ad+bc 
ab(a + b) ab(a ~ fi) 


9. 


11 . 


ac+bd bc-^ad 
n*^b* ’ 


n^c 


bc^ _ 

rt*+t* ’ a*+^* 


a^-i-b* * a*+/>* 

\ 2 ahm mijb-^aya — b) 


13. a : 


a.+ ^ 


a b 


P^-9* ’ 

19. i : V 20 


18. 


mft — nq ^ mp-nq 

I ft> '“ I “ ^ * 

ap og 

• av^-a) • b{a l)' 
b*-\-c* — n* b* + £* — a* 


bm -an^cn ' bn-^r cm — am ' 


+ 23. 

2/5 ^ 


25. 

27. 


2tf 

m* — «’ 


24. 


rt*j-/5* a^~b* 

am — bn * an — bm 


m* — n* 


26. 


am — bn * bm - an ’ ’ b 

ahcibc — ah —ac\ abc'abbe — ar) 


26. 


2 ^ + /5 2a-b 


30. 


h^-c-a — d c-^d-a — b 


39 {«+^)* ov. 

Ex. cm. (pp. 222-224.) 

1. 3 ; 2 ; I. 2. I ; 2 3 . 3 4 ; 5 ; 6 . 4. 10 ; 20 ; 5 . 

‘ 6 . 7 ; 10 ; 9 . 6 . 5 ; 6 ; 7-, 7. 6 ; II ; 6 . 8 . -28 ; 10 ; 9 . 

9 . 6 ; 7 ; 8 . lO. 4 ; - 5 ; 6 . 11. - 5 ; 6 ; - 2 . 12. i ; 2 ; 3 . 

13. I : -2 ; 3 . 14. 2 ; - 3 ; 4- 15. J 2 ; 12 ; 12 .. 16. i ; ^ ^ 

17. 6 ; 6 ; 6 . 18. a ; ^ ^ 19. 2 ia + b-¥2c) ; \(a + 2 b + c) ; 

|( 2 a + d + tf). 


20 . 


21 . 


5 2 

i’ ; 2 - ;-!?■ 


ia-b)(a-c)* (b-cyb-a)* (c-a){c-b) 

23. . 


22. 3 ; 3 ; 3 - 


2bpqr 2Cpqr 

(!b + r)q-pr ' (p + q)r-pq 
25. abc ; bc-¥ca-\-ab ; <a + ^+^- 


(q + r)p - qr 
24. 5 ; 7 ; - 3 - 


, Ex. CIV. (pp. 228-232.) 

1 . 72 and 52 . 2 . 65 and 35 . 3. /?J. 4 - 8 a. and Rs.6. 
5 . 21 and 40 . 6 . h 7. Rs.g2S and Rs. 500 . 


4 3 

• If- 



644 


MATRICULATION ALGEBRA. 


8* A /?j.5oo, B 400 and 0*Rs.2oot 9 . Rs.^00. 


11 . 

13 . 

16. 

18 . 

20 . 

22 . 

26 . 

30 . 


A. and B 3.;. 

640, 720 and 840. 

84 for and 63 against. 

A 49 years and B 21 years. 
24, 12 and 4 years. 21 . 


10 . 


75- 33. 48. 24 . 3- 25. 

150 mangoes and 80 apples. 27 . 
__ 54. 31. 45, 3f and 24. ' S2. 

33. 40 lbs. tea and 90 lbs. coffee. 34. 
35. 253. 36. 646. 37 . 

17 florins ; 7 half-crowns. 39. 
72 apples ; 60 pears. 42 . 

12 men ; 10 women. 44. 


12. 17 yds. and 13 yds. 

14 . 108 sq. ft. 15 . 10, 8 and 6.- 
17 . Rs.2. 8(«. and Re.i. 8a. 

19 . A 20 yrs. and B 64 yrs. 

30, 50 and 70, 20 ; or 60, 20 and 40, 50. 


38 . 

41 . 

43. 

46 . 

49 . 


10 yaids and 7 yards. 

23- £8. 91. 29 . 63. 

12 persons ; 55. 

Rs.g ; 90 passengers. 

2j and 7.} miles per hour. 

1%‘ ' 40 . 222t 

12 men ; 12 women. 

3s. 46 . A Rs.70 ; B Rs.$o. 


7. 47 . 15 miles ; 2 miles per hour. 48 . 3 miles per hour ; 8^ miles. 

65. 50 . 15' miles per hour ; 90 miles. 


Ex. CV. (pp. 238-239) 

4. The Fig. is a rectnngle, of which one side=ii5 units and the 
other =18 units ; area-270 sq. units. 6. 48. 

6. (I) ( 3 , 0 )- (2) (8, 5 )- ( 3 ) (- 4 , - 5 )- (4) (-4, 4). 

7. (i) 10. (2) 17. (3) 25. (4^ 8-5. 

8 . (1) 22. (2)17. (3)34- (4)17- (5)25. (6)37. 

9 . 74 * 6 . 10. The Fig. is a rectangle, of which one side = i5 units 

and the other=28 units ; area=420 sq. units. 

11 - (0 375 sq. units. (2) 286 sq. units. 

(3) 96 sq. units. (4) ♦j2 sq. units. 

13 . (I) 2 ‘ 3 '' ; 4 * 2 " ; 9’66 sq. in. (2) 4-2" ; 2" ; 8-4 sq. in. 

14 . (5,-8). 16 . 226 sq. units. 17 . (i) 102. (2) 52. 

18 . 2 and 5 ; - 2 and 6. 

Ex. CVI. (p. 244.) 

3. 3*2 sq. in. 4 . A straight line (i) parallel to the j»axis, 

(ii) parallel to the .ar-axis.* 6. I'S sq. in. 

Ex. evil. (p. 247.) 

1 . (i) io^=9r+i5. (2) sy^26-2x. (3) >'= 7 . (4) 3^ + 4y“i8. 
(5) 2y=3^ + i2. (6) y<^2X‘-s. i 7 )y= 7 - 2 x. (8) Ar+i3;. + 46«o 

2. x+j^=2. 3 . ^=3^+4- 4 - (3, 2), (-2, ~2), (8, 6). . 

8 . 4*24 ; -7. 6 . * 585 ; 4 ' 53 - 7 . (o, 2), (-4, -4), (2, 5), (4, 8). 

8 . y+5-2^. 9 . y-- 4 ^+ 7 ,.y“- 2 :+i, 4 >'*-.a^+i 3 . 

19. (i) 4 - 4 . ( 2 ) 2 - 4 . 
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Ex. CVIII. (pp. 219-250.) 


:S. (i) x^2 

(4) .v=4 ;/=o. 

( 7 ) x^6-,y = s. 

(10) x = 6 ;y=JT. 

( 13 ) x^ii ;^=i. 

2 . jr = i,j/ = 6. 

5. (-3, 2) ; (4, I) ; ( 3 , 4 ). 


(2) x — S ; j/ = 6. 

( 5 ) .^=3 

(8) jr = g ;j'=l2. 

(11) x=Z ;y-=3- 
( m ) ^=5 ; y = 2 . 

3 . (-2, I) ; (1,-2) ; (2, 3) 
6 « = 5 . 


(3) x ^-3 ; y- 4 . 
(6) .r»-2-25 
(9) ^=2-8 ;>' = 3-2. 
(12) x=7 ;y^5. 

(15) ^=2 


. Ex. CIX. (pp. 267 - 272 .) 

1 . 55 lbs.; 84 lbs. ; 14-8 kilogrammes ; 17’3 kilogrammes 

2 . 39‘3 ; 9*’6 cms. ; ^ = 0-393^. 

3 12-57, 34*57, 62‘86 in. ; j 5, 10 in. 

5 . 6o"C. 6. ^3 ; ;^4. lof. 7 . 52" i. 

10 . 87, 78, 67, 51, 46, 42, 39, 38, 36, 17. 

12 . /i?j.l99 ; /?J4io ; A’j.574. 

615 copies to the nearest 5. 

16 . 2-6o, 5-63, 4-16, 5-77. 

18 . ()t. gr/. 19 167“ ; 5‘ 

' 21 . I A. M. ; 17 and 14 miles. 

24 30 miles ; 12 miles. 


4. (i) 76 ; (ii) 53 - 
9. 2*2 in. ; 12*45 cms. 

U- 15J. 1/7. neatly ; 

15. 58 / 38 , 29 ; J'=tt^-6o. 


17 . A’ 5 . 46 . 8 d. 

20. £3^0 ; 4250 copies. 

23 . 10-8 miles. 23 . 28 yds. 
25 . 70 miles ; 2I and2hrs 


26 . 3 t’. M* 27. In 10 secs, from A’s start, 33*3 yds. from the 

starting point. 28 . (i) 16*4 min. after 4. tii) 5*5 and 27*3 
min. after 4. 29 . 9 secs. 30 . 22 miles ; 48 min. 

31 < 6-5 miles. 3I. II of a mile per hour. 

33. (i) 27 3 min. after 5- (ii) lo g and 43-6 min. after 5. 

(iii) 6 o’clock. 34 - i : 2. 33 . gj brs. from A’s start ; 

7i hrs. and 12J hrs. from A’s start. 36 . 4 miles. 37 . 5« miles. 
: 38 . B I I'4 secs. ; C 10-5 secs. 39 . 4 8 lbs. 40 * (i) 7 ?j. 8 o. (ii) /?j.24o. 

Ex. CX. (p. 277.) 


1. x^+x^ ^x’^ +x 


9 

.a 


9 4 


2 . +a^d^+ a^d. 


3 . +a^+a^d^+ad^. 

•5. (i) «’*-f 2^’* + 3^*^ + 4 rtd-*-b 5 <*"’<J. 

3 . 4 . 5 ^ • 

_-irT 


4 . a^d*+ad^+a^&^+a^d*. 


,...•1 2 


a-'b^ ab-' 

•6. (i) a^^*^-k3a*^-*+ 5ati’*+4rt"*d+ 2 a‘* 3 *. 




5 



646 


MATRICULATION ALGKKRA. 


7 . (i) + 2a'^6c + ^a-'d~*c‘^. 

2 I 


(ii) 


a*^c 


^ -- ad~*c ^ •^bcu 

8 . Cl) + + 


(ii) 


24 *' ^b~*c^ 


+ 


•i? - * » ^ 


■» 


9 . 


10 . 


11 . 

13 . 


\/ti+2 \f h* + ^ +4V/» + ^/'a^. 

2 *f ac^) ^f lbc'^) 

*rb^ 2 yfc^ ■*■ ' 4 Y'jT' '*■ 


rtc I c^ 
b*^ abc^ ah'* 


I 


57:15 + 




^iTi, + 2«i<: + + ah^c^. 14 . '^5+ 

#» <»' be*- 


sja^ 




i + 


Hb* I 
>/rf^ ' 

7 « 


Ex. CXI. (pp. 278-379.) 

1 . 1- 2 . I. ‘3. 8 . 4. ^ 5. 125 . 6 . 3 ^'V. 


7 . 

^xh-^. 

8. 

1 

IK- 

9 . Tt'.,-. 

10. 

ab~K 11. .a®. 


(i 

12. 

j 1 

a *. 

13 . 

a^h. 

14 . 


. 15 . .r^. 

16 . 

x^y^s. 17 . 1. 


18 . 

u^b^c. 

19 . 

x"^. 

20. 


21. 

22. 

(rt+ - ^♦)"*. 


23 . 

X'^'\ 

24 . 

1 

2 2 
+<i 

• 

25 . 

/pynk¥H 

W' 

26 . 


y*- 


28 . 











29 . 

1. 

,» 


30 . 

C) • 

31 . 

256. 32 . 

■j 

■s- 


33 . 

• 




Ex. CXII. 

(PP 

. 281 - 283 .) 





1 . 

4 . 

5 . 
7 . 


.r’ - 2xy^ ■^2x^y— y^ 2. a — V*. 3 . x+: 0 y^ - x^y'* —y. 

42 jr^ — i8;r^y^ — ojt^v^ — izijr^v^ ^fiv* — >irt«.®..'^. 


gx^y 




a*x^-ax^ 6 . x*-^4y + 6xz^+gs^. 
rt^-64^*. 8. x^ +y'‘^ +z'^ - sx^y^z"*. 9 . 


10 . ,if“‘-i. 

il. -a’+2rt^-2—«"*-!-«*"*. 12. + — y*.* 

13. 8x^ + 4x^y^ + 2;jr^^ +y^- 14- +x'^y“^ +y"‘C 

15. a"* ~ 2a-*^^ + 4a*M - 8 i' + i6«'- 32 b\ 
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16 * + 2x^+ ;ix^+ 2x^ + l. 

i s 11 1 
x^ +rt^.v^ — a. 

20. x^+ ^a^\v^+ 6a*x^+ (t^. 21. 4a — 2a^d ^ + 2a^t:* + ^*'+ 


17 . x’^+x^jf^+y 

* >1 1 
19. x^ +a^. 




•»-'* a.* -Slf -Ji 

22. jr'^y + + + ^ 


23 . + ^* - 2^^^® + 2 a - 2£f^d ^. 

_ f n I ..1 _ 1! - ^ 

21 rt’“ 4 rt+io«* - i6^i® + 19 — i6a’® + lOrt " - 4«'^ + ^ 

25. + 3 a '^d + a-*d^. 26. ^^x*y'^- 2 x+'^y-%^x''jf*. 

27 . a*— 6a^d^+2\a^d^ - 44^^^'* + 63/t*/>^ - 54^'*^''+27^. 

28 . (i) x^ — + 6 — 4j:^jk '■* +J'***- 

..iR 1 ’ IS •» as 

hi) 2 :* - 5.1:3^*+lo.r^r® - io.r®j. 

29. (i) rt*^’*-4«^-*+6-4«-M + a-*<5*. 

S.9 1.1 -11 _3. 9 .*'■’ 

(n) ^-~^n~d *^ + iO'j ’/5 ^--loi *d*+4a ^6^ ~a ‘^d‘‘. 

30 (i) a® — 4a^4-6 —4a"* + rt“®. 

19 '• 9 . S -1’ 11 9 1 

(ii) a * — 4-loa^ — lOrt ® + 5« a*®. 31. —i- 

32. —a''. 33. I — J +.r. 34. + i+rt'*^. 

35. rt’- 5 <*^ + 3 - 6 a*^ + 9 rt'‘* 36 Ja+ J{ 2 d) + 2 J{2c). 

m 38 v’^[r+y)-^x*y. 


37.%-^- V. 

y X ^2 


-i 


2 ^ .1*9 1,1 

40. x^y - —2x *‘’+.r"_y 


41 . — I+a^r“h 42 . xy ^—x 


39. 3x^ •* 3x~^ — ij2x''^. 

II-1_I -1-19 9 9 

■ 43 2x^-3y^. 

46 . 3ax(x* — a^). 

47 . rt®* + 2r*'*. 48 . a*«*+ + 49 . + 5 *. 


44 . (^*+ I )^;ir+ i). 


45. x-k J{x+ I). 


Ex. pXIII. (pp. 286-287.) • 


1. 64 


k 


2. 8ii 


3 . 4 )».* 4 . a)i. 5. (Si’. 6 . 8 «. 


7,25^125*. 8. (V)’: t-5-)*. 9. (*.’)*; (,V»A 

10 . ( 5 a*;*: (Va«)’. 11 . (j(a» + 2 ai + i»)}'‘i { 4 (o> + 3 .«*iT 3 a 4 '+ 4 ’)}* 
12 (fW^. 656 i'*. 13 . (i 3 J»)A (“>,T-'’)'*.' 14 . (l/a«)* ; (a»)'*. 
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15. 17. n/3. 18. J{i2). 

19. s/i' 20. Jl 21. s/(32o). 22. ^(54). 23. ^(256). 

21. V(2048). 25. V3. 26. ^1. 27. VtV- 28. JUa ). 

29. s/igSa^x). 30. y 31. 33. • 

33. V(a-V^). 34. v'(2«^). ,35. ^/■(6a3.r). 36. 

37. 38.' ^/(s^y). 39. 40. ’J. 41. 

42. {/'{%)' 43. 3n/S. 44. sJS- 45. 36^/3 46. 3^5- 

47.18^2. 48. ^V6. 40. ^(12). §0. V154). 51.6. 

52. 4 V 2 . 53.8^2. 54. 6 Sf( 48 ). . 55. U/ 2 . 56. AV2. 

57. ^ V2. 58. U''(2r). 59 .1 ^T^iso). 60. ♦'’(375)- 

61. 62. W*). 63. |>/’U2). 64. W6. 

65. K/2. 66. ^^6. , 87. ^,^3. 68. 6r(i25),6r(i20. 

69. *V(24oi), **/(729'- 70 6 / 8 ,6/5- 71. 4^/7• 

72. 3 3f3. ^ 73. 74 A V(27). 75. 3 ^5- 

76. 3(4f)*^- 78. 1-341640 .. 79. -816496 .. 80. i-i33893— 


1 . 


2 . 3 >JS' 


Ex. CXIV. (p. 288.) 

3. V v'3- 4. 9 ^9- 


5. 'V 1J2, 


«■ (y + i-i-J’/Cf)- 7 -^ 4 ./ 3 : 8 . ..o,/ 3 . 9.36. 

10 . 5-'/6. 11- 6 s /3 + 3 >/( 3 o)* 12 . t\^ 3 + 3 ^/ 2 -J6. 

13. 2 + 3^6. 14. 216 'VS. 15. 288 *V(72). 16. 16. 

17. 4?* +22:^-82:*-62:—I. 18. \^J{2\). 19. iV^S- 20. g 6/(36000). 
21. K^2+^/^3+^/5). 22. ^s/6 + 4 6/(32)+ J4/(,20). 

23. ar+^ + 2/(^r+>/)+4. ' " “• 

^ Ex. CXV. (pp. 290-291.) 


1. tVC 58 + 8>/7). 2. TVfaS-^SN/S)- 3. 1 ( 3 -^ 6 ). 

4. 1(2 v/2- s/3). 5. s/5 + i. .6. Vs-s/2. 7. 4+-v^2. 

8 . 75(4+\/6). 9 . i(7-t’3\/5)' 10. 5Sfl(297 + 85s/2iy. 

11- t’t(7\/iT-i3)- 12. 23 * 3137 . 13. 2 . 14. 11992 . 15. 1 - 3197 . 

16. 5 . 17. \/ 6 ). 18. I + s/ 2 +s;' 3 . 19. i 6 s/(is). 
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20. 

23 . 

28 . 



4tr^(:r*-l). 24 . 2;t*. 25 . \Jy 

^(2+'/2+^/6). 29. .^(2n/3-3). 




Ex. CXVI. (p. 293.) 

1. (i) 2 +^/ 3 . (2^i + n/ 3 . ( 3 ) / 6 -J 2 . (4)3->/3. (5) 3+^5 

(6) KS ^/2+s/M)- (7) 3-2^2. (8)i'5x/«i+3N/i5)- 

(9) i( \/5 - ‘^4)- ( 10 ) 3 ^/' 7 - 2 -/ 6 . (II) 2 (v^ 5 --/S). ( 12 ) 4 +^/ 5 . 
(*3) .\!a+^{a+x). (14) . n/213^ +.?')+ 

(15) N/(a + 2 >+^/( 2 rt- 3 ). (16) j^{^f{x-y)-^ ^{y-s)). 

2. (i)'^(>/'3+i). ( 2 ^ 2 +^ 3 . ( 3 ) V' 3 . ( 4 ) 8 . ( 5 ) ^3+^2- 

(6) n/2. ( 7 )Sx/ 3 - (8) 2:2 ^/3-^2). 


Ex. CXVII. (pp. 295 293.) 

1. 2. 4:'** + ^''). , 3. 4(«* + ^*+‘^* + '^*)- 

4 . - ((^-<;)(£:-«)(/'/ 5 . +a*^*). 6. 2(a+ + ^ + £^). 

7. 24rt^t. 8. Joooc^. 9. 10. I. 11. 4a(a* + 3^'* + 3^®). 

12. 6(7^^. 13. o. 14. 2(rt + ^+ ^:)3+2a^tf. 15. 4(ax + ^y + ^s). 

16. a^-^^ + 8 + 6a^. 17. - Sy^ — 27 — i8.ry. 18. o. 

19. (^-cXt:-a)(a-^). 20. (i abc){\-- b* - c* 4- 2 abc), 21. 8ir». 

Ex. CXVIII. (p. 297). 

>• 

1 . J) 74. (ii) 109. (iii) 97. 2. (i) 141. (ii) 41. (iii) 112. 

3. (i) 13. (ii) 13. (iii) 36* 4 . (i) 246. (ii) 6. (iii) 335. 

6. (3a+2^)*. 6. (a-4^)*. 7. (jr®+5^:+5)*-1*. 

8. (;ir® + 5jr + 7)*-(2r+2)*. 9. (4.1:®-2;r-i)*-(2jr*-3j;+4)». 

10. >*+l2«i;»r + 3l/»*)*-(4rt*)®. 

Ex. CXIX. Ip. 298.) 

« 

1. (i) 280. (ii) 1188. • (iii) 610. 2. (i) 260. (ii) 427. (iii) 4428. 

3. 364. 4. 198. 5. (i) 9. (ii), -25. 6. (i) 73* (>*) 1611. 

7. ^x*. 8. (a+^ + f)^- * 

Ex. CXX. (p. 300.) 

2. (2r + 8)(.ir-5 ). ^ 3. (jt- i)(jf-io2j. 

5. (.«“ 3 )(.ir -9 . 8. (6jif-ii)(.ar + 2 ). 


1. (.r- 4 );^- 8 ). 
4 . lt + 3)('’^ + 7). 
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7 . (3.r-7)(7jr +12). 8. (25^1: +43)^.*:-* 2). 9 . (Sr-9)(2jr+f). 

10. ( 7 Jr- 3 ^(r+ 5 ;. 11 . ( 5 A' 4 -i 3 )( 6 .ir-ii). 12 . (2i.r- 5 )( 3 r+ 7). 

13. ( 2 r + 5 ;/)(r-j/). 14. (.r-i 9 'iKr+TOd). 15. (4-*‘ + 9>')(2-^"*3y')- 

16. (8a~9j:)(3a + 8r^). 17. { 2 (.ii:+j^i-(rf + <>)}{(r + y)-4(« + ^)}. 

18. {2.r» + 3;'»X2r* ->/*). 19. (3»* + y*K2r*-y). 

20 . (r^*-i7j'jrj/*+16). 2l. (jr+‘/rt)(.r- ^L/). 

22. \xA-a^i2){x~a-/2). 23 . (f«*+fl3^/3 + d*)(f»*-<*^\/3 + ^*)- 

24. (.r*+rt* ^/ 3 )(.ir + i* V 3 ) r-rt V^'- 

. Ex. OXXI. (p 301.) 

1 . {a-‘lf-\-c](a'‘-\-/‘* + c*-¥bc-ca^ab}. 

2 . + * 

3. (x — y+i)(x^+xy+y^ — r+y+i). 

4 . (.r + )^++ i). 

6 . (x-‘2y + ^s)(jt^ + 4 y* + 92 *+ 2 r>' + 6 >'r- 3 Tl). 

6 . (2ii-3<>- i)(4a* + g/>^ + i +2 t + 6a6-ifi}- * 

7. (rt-^ + 2)(<i*+/i* + 4 + MA-2!Jt + 2^). 

8 . ( 2 <* + ^- 11(4 j*+(5* + I- 2 ^//y + ^ + 2 rt). 

9. (« + 2 ^ + rt* + 4 /^* + 94 :* - 2 «^ - 6dc - 

10. { 2 x +y){x ^ v}*. 11. (jr + 2 ^ —33r;(ji:* + 4 ^'*+ 9 e® — 2 rjK + 6y5 + 3rr). 

12. ( 2 r-;/J 7 .f*+ 8 rj 4 - 4 r*). 

13. ia - 5 (> + 3 ;(rt* + 25/4* + 9-3a4- 5 rt^+ 15 ^). 

14 (r=* + 2r-4) 4 +-2r^+ 8 t* + 8.r+16). 

15. 2ff-dJ(3'i*4-^*+/-*-3rt^-3ac+ ^(C). 

Ex CXXII. (pp 303-304.) 

1 . - i)i I - r). 2. (/i‘*-Nai‘*)(rf" ‘+rt^). 

3. + + ^0. 4. (a + ^ + c){^c + £a + a^)‘ 

6. (^ + f) c-frt (^i-h^). 6. (^ + cyc-rt (fl-^). 7 . (d + c)U-(*)((t~^)- 

8 i^ + 3£)(^c+a) a-yb). 9. {a4-b-Vc){bc4rca^ab). 

^ 0 . (jf+z)s+x){%4-y). 11 . {a+b-¥C)(bc4-cci + ab). 

12. {a’\’b + c){bc4'C(i4‘(*b). 13. {a-\-b’\'C){a*-\‘b*-¥c^)‘ 

14. {b-¥c-uYc-¥n-b)[u^b-c). 15. 3 [ 2 a + b-\-c) a-\- 2 b^c){^-¥b ■\- 2 c). 

16. {a4rb4rCi{a4-b - c)'a - b-Vc){t■¥ C - a). 

El:. CXXIII. (pp. SOorSOe.) 

i. -{b-c ic-aX'i-b). , 2. {b-cX£-a)ia-b). 

3 . -.(b~cyc-n){a4 b){a+b+£). 4. {b-c){c-fi){a--6){a + b+c}. 

5. ’-(b~cX£-~a {a-b)(bc+ca+ab). * • 

6 . -{b-k‘£)(£+a)/t+b) b - c)ic-a)ia-b). 

7 -(b • £,{£-^*){i*-'b){b£+£a4-ab). 

S. ^{b-c){£-‘a){a-‘b:ia*-k-b*+c* + b£-i-ca+ab). • ' 
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9. - (<5 - cyf - a)(rt - + aH^ + aS£(a+6 + £)|. 

10. - c)(c - a (a - + fi* + c* + ca + ad). 

11 . —(^+c){i^+a){a + fi)(^-c)(c — a)(a-^ . 

iiS. (fi + c)[i:+a)(a + ^){i-c)[c-a (a-d,/ 

13. Ifi-c)iC’~a,(u~fi){a^ + d^+c^+a*J + c) + fi‘(£+a) + c%a + d) + adc\.- 

14. — {d — c)(£ - a {a - b){a^.^b^ + + bc^^b^^^^)^V caU +«) + rt^la + ^) 

• + abc}. 

ib. {b~cyc-a){a-b){a \-b-\-c . • 

\3. \b-c){c-a) a-b) bc-^ca-¥ab). , 

17 . 5(^- ^)(a* ^b^ +c* ~bc ~ ca-aS). 

18. — [ik-c)(c ~ ii)ia —b;. 19. -* b-c){c-a'Xa-b). 

20. -~(b ■-c),c-a}[a-b),a + b c+ 21. - [b~ cXc — aXa —b). 

22. {,b-c){c-aya-b:. 23. -{b - £)(c - a'Xn-b)(a + b + c). 

24. - (^ - f)(t - 26. - 2[b - cyi' — a){a-b){a + b + c) 

tSx. CXXIV. (p. 308.) 

1. (^ + i)*(;i--3)(.r-8). 2 . (a - l)*(.v + 4;(.v-9^ 1 

3. (.*•-i)^ ;r + 4)(3;r-I). 4. (;ir+i)^,3t*-9j: + 8). 

6 . i;r- 4 ,( 4 ;r+1;. 6 . (x-\-i^{x+ 2)(2x - 2). 

7. (x~ \)*{X + i)(x-2){x + 2). 8. ix+ lyx- i){x*-ax + b). 

9. (3 * + 2^ + (r)(2rf + ^H-3c). 10, [,2a + 2b + c}(a-\-2b ■i-2C). 

11. {2a + 2b + c:){a-6b + i\c\ li. ia-b^2c,{a~2b -2c). 

13. (>* - b- c) 2 t + 2b+c). 14. (rt - 7^+5<r)(tt-3^). 

15. {2a + b-2c)[2a-2b-k-2C), 16. (.r* + 4Jr+t):a*-3.r+1). 

17 . (.a*+ 2.ar + 2)(;r*-7;ir + 2). 18 . (x+i^.x* - 6 x + i). 

19. (.ar* + I )f.t* + 22r - I - 2jr - I). 20. - i )*,.r+iy*(ji:++5jc*+i). 

21. (.a:* +j^* j»:+-7.ir*+I). 22. (a:-i)(r+i.+ 

23. (3ar* - 2Jr - 3)(4ar* + ,r - 4^. 24 . \x - a){x^+ itx+u^) x* ■ ax^-a*). 

Ex. CXXV. (pp. 310-311) 

i. (x - i)i X* + X + 4). 2. u-- 2)(j«:*+.r + 2). 3. (.r-1 j*^ar +2'. 

4. {x-2) x-2){x + S)- 5. i)U* + 3ar + 3;. 

6 . (ar+i)»;r»t- 2 )i:«:- 3 ). 7. + 9 ). 8 . {x + 4 ){x- 6 f, 

9. \x-4a}{x* + 2ax-¥2it^ ■ 10- (.ar-^iK.r + 3)(2ar + 5). 

11 (3^ - I 2jr-^ 12 (2r-|-5 (2,r*-Jf+ 4). 

13. ir-i)(^- 2 J(ar- 3 )(^- 4 ). ^ 14. U + 3)(a:-4)U* - 11 )- 

15. U -+1 (ar- 4 )(;t*- 3 jr-t- 1 ). 10 . (x + »)(x + 4 ;(;*:- 4 )(ar-t-lo), 

, 17 . (ar+i)U + 2 .jr-9)(.r-lo).* 18 U® + 3;r-5;(;r*-3jr + 5>. 

19. (x^ - 2x-6yx*-3x- 16). 20. {x^+ 7x + Si(x* + 7x+i?U 

2L. (2j:*-3r+6)(22r* -3.r-8). 23. {2.T*-4.r-3) 2**-64r+3). 

23 . (x+2a-b-c){x4-2b-a-c). • 

• • 
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24. (a 2)(«* +9^a + 4 + 2a + - 65). 

25 . (« 74 X‘«' + 5 <» + 2 >)- 26 . (I+a'Ki+i>Xn.a)(.+i)(, 

27 . (a + i^a-i+cXi+c-a )., 28 . M+«- 5 +,)(«#-«+i+^). 

29 . + 30 . (*'+;r + l)(,r»-jr+,). 

Miscellaneous Factors (Harder). 

I- (x+l)(x-i){x + a-i){x-a+i). 2. 4fa-5)*(a + 5+i). * 

3 . C 4 <*' 4'5 + f)(«i + 454 -^). * 

4 . {x+ i)(x-~ j){x 4 -1 —xy ■i-y)[x— I —xy — y). 

5 . {x^y){x-y-j). 6. {n-\‘b-¥c){a + b-c){l> + c~a){c-\.a^b). 

7 . {a +5 -ab){a^-{rb*-{-a^ b). 8. (x-y+i)fx + ay-i). * 

9 . ( 5 - 0 ,V-a):a- 5 ). 

10. + + + + + 

H. +^)(i -ti)(b + c + ab^ac)(b + c-‘ab + ac). * 

12 . (*-«)(^-^) . 13 . („+.)(«-,)(x-^)(^« + .^+^ 4 ^ . 

14 . (^- 3 )(^- 4 )f^+ 5 ). 15 . (jt* + 7)(,ri-5). 

16 . (.r+i»-i)(r + 3 )(<v + 5 '). 17 . ix+x)W-^x^z\ 

on 19 . 3 ( 2 «--^)(a-. 25 )(«+ 5 ). 

20. 3 5 + c)(f+a)(a+ 5 ). 31 . ( 2 r-i) 3 (r- 2 ). 22. (Ar-i)(;r + 2)(2r-3)». 
43 . -( 5 -£:)(r-rt)(«-^)(a +^+4 24 . (a + b + c- iy{a + b + c-^2). 

25 . (rt+2)(rt + 3)(rt* +7^ + 14). 

Ex. CXXVI. (pp. 317 - 321 .) 

60 . (I) i 2 )y>g-sr. (3) (4) q^-y^Pq-r). 

Ex. CXXVII. (pp. 322 - 333 .) 


1 . 


a-\-h 


c*-ia^b)* ' 

4 . X*-ir ^X^y* 4.y* , 


2 . 7 (^“+.rj/+j*) 


5 . 


*9 (fL+^'Lt^£(£±il+£* 


5 

AT-4/4-42' 


3 . 


6 . I. 


Cc^ + i){x-\) 

7 . - I. 8. 3. 


{a^bi^~c{a+b)-\-c* ’ 

17 . I. ' 18 . a. 


10 . * 




cl6. 




b(a+bx) ’ 

II 3^-fi> + 5) 

19 . 


+ -h /75 


H-+ rf5 

Ex. CXXFIII. (pp. 338 - 331 .) 


11. *^*^ 5 *+^* 
15 . 

20 . 


a- b 
5— Cg 
a-c 


1 . 3. 2. ^ .yg-^r^ + r 


A® — I 


A«-i-A4-H 


a. 


5 — 


5 . 4. 6. o.' 



ANSWERS. 


7 * o. 8 . ah. 


12. - 


%abc 


9 4*-*' . . 2Q - 

■ ’ (i+ajir)(i + ^;r) 

13 . 2{ac+hii)(afi+6c). li. i. 


15. ,——n- —16. o. 
(a — — c){c — a) 


17. 2. 18. , -■ 

- I ,{X* 1) 


19. o. 


20 . I. 


21. a* + ^* + f*. 


a* ■\‘b^+c* -^bc ■>rca-\-ab. • 23. 


25. o. 26. o. 27. o. 

31. 4. 32. X. 33. - 

38. abc. 39. x. 40. d. 

^ ’ {x - a){x - b){xc) ^ 
a^b-\-€ * 


27. o. 


c*. 22. o ; o ; I ; ^ 

23. \ . 24. -,—47 - • 

abc x{x — a){x — b) 

28. I. 29. V 30. 1 . 


33. — 3 . 34. o. 35 . o. 36. x*. 37. i. 

10. a. *‘v-^,''^vrrr-T • 

{x + a){x+b){x+c) 

43.- ^--^+1- — 

‘{x+a)[x-^b)[x+c) * 

45. i>q. 


{b+c}{c + a){a-\rb)' 

Ex. CXXIX. (pp. 33^-333.) 


1. 2. I. 

a 


^ ab . (x* + 2 )(i+x*) 
a + b X 

% A 


. 5. . 6 . J. 


9 f A Q 2 ( 1 ^ ' % A ^ 

7 . a-b. 8 . 9 .^. 


11 . a+b+c. 


)*■ (a + ^r-jrA^+M* 

12. 1 . 13. /♦. 14.* 4 ;r. 

Ex. CXXX. (p. 335.) 


b ^ q ioa^b - 6ab^ - b* 

1 . - . 4. o. 3. + + 


4 . «(«-l). 5. O; 


6 . n. 7 . lU. 8 . 


9. A. 


10 . 

n 


REVISION PAPERS III. 

Paper, I. 

A a o A I • • e 3^-8 

2. 2 x*- 3 ^+i. 3. 4. + • *5. Irzy- 

6 . (i)\r« 2 , - 2 , ^== 5 - (ii) "?» 

9 7^*-59^+i8 j. ,, • . 

;*»(;r+i)(;.:-2X^-6)- *’• 

• Paper II. 

1 , < r *+ 2 x + 3 - 2 . 0 . 3. {x-¥J')* + 2z{x+^)+42*. 4 . ^ 
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MMRtCUl \TION ATCiI<RRA. 


I 

a-\-2 


8 fO t =j/ = 15 


7 (i) I =« (in 


2* _ T 


(ii) 5 

8 5 miles 


Paper III 

J 3^* iqi 4. 14 r 

(r® + 5r-6Kr* + 3 r - lo) ’ a:* - 3 r + 2 

5 (t 6 I 7 fi) 4 r-» 2 ,^ = 3, 7 «=4 


2 3 t*-2r+3 

X — 4 

(2» ^- 3 » >>'- 4 , s ^=5 


1 ( 1 ) 


^ - 3 y 


00 


Paper IV 

a-^ -hA* 


A + 31' a 


2 + I /1 4 -^ 




5 0):>r = 3, V = 2 fii) ir = 4*, ;/ = 34, ar = 3| 

7 r* - 5jr + I 
Paper V 

1 x^ + x-6 + j(x^+jt‘*) 

3 V- 2 J, ( 2 t* + 4 tr+I ( 2 r*-A - 6 ) 


8 432 


6 (^ + cK<^ + a (^ + ^) 

ni) = 0 

Paper VI 

1. o 2 r*+7-t + i. 3 (0 ^ 4 ^ 

5. (i) J^* + 5^ + 5 ('0 

7 . a-II, ■|■4 


2 4 4 -^^+£^ - 3«^t) 

5 _r _ _ 

(JT —-r 

8 324 

■ 

(u) 2 r 4 34 houis 

6 ( 1 ) ir = y=i (m) ir»y=»r 
8 VJ. 


Paper VII 

o - 


5 ^^v + S‘ 


1 . (1) I (11) + o - 3 J\u 4 -r) 

ah fh ti*h ah* 

7 . 5JC*-*7rr + 5>'* , 8- 4 i» 4 , 3 i miles pei hour 

• Paper VIIT 

x^fx*-2r+i^ x(x—i'^ 

1. r+^+-"+2:j-». 2 •— 

4. I. 5 Af* + 3r+2 ; (^"-4r + 3y^*-4X^ + 4) 6. 10. 


3 . ;r — I 



ANSWERS 


7 . (fi) ;ir - - d', j - ^). (11) x = ;'7- ,7- -— • 

&|f/g ^ 1“4 

(iii) ;r= I?,,j = 2i. 8. A*j.i 996, ist year; /?f.2000, 2nd year. 

Paper IX. 

1. ;i:*+;r+i. 2 . sv-a-d-c. 3 . (*i) —. (iij i. 4 . 4 (^« 4 -^*. 

2 X — y 

*• <’) -p' ^=,+;»- •’'-irfTTT- 


'6. rj mds. 


7 . 36 ft. 

Paper X. 


8. 127^. 


1. r ^-abc. 2. aH-„ -r+ ' 100498756... 

2% lOrt^ 

g ia-h ^rC-dMa- h-c^d\{h — c^‘d~ayb 
[jii-b){b — c){c — d)^d-ii^ 

CO a rs /-x 

5 . 180. 6 'i) x= a-.2»y*- "2—.2- (n) jr = 

rt* + b* + ti 

7 . 2 hrs 8. 2r. 2\d. ; 31 articles 




a~b 


Paper XI. 

1. 3'^ + 4y=i3- ’• x==s,y^6. 3. .r-i. 4. 1. 

4 

5 . (i) x^ 40 ,y- 6 o. (ii) A = 2,.y=3. 6. , ^ • 

7. 34 ; - 7- 8. 26 7 miles 

• Paper XII. 

1. 226 . 2 ‘ 6 , 8 ). 3. (i) I 49 in. (ii» 57 cms. 4. 81 ft. 

5 . ^J. 530 . 6 . 162 . 7. Ilf. 8. 4 i hrs 9. ( 2 ^, :f). 

10. (i) I P. M., 28 miles from P. (ii) 20 miles, fiii) i i-jo a. m. 

11 . {y-x)l{x+y) pence. « 12 . 4 and 31 . 

Ex. CXXXIl. fpj) 3 b 9 - 36 l.) 

1. No. 2. Yes : ^a*b A-ab*— b^. 3. No 4. Yes ;a*~a^b 

+a*b^ — ab^ +b*. 5- Yes; i* + a^b+(i*b*^ab^+b*. 6 . No. 

7. No. 8 . No. 9. 'NTo. 10. Yes , -^n^b + aib^+aH^+aH^ 

+ a^65+ab6.^b\ 11. No. 12. No 13. Ygs ; a‘®-a«3* 

*a*b^ + d*b*— b'^. li. No. 15. No. 19. m^ 2 pn^ where p is 

• any positive integer. 25. .r++4rV+^*r* + ;rv^ + }/+. 

'29. x^-i’2x^ + ^x+4. 31. I+a+rt*+a*4-<**+a*+<»6 + a^+rt9. 

'40. t+a+a* + a* +«*+.. +a**+rt^*. 
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Ex. GXXklll. (p. 363.) 

2. “■ 2Tf. 3 . 4. IS- 5 . (rt*+a^ + ^*)/rt4*^)- 

6. I. 7. o. 8. 2 i. 9 . a + ^. 10 . 6 . 11 . 5 (a+f). 12 . 4^ 


Ex. CXXXIV. (pp. 368-371.) 


1. I. 

2 . ?. 

3. 4 - 

. 4 . 9 . 

5- 5to- 

6 . Jl. 7 . 

8. J. 

9. 2 . 

10 . 3 - 

11 . 3- 

12 3. 

13. 3 - 14. 

15. - i 

16. I. 

17. 

iSi 1 

19. I. 

20 . -it 

21. I. 

28 . 20 .* 

21 8 . 

24. 14 . 

25. - 107 . 

26. 7 . 

27. 3 . 

28 . i. 

29. -h 

30. 4- 

31. 

32. 0 . 

33 . 5. 

34. 

35. lyV. 

36. 

37. 4 l 

38 . S. 

39. 4* 

40. 3 I. 

41. --1 

42. 4 . 

43. 5 |.- 

41. 2 X. 

45. 6^ 

46. 2 . 

47. 8 . 

48. 0 . 

49. 1 

50. 2 . 

51. - 2 .J. 

52. 19 . 

53. 19. 

54. H- 

55. -2I 

56. x 3 . 

57. 8 J. 

58. -sk- 


59. i l 

60. -51. 

61. * 3 . 

62 . 53- 

63. - 8 . 


64. 4 - 

65. 6 ]. 

66. - if. 

67. 2 . 

68. I. 


69. 7- 

70. 4 l 

71. db iw/S’ 


Ex. CXXXV. (pp. 374-376). 


5 . 6. -7 

m 


. 2 . 




14. 

19. 


4 a — 
ac 

b * 

ab 


a + ^ — f 


23 .: 




26. 

30. 

33. 


b* 4 -c^' 

a 4 -b 


3. 


abc 


cd— be' a-k-b 

7 bjh abc 

' a/+ 2 bc-bf^’- ‘ a^-ab + b^' 


4. 


acc + bcd— b^e 
b{ae — c^) 


11 . 3 «- 
^ 

Xd« — , 


12. - 


ab 


2 a + b’ 


9. {a + c — b). 
a 

2 fir 


13. 


ab 


16- T*- 1,. 

a-\-b 2 b a-\-b 


20 . 


24. 


ab{a + b — 2 c) 


{a-\rb)€-a*-b^ ■ 
be* •\-ab* -^a~~b — c 
bc-Vea-^-ab— 1 


21 . b, 22 . - 


2 


27. 


28. 


cd— 

b{a4-c) 


ab 


a-c 


34. 


a* 4-b* 


ab 

31- -Zi- 

a + ^, 


35. - 


2 ab 


25. - 
29. 


p^-2pq-g* 

P 

aJfh' 
a* + b* 
a+b 
a+b 

m 

2 

ab — cd 


a:^rbtrC-d' 


32. ~. 

a —0 


36. tab4ryic-\-2bc. 


37. o 
41 . -h. 


38. 


r* — mn 
m-\rn- 2 r' 



40. oor-^(a+^). 

42. ?±*±£±rf. 

;«+« 
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1. 9. 

9. 4- 10. k 

ab 


2. 15* 3. f. 4. 


18. 


1-2 ^b' 

^ bi2a-b) 
2{a-b) ‘ 

19. 80. 4* 

m(m + 2/;) 

40 


Ex. CXXXVI. (pp. 377-378.) 

5. ^y. 8. 2. 7. 16. 8. ““ 5* 

- V" • 12 ^^ *^*'*: 

Ja+2* 2«-i 

I 

b- 2 ' 

(a-b)* 


11 . 

14. 

17. 


12 . 

15. a*-b. 
b{b - 2 a) 


vtb 


18. 


^b — 2a 


21. 22. 28. 8. 
26. {a. 27. 2a. 28. %a. 29. 16. 


2{m-¥k) 

31. 5 . 32. - 3 ‘ 33. 


24. 4* 
30. ih 
34. 2V(V). 35. 4«- 


Ey. CXXXVII. (p. 380.) 


1 . 6 . 2 . 25 . 

7. If 


3. 4- 4 . 5* 


6. 4?^,. 6. ±i^/3. 


4 i*+c’ 


8 1 a 

■ TT* 


9 4 1 

■ sriS’ 


10 . 




14. ±4. 


i + b 

m 

12. ± s/{(a-2)^- 1 }. 13. 2 . 

15. Jt J{a - \n^). 


Ex. CXXXVIII. (pp. 388 386.) 


1 . 


2 . 


8i 


i-a a 

5. + 

8 . ± 


3. Hi - ^ y . 

at n-i\ 


4. 


{b — 2c)‘^ — ab 


6 . 9. 


a-\-lb-j^c 


11. 

5 « 

■ 

12. - . 

13. 

8 . 

14. 

4 

25 




15. 

— a. • 

16. 0. 

17. 

41a* 
403 ■ 

18. 

19. 

a — b 

2 jXalfi' 

20^i. 

21. 

9. 22. 

r. 

f. 2 a 

24. 

I 

I +a ■ 

25. i|. 

26 . 

ao 

a+ 3 ’ 

, 27. 


ab^ 


4« 


4 . 4 ■ 

a^-b\ 


IS 


4ac* 
b^ • 


1- 3 . 


2. I. 


Ex. CXXXIX (p. 386.) 

3. nlm. 4. plm. 5. 4. 


7. i. 8 . 2xt ; z-A- 0- 3 ; S' 10- !•» 3- 

M.A.—4B 


6. 4. 

11. 4; 
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12 . 21; 6. 13 . 6 ; I. 14 . 3 ; 4. • 15 . 2. 16 . 4; 6. 

17 . 4 ;-i. 18 . 3 ; 2. 19 . 2 ; 4. 20 . .*^-4,>'*"3, s=^. 

Ex. CXL. (pp. 399 - 404 .) / 

1. 24. 2. /?j.ioo.* '^3. 72 lbs. 

4 . Father 30 years, eldest son 7I years, younger son 6 years. ' 

5. 96. 6. i?jr.2000. 7. 420 oz. of copper and 255 oz. of tin. 

8 > 2128 mds. 0. 4854, 348 v 10 . 4 days. 11. 23I days. 

12 . A 37J min., B 25 min. 13 .*A 18 days, B loj days ; 6t days. 
14 . 12 gals. ' 15 . 4 for 3</.; 512. 16 . 10 gals, from A ; 

4 gals, from B. 17 . (i) 2 iv'r brs. (.ii) 10 4® hrs. 18 . 44tb days. 
19 9 gals, from ist ; 6 gals, from 2nd. 20. ;^33. 15* 21. 40. 

22 . of a mile. 23 . smiles. 24 . 1220. 26 . 3 hrs. ; 15 miles. 
37. 27 min. sec. past 5. 28 . 12 o’clock (noon) ; 

125 miles from A. 29 . At 4-if P.M. 30 . 10 min. 


125 miles from A. 

(n+i)(a-~d)c-ad, 

31 . (0 -- rr—r hrs. 

32 . 37 and 4^ miles per hour. 


.... n'a-lf)c+aic - d ), 

( 11 ) -;-r;- 7 - hrS. 


32 . 3^ and 47 miles per hour. 33 . 600. 34 . 1504. 

35. 16, 25, 7, 42. ?6. 60 gals. 37 . 72 miles. 38 . 39. 

39. 640. 40 . 1024. 41 . (<i) 32 t*t niin. past i. (^) Jf'i nnn. past 7» 

42 . 2I|"t min. or 54/y min. past 7. 43 . 40 rn'ti- past ii. 

44 . 2n m iles from P. 45 . 22 gals.; <)s. 46 . 240. 

47. 76 tbs. gold ; 30 lbs. silver. 48 . ti- A 40 hrs.; B 60 hrs. 


2 miles per hour. 51 . 21-11 pasi 4. 


52 . 40 cottahs. 


53. 10, 15, 3,60. 54. Rs.^640. 55. 1st class 56; 2nd class 203. 


56. 4 ^. 

1. 21 ; 2c 
6 . 8 ; 3 .^ 


57 . 6f. 58 . 4i miles. 

Ex. CXLI. (p. 406.) 

2 . 5 ; 6. 3 - 4 ; 2. 4 . 4 ; o- 

7 . 26; 27. 8. 2 ; 3. 9 . T ; 2^- 

Ex. CXLIl. (p. 408.) 


4 ; 3 - 
o ; 5. 


1. jr*- 


b4rC 


b 

' a Vb * 

' ~2 b ' ■ 


2 2:. 


a+b+c' ''^'\i4rb4-c ’ 


a-^b 


4 . Xszy=iZ=s 


a 4 rb 


5. r=i, 


e ... 

i+i’ 




a4-1 


Ex. CXLIII. (p. 411.) 

*1. jr*2, «'=4. 2. jr—2, flr=5. 

3 . x*»a{b — c\y^b[c^o^^^2^c{a-b). 
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5 - -V = 4 ,^sa 6 , s = 8 . 


. 2la—i) a+i 

4. x = -, -, 

a —2 a —2 

' 6 . x>^dc{d — c),y=ca{c — a), z^ah\a-h^. 

7 . x=^[b-c)i y = ^{c-a\ 8 . a:-^=i, ar=o. 

9. jr=* 2 ,j/=» 3 , 5 r = 4 . 10 . + s'-^(rt + ^). 

11 . .r=3,j^=4, sTe-s. 13 . .v=i/a, j/=i/^, ^rsi/^r. 

I I I 

(« - 4a - “ (o - i)(f ^ ^ “ (a - <:)(« -7) ‘ 


12 . X 


14 . .r = rt, i/=s^, s=>c. 

16 . x^^io, 5 r= 3 . 


15. x — b — c*y = s^a — b. 


Ex. CXLIV. (p. 413 .) 


1. x==i, y=2j z=ss. 

3. .r = 2 ,_y= 3 , £’ = 4- • 

5 . 

_ (^-vayOi — b) 
~J^aXi:-b)’ 
d{d-~ bXd -c) 

“ a{a — b){a-c)' ^ 


2 . j; = 2,^=5, 3’=* lo. 

4 . ^=> 3 ^^* 4 , - = 5- 

.ft g) _(i/—<:) (<f—a) 

7 . A *= -(^^: + (;«+<a^), yaati + ^ + i", 3”= I. 

c)( d-a) d( d -a)(d- ^ 

b,b-c)(b — a)* ■' c(c — a){c — b) 


» 


Ex. CXLV. (p. 416 .) 

1. .r=2,^=.4. 2. .v=4 or 3, j=3 or 4. 3 . .v= ± i, dk2, dk3. 

4 . .r=5,>' = 2. 5 . ^ “ ±2, j'as ±5, i6. 6 . 3r=>^=343. 

7. .*■“ ± i< y= ±T, ±^- 8. .tr=i or- 5 , y ~2 or-6, ^ = 3 or-7. 

9. x=±2,y--> ±3, s’=± 4 ^ 10. 3^1= 4.3, i 4 , 3^=±i. 

11. .r--4.4»:>'=i2. 12. :r= 4:7, J=5- 


Ex. CXIiVI. (p. 416.) 

1. 3:=-i6,j/ = 36 . • 2. 3r—s(5rt + 2^), y=*S(a+^)(2a-^). 

3. .r=3 or i y=i or i. 4 . ;r= - 16, j/- 7 - 5 . 3:=2^,^=i4. 


MisoellaneouB Simultanebus Equations. 

1 . 2. ^=»4|,j/-i4, 0=ii., 

3 . x<^S,y^ 4 ^ ^= 5 - 


^+c--2a ir+rt-2^ 

.r«»-:-, y~' 


^ x=sysgs=I. 5 . X 

{i+b-‘2C 


a«» ... 


-tL £—-~ 




n • 


2 a - ' 2b ' 
— I, y = 2y ;3=a — 2, «*■ I. 

c +g a+^ 
2^ 


2f 


_ 

9 2 a- 

11. 3 :«s^“ 2 . 


3 rs 


2C 

12. ^=* 5 ».y" 3 - 


8. .f=6, j=*7, 3 r=* 8 .. 

1 A ** '■ 

13. 3r=s 
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14. ±3,J/= i 2 . 

• « I 1 I 
16 . X= , y=-, sr= - . 
a o c 


10. jr 


a{a + V) a{a — d) 


a-~b 




a+b 


17 . X =2, y“3, 




18 . X— . - , y— c—\ 

bm ^an — cn bn-\rcm — am 

19 . x^b-c^y^c-a^z^a — b. 20. y^b^z^c. 

Ex. CXIiVlf. (pp. 423 - 427 .) 

1 . 5 sovereigns, 2 shillings. 2. 24, 32, 32 hours. 

3 . 4 yds. and 5 yds. 4 . 100 miles. 5 . 5 miles per hour; 15 miles. 

6 . 720 miles. 7 . 27 miles. 8. A 8 yds. ; B 7} yds. 

9. Length* 18 ft., breadth* 12 ft., height* 15 ft. 

10 . 10 miles per hour. 11 . A i2J., B 28J. 12 . 3 miles per hour- 

13 . 2 miles per hour. 14 . Back Bay i j;oo ; Mazagon Rs.^oo. 

15 . iOtV hours. 16 . 30 miles ; 6 miles per hour. 


17 . 2 ^ miles per hour. 


mai 2 m hn) 

18 . - —— miles. 


2i ;//* — /?*) 

19 . A 40 days ; B 24 days ; A received Rs.6. 4a. ; B Rs.i;^. 12a. 

3 p. 131^ miles ; 9 miles per hour. 21 . 4 hrs. and 6 hrs. 

22 . 24 hales or 72 casks. 23 . 640. 24 . A 5 min.; B 55 min 

25 . 132 miles ; 108 miles ; 6 hrs. 28 3 miles per hour ; 14 miles. 

27 . A II rffiles ; B 10 miles. 

28 . A 2.V miles and B 2 miles per hour ; 5 miles. 

Ex. CXLVIII. (pp. 431 432.) 

1. (i) 4: 5. (2)23:24. (3)11: *5- f 4 )>‘^+l':j- 

(S)a + b:a-^b. '^, 6 ) x^+y^ : x^+y^. 

(7) : x*-x^y+x*y* — xy^+y*. 

(i) 4: 15. <2) 2 : 3. (3) ga^ : yib^. (4) 15^ : 28a. 

(5) ;i:*-iLr-|-28 : ;c*. (6)1:1. (7) i : 

ad—be ,...ad—hc 


Z. {a->rb\^ \ b\a-b). 6. 2^(s«^). 7 (i) 


.(ii) 


9. 


10 . 


'a-^y ■■ II 

15 . ± 18 ; 4 or i 

21 . In favonr of the 2nd. 


11 . 


12 . 


^-c 
13 . 6. 


. 8. 2. 
14 


c—d 

17 

7 

17 . <J{ab). 18 . 4. 

23 . 7 years. 

Ex. Oli. (pp. 436-437.) 

2 . 4 greatest, 4 least. 5 . | 2 , fj, 6 . 45’. 

7. 8 . 8. 9- 9- V?j.i 2 |, Rs. 7 l 10 . 27 , 42 . 12 . 80 , 62 ; 59 . 


I 

s' 

19. H’ 

24 . 5. 
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El 

GLI. (pp. 

441-442.) 

1. 

(i) 10 . 

(ii) 

4i 

• 

(iii) 2^. 

(iv) Va3f. 

43. 

(i) 9 . 

(ii) 

4^ 


(iii) ifl. 

fiv) (a*+a3 + 3*j*. 

3. 

(i) 6. 

(ii) 



(iii) if. 

(iv) 6a^bc. 





Ex. 

CLIII. (pp. 

446-447.) 

6. 

I. 




7. 5-. 






Ez. 

CLIV. (pp. 

448-149.) 

1. 

f . a* 

(i) .r*» — 
' ^4« 

1 1 

. 1 

( 2 ) X 


3- ( 3 ) y“4- 


11 . 2 jS 


(4) ax=‘dy>=ica 
J' 


labc 


2 a\a-^b-\rc) 

v 5 ) “ i I - " 1 


bc-^ca-Vab' " b-^c-a 
2 ^(a+^+-^) 2 c[a-¥b-\-c) 


a-\‘C-*b ’ , a+^ — 

2 . 3. 3. 25, 20. 4 . A 72, B 63 years. 

6. 12, 21 ; 24, 42 ; 36, 63 ; 48, 84. 

'8- A Rs.2QOOt B /?i.i5oo. 9 . 136. • 


5. 6 , 9 > * 5 * 

7 . 27, 48. 
10. 24 seers. 


1. a=*T 5 

6. 2. 


* b*c. 8 . xy = lUx^ +J'*). 


7 .y. 


Ez. CLYI. (pp. 456-457.) 

3 . 65 . 4. 7tt* 5- 78 . 

8. y**3.r+2^*+^3. 9. /=»/* + 2;r+3. 

ab 


14 


A-SX 

10 . S‘=^x5XAr\x*. 11 . 

C 

21. 4(a + 3)*. 

Ez. CLVII. (pp. 461-462.) 


14. = 

c 152: 

18 . £26. iij. 6|/f. 19 . Rs.2<x>. 


17 . 8 days. 
23 . lAC.BC^ 


a* 


E=I. 


2 . ( 1 ) a+-^» 4 a*t*. ( 2 ) (/5£'-3V)* + (ca'-tf'a)* = (a3'-a'<J)*. 


3 . i-H ^ 


b* (a-^‘ 


4 . (i) a+^-l*t*+a^^—o. 


(3) bc-VcaArabAr2abc^l. 


112 

< 5 ) ^=: . • 


(2) b^c^A- -H a^b^ =*^* 3 V*. 

(4) a* 4 -^*+f*-a^tf" 4 . 

. 5 . b(}^caA‘iib-¥ 2 abc^i. 6- (be'— b‘c){ab*— a*b)*=={ca*— c'a)*, 

1 . 9 (I) f^*(a+ 3 -Htf)+a^tf=o. 


(2^ a*-3a3+3rf-f. 10. x*A-y*A-s*A-^xys^i. 11. ^a+“ 
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I 

* 

Ex. CLVIII. (pp. 455 466.) 

11 . + 

£z. CLIX. (pp. 468-469.) 

8. (i) 4 +-v/ 3 ' (2)v'5+^/i4. (3) ;r* + i. (4) 2(1-»-«* + «»♦)• 

Ex. CLX. (pp. 470-471). 

4. x=-2a 9. ^i) 2a. (2) ( 3 ) (4) 

10 . (I) 2t\. (2) 3! 

REVISION l^APERS IV. 

Paper I. 

1 . (i) (3^ + 4 )( 4 ^-3)- (ii) i2a+^f + c-(i)(2a + d-c+d). 

2. 6 ad- 3 d^. 3 . 3.r-s. 4. 7 . (i) 6. (2) 5. 8. 631. 

Paper II. 

1. 2. i 2 X}f. 4. 2 .r*-i. 

b. 2{v+i){x-\r\){y-x){xy-i). 7. (i) 6. ( 2 ) o. 

8. loh. crowns, 25 sh., 50 six-pences, 75 four-pences. 


‘ Paper III. 

1 * 3 i 5 - 2 . x^-¥2x^-%x^ — 6x-^\. 4 . I. 6. AT* -;r(rt + 2^)-l-3^*-t-a*, 
ft 1 . 7 . (i) 6 ^; 4 i. ( 2 )i;i. (3) 5 .* i- 


3 . .re 7 /. 


Paper IV. 

ax by — s'a - b) 


by-ax-^ s{a 4-‘ 
ft (i) r 3 . ( 2 ) 4 J ; 1 if. 


5 . ■ 


, . b^-y-c^ — a* a^ArC^-b* 

<3) 277” ’-"= 


2ac 


s 


2ab 




8 . tooo Hos. 

Paper V. 


1. (i) 5Ar(i3A:*-Hbry+ I2y*). (2) ^{a’-b){a+b){sa^ - Sab+sb*}. 

^ , «= . 4 . (b-lrcXc+aXa+bXa+b+c). 5.22*4 aci-cs. 


ft (i) i. ( 2 ) 28 . ( 3 ) x^b^-'C* i y>^c^-a*\ s=a^-b*. 

7. (i) a* + i*=.>&»-h//*. ( 2 ) (o + ^i»+<a-^)^- 2 . 8 . 2 'pies. 
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Paper VI. 


1 . Common roots, .r=s6,j'=8. 

^ a6(c + ii)-cd(a + ^) 

®- --■ 

8. (i) + + = 


2 . 3-5 + 4 ;'* 13 - 6- -« 5 - 

W7. 


Papei* VII. 

1 . -39, -20, -7,0, I, -4, -15, 2 . a* + 3 / 5 *. ^ iSx*y^ix^ - y*). 

4 . - 2 ; .r=_v=a - 1 . 8. .^J. 300 . 

Paper VIII. 


1 . 

4 . 

7 . 


a® - 64 ^®, 2 . .T* - .r^ — jifsr —_y^. 

:r- 4 a. 5. y-z. * 8 (fc) 

I mile per hour. 


3 fj:-ii)(.r+i7) ; (,r-i)^(^-2j- 

a® +1 . , 2a^ 

— i- 2 • (2) - . 

a*-2j 

8 Rs 260 ; /?j. 500 ; Rs 640. 


Paper IX. . 

1. .r*-3.r* + ii.t:-8. 2. :r*-7;r + 2. 84 6. (i) 

(2) l{a + d). (3) 6. 7 . (I) 3 e^{a-\rbx*). (2) -4(.i:*+>*.1. 

(3) o. 8 . 96 miles. 


Paper X. 


1. -30. 

2. x^-4x+i. 

5. .*^ = 2, y=*5 are common roots. 

6. (I) - , 

cd{C’\‘d\ — ab[a^b\ 

‘++^*) - vC*+ +d*) 

• 

“w* 

it 

.“.s 

•'J 

1 

5«+^). 

y-A(7r-5^+«)> ^-Tir(7«-5^+^)- 


ft 

0 . tji* 

9. /fj 58. 8a. ; i?j.63 ; 

Rs 76. 10. io 2 ^t miles. 


Ex. CIiXI (p. 480.) 


1. +2. 

2. ±3. 3. 10, 0. 

4. 5. +2^. 

6. +1- 

7. ±4. 

8 . 4:5- 9. 34i o* 

lO. 7i 0. 11. ± 5. 

12. 

13. ±5- 

14. +2. 15. +9. 

16. 4) 0. 17. i§i 0. 

18. 3}„o 

19* 4l* 4i' 

20. -24>-2i 

21. +6, 0. 22. +]^i^5i 

, 0, 

23. +6. 

24. +3- 

ft 


• 

ft 

Ex. CLXIl^ 

(pp. 481-482.) 


w 

1. +2. 

• 

2. +9'^^' 9* + lo 

4. ± - ^ 

*• * 2j{a*-ab) • 

5- + 4* 


6 . 10,0. 7 . ±t«. 8. ±W(i 5 )- 9* +l«* 10. ±—r - «• 

• § ^ 
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a, o. 12 . 13 . 14 . ±3,0. 15 . • 


Ex. CLXIII. (pp. 484.) 

1 . 8,2. 2 . 5, -II. 3 . 15, -14. 4 . 14, - I. 5. 7, -6. 

6. 10, -14. 7. 1, -20. 8. 8, -40. 9. —1, -12. 10. 14, -lo?. 
11 . 6, -4|. 12 . 13, -11^. ‘ 13 . 25, -136. 14 . 12, -i2iV 

15. 6 , “Sf. 16 . 3a, a. 17. 2 a, a. 18 . 2a — byb. 


Ex. CLXIV. (p. 485.) 

2. 5» ~~ A\' 3 . 8, — 4 . 4 . 4i 6. 5 . 3; 

6. 7h 7. 17 , -4- 8. I, I- t9. 4,4- 10. h -i- 

11. -4-1, -7. 12. J, -4- 13. 3 lc^-dla.> 14. i/(a + d), i/{a- 6 ). 


1 . 2 , 


1 

o* 


15. dja^ afb. 


16. c, c-2b. 

Ex. CLXY. (p. 486.) 


17. cla. cjb, 


2 . ii, r* 


1 * h 

6. I, i 

10 . I, -f. 

14. i h 
19. 1, -M 

23. I, 

a(b-c) 

nm a+b b — a 

z. J z . 

a — b b-^a 
29. 3*19 or -*19. 
32. 3’45»or -1*45. 


7 . i?. -h 
11 * ?> "I’b* 
15. 7 , -i- 
20 . - 9 - 


3 * fii *“2. 4. V» 5* 

8. -i 
12 . I - 5 . 

18 * QISi 

2 L. a-^, 

24 . a± Jb. 25. 2 a + ^^, ^a + 2 ^. 


5. 5, -I- 
9* 2, — iId- 
13. 2, -tl 

17. 4 , li 18. 

22 . 2{4a-bW{a + b). 


27 

'~a-b' a+b 
30 . 7*91 or -6-57. 


28 . 73 or -273 
31 . 47*03 or 17. 


Ex. GLXVI. (pp. 48B-489.) 


1. 10,2. 2. 2, — 3 . 8,'4* 4. 11,3. 5. 6, -^. 6. 5, -2. 

7 * 2, •2§. 8. 9 » 9. 2, ■J. lO. 3 i ~ 3 i^q. 11. 4 t *”2§5. 

12 . 2, - I. 13 . 6, -3^. 14 . 2, -3i. 15 . 3. 16 . i{ 27 ± V( 57 )}. 

17 . 5,21. 18 . II, -i 3 - 19 ,- I, lof. 30 . 5, 5 f. 21 . 7 » 

22. 6 , 3 ^. 23. 6 , ^ 4 l 24. 4 , - 4 §- 25. i 4 f, U- 26. i, A. 

27. “•6f. 28* ±3* 29 . 30. 43* 31. 8,' — 

32. 9) “fi* 33. 8, “ 2 f§^. 34 . 2, 4 ^* 3 . 35. a^(33)!1“* 

36. —2, ■—37. 3> §• 38* •”44 iJi 33 )’ 39. 5 * ^4* 

40. 4 , i4- 41. ‘3*45 or -r45- 42. *89 or - 3 * 39 . 

43. *80 or -*14. 44 . -773 or -4V7. w 45 . 5*61 or -i*6i. 



ANSWERS. 


1. ±^{ab). 
- . . 2ab 


4. a+^, 


Ez. CLXVll. (p. 490.) 

2 . b-\-c^ 4 (^+^)* 3 . + 

r _ r * » _ . i ab{a+b) 


a+^* 


5. a, b. 


'7 + q 


6 . «+J. 

. «» + 3 a» 


10. I, - 


a‘+3ai' 


g - - 2) ^/{(a« - - 4a^(a - ^)* + 4> . 

“• - faT^al • ' ‘2- O' * ''(“*)• 


Ex. CLXVIII. (pp. 101-493.) 

4i» i* 2. 3 , — 3. 6 , iifU. 4. 1(9^2 >/(i 9 )J. 

5. 4 i ~ 7 * 6 . 4 , --I 2 |. 7. * 1 , — 7 i* 8 . 20 , ViAtVexV* 

9* -ffT* 10. 12 , 835 . 11. 25 , i 6 Jgi. 12. 3 > “* 3 * 

13. 3 , 20 J. 14. i(^/ 3 -I), i-->/ 3 . , 15 . '/ 2 - 1 , - 2 (^/ 2 -I). 

16. -Us/5 + ^)j “h ('^5 + i)- 17. 3 i St 18. ac/by bcfa. 

19. ->T—• 20. i(i±^‘/2)rt. 21. 1^, -b. 23. 3rt, - 2 a. 

a T- V ^ — a 


Ez. CLZIX. (pp. 493-491.) 

1. ± 4 , ± 3 . 2. ± 1 , + 2 . 3. 2 , - ^ 2 . 4. i, -|. 

5. I, i. 8. 49» 4- 7 ^ 25 , 4 . 8. tl-Zs, ± ^/(-I). 

, 9. 4 , f 10. 16 , VfV- 11. yi- 12. ± 8 , ±V(-ii)». 

13. 243 ,(- 28 )^ 14. 0 , 4 , 5r(49). 15. i, 16. ±- 5 .± 2 .17. (4)’^,(-aV)'^. 
18. ± 3 , ± 1 . 19.* 8,1. 20. - 8 , -1. 21. I, yi. 22. ± 2 , ± 1 . 


Ez. CLXX. (p. 495.) 

1. 3 i ioSI§. 2 . 9 , n 6 | 4 . 3. o, 3 or - V- 

4. 3ii 2 or 5. 2 , i \or 4{7± ^( 33 )}. 

6. 4 ( 3 :fc'/ 5 )or 4 l 9 ±x/(- 83 )h , 7. 3 , “a or H5± n/(«329)}. 

8 . 2 , 4 or 4 ( 9 ± ^(- 31 )}. 9. I, i^r 4(-3± V’s). 

* % 

lO. ± I or 4( - 1 ± ^/5). 11. I, 4, 3t or ij. 12. . 

13. I or 4{i± 14 . 3i “2 or 3(i± (^(- 23 )J. 

15. * 5 , -6 or .H~i± -s/(l77))- 
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Ex. CLXXl. (p. 497.) 

1. - i± aA 6 or -lA ^(-2). 2. ^{7±>/(i3)J or 

3 . ± ^{- 2 ± Jshor ± J{ - 2 ± 2 js\- 

4 . o, - I or |{-3± J{ - ii 9 )>- 

5 . — a± >/(a*-or -'i-t i^(a* + V^*)- 6- 4, ^ori7Ti2V2 

7 . 2401, V;i<“7A v^l6i)}*, or &c. 8. 4 or Hi- 2 * 

in - 2 ^*{a+d) + (a-d^* u u \ j. u , 

10 . ^---j - - , whel-e/J^-i± ^(c+^). 

11 . I or aV{3S± ± 12 ^/305 }. 12 . 4 + 2 ^/3 or - i A2 >/^( - 2 j. 

13 . o, 6or3i J(-i5). 14 . \/(5±2v^r)}. 

15 . I, —1,401-6. 16 . I, -4 or l{-3i-/(ii)}. 


Ex. CLXXII. (p. 498J 

1. - 3 or 1 ( 3 ± ^/ 5 ). 2 . 3 or l( - 3± Jl]- 3. 2a, 2 a, or 2 a. 

4. ± WS or Vol - IA V( - I9)J. 5 . 3,-5 or “ % 

6 . - 2 or- 2 i^ 3 . 7. 7 or ^{- 7 +v/( 2 i)>. 

a -2 or JU± J(- 7 )}. 9 . 4:rtor +i/a. 10 . - 1 or 

11. -f or l{3db ^(73^>. 12 . 4 or A J{ 2 A ^/(-ri)J. 

13. H3± N/( 29 ))or J(- 3 ± v'i'zi)). 14. -4 or ^{ 3 A J(- 279 )». 

15. 6 , 4 or — 10 . 16. a, la or 17. a, b, or 

18. ^ or K« + ^)±T'j(a-< 5 )V(- 7 ). 19- a,b,OT \{a-\-b). 

20 . a, ^ or l{a + ^±rtya-^)^(- 63 )}. 


Ex. GLXXIII. fp. 500.) 

I . 2 , ^ or i{-I7± ,^( 273 )^ 2 . 2,4ori{-3Av/(-7)}. 

3. 1{-2A v/3± <s.'(.3 + 4v3H- 4. -3±2n/ 2 or |{-i A 

5 . 2, I, ^ or |. 6. 2 or 4(3^ V^(-7)}. 7 - i, 2or^{-9± ;^./(73)J. 

8. I, 3 or 4 { - 11 A v^( 109)}. 9. r. or o. 

10 - -ior4fi±s/5±‘^{A2^5-io}] 

II. I or 4{± Vs-Ii v'(-io=F 2 V 5 )J. 

12. ±s/(-i), ±s/UaW(- 3)K Aior 

Itiflcellaneons Equations. 

1. 4 , -3 or J{i ± *y(- 35 )}. 2. 6 oor 23 -j.‘ 3. A 4 or ±4‘/(-i). 

4 . I or -3t2V2. 5 . 9 ±V>/ 7 . 6. 2 , - or ^{-2 A VC— 266)}. 

7. 2, 1 or 41 - 7 ± ^f(4I)}• a A s /3 or ± J2. 9. or o. 

10. 2 , - 14 or 4|i A V^(-87)}. 11. I, |or|. 

12. Ais/' 3 or 4 (i±N/ 7 ). 13. 5, -2 or 4 { 3 ± s/(-"!;•’)»• 

14 . A 2, -8 or -4. 16 . V 4 or*r(-l). 16 . 3 

17. A4rts/2|^A s/(^*-4hX where;^«4<4A 
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18 - 2 i ^6+Vj(io+2 J6;. 

19 . + n/C-S)- 20 . ±^, ±a^(“i), 

21. -ta. 22. o, K3± 5) or |{3± Vi - 11)}. 

23 . 24 . 0,-1. 25 . 4. 26 . 0,1- ^(13)01- ±2 J(-i). 

27. 2 . 28. I, “ 4 i or i{-7± ^(-3C)}. 29. 2 or -I4a- 

30 . 9 or - 3 i\/(- 47 ^- 31 . i or - 5± - it;. 


Ex. CLXXI 7 . (pp. 501 506 .) 

2. ± 10 and :ti6 3. -t ^ and rkf;. 

5 . 24. 6. 12 and 7. 7. 8 and 6. 

9. 10, 15. 10. A?j.6o or 7 ?j. 4 o. 


1. -t 12 and i 15. 

4 . ± 4 and + 12. 

8. 10 yds., 16 yds. 

11 . 4 12 . 40 yds. by 24. 

15 . 4* 16 . 25 and 20. 

18 . 55 and 60 miles per hour. 
21. 43. 22. 150 miles. 

24 . 13 miles. 


13 . 3 in. 14 . Rs.ioo. 

17. A ^j .2750 ; B Rs.22SO. 

19 . 5 miles per hour. 20 . 576. 
23. 30 and 50 miles per hour. 

25 . 496. 


Ex. CLXXV. (pp. 510 512 .) 


1 . (i) .a:*- 4 .r- 2 l=so. 

(4) ;r* —2rt.r+rt*~ i 


(2) 6;r» + 5.r-6 = o. (3) + 2x=^o. 

o. (5) .r*-62r + 6—o. (6) x*~2mx-k‘f/ — o~ 


2. (I) ± 

a 

ib* - 2 ac'* 


, . b*-2ac 
(2) , 

• rt 


^3 


(4) 




2r 


3 . 

4. 

6 . 


(1) cx^ -Vbx-^-a — o. 

(3) rtV.v*-^(3«^-^*);r + 

P^x'^-k'Piq -f)x- qr=o ; 

a*x* - ib* - 2 a^).t +r*=o. 

(2) 9.r* —24.*‘—4=0. 


rtC* = o. 


(2) acx^— 2{h^— 2ac^x•\‘\ac-=o. 

5 . -25. 


(q* — 2prY 2 /'* 

11 . (i) ;r* - I 4 .r -655 = 0 . 
(3) 9^'*-30-1^ +53 = 0- 


(4) abx^ — U** + b^ )x « o. 

(5) (a* — b*)x*—2ia*+b*)x + a*—b*=o. 

(6) x* — 2ax+a*-b=so. ^ * 

Iz. (i) a^x‘ — 2a*ib*-2ac)x+b\b^-4ac)^o. 

(2) a*x^ + 2abx+2b^+ac^o. (3) acx^+bi^a +c)x + ia + c)*=o. 
*( 4 ) (a — b+c)x^ — 2 (a — c)x+(a + b+£)f^o. 

( 5 ) c\r* + M[b- /J(^*- 4 « 0 ®*o- 
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13 . (i) (ii) 

17. (,) . 


(iii) HSr- 


16. (l) ±4^^7■ (2) -i 




. . c^ib^ — 2ac^ 
< 3 ) • 


( 6 ) 


, b*-2ac 




. . - b{b* - 2ac^ y/(b* - 4ac) . 
( 4 ) ^4 . ( 5 ) 

M ■ (.) 


- 2ac 
ac 

(a+^ 


19 . (i) ^’must be >1 (3+ ,^21) or <1(3- n/^i). 

(2) Between J2 and - J2. 20 . Sand i. 

23 . 25;r*-46;r + 9 = o. 2 i. 


aa fs c r-\ Ji ^ no i6d^ — l6tld*i: + 2a*£* 

26 . (1) .Sum=o ; (n) product =-i. 28 .-3- 

30. -IS*s- 32. 4 , 6. ' “ 


Ex. CLXXVI. (pp. 513-5L4.) 


1 . 

X^ -2, 2^ 

2 . 

1 

m* 

i 

H 

3. X — 3t — 15 T* 

4 . x = 4f III 


:j'= 4 , it- 


>'~Ij — 2 3 " 

y= -4, 8 ^. 

7 = 3 , 4ll- 

5 . 

X~ Jj Y. 

6 . 

A'*2, 

0 

II 

8 . x=Sf f. 


2f 


1 - 

7 = “ 5 , - 3 - 

7 = 3 , -li- 

9 . 

^=12, -3. 

10 . 

X^7. 

11 . jr-a, ~ 1 tV 

12 . x=^4i —3/3 


J'=’-3y I< 2 . 



7 = 4, —2j\. 

*0 

I 

•• 

m 

II 

13 . 

x = If 8^\. 

14 . 

^“ij “I 

15 x=2f 14. 



il 

X\9» 


7 * 2 , 3^}. 

7 = 1, -29. 



Ex. CLXXVII. (pp. 5U-616.) 


1. A~4, 3* X —8, 2^. 

3. A = 3, 4. 

4. X'm 16, 14. 

7=-^3, 4- 7=2i, -8. 

7=4,3- t 

j/ = i4, 16. 

5. AT=5. 6. .i:=7, 6. 

7. ^ = 5, 8. 

8. A‘= 3, 5* 

7=3- 7=6, 7- 

7=8, 5. 

7= I, 6. 

9. A-=4, 7^. 10. x^if -ii.‘ 

11. x^6f -4. 

13. 1ir=‘i3- -3- 

7=5, 2|. ^/=2, -ij. 

7=2, -3- 

7= 3, -13 

12. .r=;{3i V(2a*-d2)}. 

14. x==i4if -3. 



J(2a*-^*)}. . >“ 3i -IS¬ 

IS. x = l{± >/’(4«* + ^) + ^},^“ 9 {+ JJi4a^+b*)-b}. 


Ex. CIiXXVIII. (pp. 516-517.) 

2^^;r=i3, -1. 3. x^jo, - 3*. 


1 . A=ill, O. 

J'-O, II. 
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4. x=io, 1. 
y=i, lo. 

7. x=5, 4- 
>'=* 4 , 5 - 

II. ±2. 

±,3. 

13. ;j:=» 7 , 4 . 
;'=4, 7- 

16. :*r= j= 4 , + 3 . 

±4- 

19 . AT *=2, -3, 
J'=-3> 2. 
22. ^=i. 


5. X = 4t 2. 

y= 2 , 4 . 

8. x—8, 1. 

^ = 1,8. 

11 . .r=2, I. 

;/=-!,-2. 

U. .r = 3, 2, -3± J3. 

;'“2, 3, -3='=^3- 
17 . ^*=±5, ±3- 
^= + 3 , ± 5 - 
20. x= 5 y I Vo. 

.y= 3 i -tV 
23. x—:t 4 t 5‘ 
y*.± 5 , ±4. 


6. x-3y -2. 

-3. 

9. ^=s ± «*/>/(«*+ ^®). 

12. ;ir*-a±i. 

_^ = rt=Fl. 

15. ;»r=3, 2, -2 + i^jo. 

y=2, 3, -2T^^7 o. 
18 . 5, - I. 

jy=j, -5. 

21 . X= 2 , 3 . 

>'=3, 2. 

24. .r=i, - 6 . 25. .a:=2, 4 - 
1. >'=4,2. 


Ez. CLXXIX. (pp. 518 - 519 .) 


1. x=^ ± 6 . 

j/=.± 5 . 


2 . A*= ± 5, i v/2. ^ 3 . A'*= ±4, + V V" 3 - 

j^-^±3f +4^2. * ^=±5. +V\/3- 


4. .*■= ±2. 
J=± 3 - 


5 . .tf=±3, AiJ. 
>^= + 1 , + 3 l- 


6. -V = ± S, ±5 x/( — 2). 
y=> ±2, =Fi3>/(-2). 


7 . ±tsts/(* 50 . 

>'=i3, ±TVr'/(i 50 . 
9. ;t«±r, iljv/CiS). 

+2,+ix/(i5)- 

11. .*■”± 4 } ilN/(“3)' 
+V n/(~3)- 


8. A'—±4, ±sV5\/(305)* 
j'=-±2, +nV«N/( 305 )- 
10 . .r==±5, ±3‘/(-i). 

^=*±2, ± 8 jl-i). 

12 . 2:= +I, ±1. 13 . x^± 7 . 

y=±2, T3. ,v-ta¬ 


il. x—^if ^^\ss/^SS)• 
t-/5>/x55)- 
16 . .re«i2, i| 

y“±3, + n/(V)- 
I9i ^*± 3 , ±* 13 ^(U)- 

i 2 , jfc 5 J{ ^r). 

\ 


15 . x^±i, ±Vff'^(i9)- 

^=± 2 , TtV v'(i9V ^ 

17 . 2r=il, i5’?\/(2l). 18 . 

^=•± 3 , ±52t\'( 2I). y=±5- 

20. x =^ -fc2, ±1 tn/(ii). 
j/=* ± I, +H n/(* ^ )• 


l.».v==8, 4* 

' J=4,8. 

4 . .r*s, - I. 
y«i, -5. 


Ez. CLXXXr (P- 520 .) 

2. .ir = 3±,^3, 3(I±^/3). 

>'= 3 =Fx/ 3 , 3 ^ 1 + n/ 3 )- 
5 . V‘is). 

-^= 1 ( 5 ^ n/i 5 )- ' 


3 . 2 r = i 3 , - I. 

y=*-i, . 13 - 

6. j:=i6, 2. 

y^ 2 , 6. 
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Ex 

. CLXXil. 

(pp: 

522-523) 

1. 

.r = 



\z 


2. 

x~ 

■;/(""] 



, s- 

vr)- 

3. 


y—z= I. 


4. r = 3,^ = 

= 4, - 

: = 5. 5 AT'®)':'* I, 5r=as2 

6. 

x=* 

ya»5=rrt. 


r 


7. .r=±5, sr«±3. 

8. 

x^ 

±T,3'=ii, 

1 

i 


9- ■i'=3, y = 4, 

10. 

.tr« 

ii,r = ±4. 

3 = 

i2. 



11. 

x=» 


3- 

1 


j 

12. 

X - 

2, y* I, 3r=s 

i- 

!- ’I'liese 

values can be arranged in 

13. 

.v = 

5,/= 8, 5r:= 

10. 

I 


6 ways. 

14. 

X — 

± 




15. .v= d=2, y= i 5, 5r = ±8. 

16. 

.r*= 

±2,Jf=+3, 

1 ^3^=* 

i4- 




Ex. CLXXXII. (pp. 535-536.) 

3. 7, 9. 2 . 7, 3. 3 . 7, 3. 4. 20, 12. 5. 40 yds., 6 o\ yds. 

6. 7'2 mds., 11‘25 miles. 7 . 14I. 8. 78. 9 . 7, 5. 

10 . A’s stock ^j.6oo, B’s stock ^^.490 ; A’s gain Rs. 6 o, B’s Rs. 40 , 

11. ^ 12 . 3, 4, 5 inches. 13 . 17 yrs., ri yrs. 

14 . 10 yds., 15 yds 16 . .^5. 14L 

Ex. CLXXXIII. (p. 536.) 

I 

8. y—x. 

Ex. CLXXXIV. (pp. 543-543.) 

1 . (i) +2, -2. (2) -3, -4. (3; I, 5 (4) * 5 , -1-5. 

*(5) 17, -25- (6) 1 * 5 , - 2 * 5 - ( 7 ) 1*5. 2 - 3 - (8) - 9 , “’S- 

( 9 ) 2*3, -17. (10)1-36,-44. 

2 . The roots are equal, I'S. 3 . (1) 1,5. ■ i?) 5 ' 4 , » - 4 - 

4. 3 ‘ 5 » -2-5. 5 . *5, -2-6. 6. 2 5, -2. 7 . 5*2, -*2. 

9 . 18, - I, - 10, -9, 2, 23 ; 1-87, - 107. 

t 

10 . (i) 3 ‘ 65 . -7*65. ^ (ii) 3'45 o*" -i‘ 45 - (>'') 3 ’ 33 , *68. 

Ez. CLXXXV. (p. 545.) 

1 . 1-44. 2 . 7. 3 . -I. 4 . 36. 6. 2-5 and 7. 7 . 10,; 2-5. 

9 3, - I. 10 . 68,-3-68. 
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Ex. CUOaCVI. (’pp. 518-519.) 

I'd. ( 2 , - 3 ); s/6. 13. (-3» - 3 ); 3* 14- ( 2 , I'S- 

15. ( 3 , - 2 ); J(io). 16. .r*+j* + 4 tr- 6 y«* 12 . 

17. 2.r* + 2y+ 6jC+io;/=S5. 18. -i^); W(a* + d*- 4 «^). 

19. (i) Ar=4 or -3*1 ; y-5 or-5'6. 

(ii) jr = 3 or 2*2 ; or 5’4. (iii) Ar=s6 or - 2 ; Or -9. 
30 . .r=3'9 or *7 ; |■6 or —’5. 

Bx. CLXXXVII. (p. 552.) , 

2. (i) A' = 12 or 3 ; j ^—3 or I2. (2.) 4r=6 or — 3 ; ^ = 3 or —6. 

(3) ;r=»,i 4 or ±3 ; i 3 or 4 : 4- (4) .r^4or 3 ; j»' = 3 or 4. 

(5) .f =» ±4 or i 2 ; j/= i2 or -t4. 
f6) .r = 47or — 17; j/=»i7or -4‘7. 

(7) .i:=i8-6 or -8’6 f 9/-4-3 or - 9*3. 

(8) .r-i-65 or 3-65 ; >^ 3 ' 65 ,or »'65- 

(9) .r = 6*56 or 2‘44 ; ^=2‘44 or 6’56. 

Ex. CLXXXVIII. (p. 554.) 

■ 

;2. (1) ± f»,v= ±2. (2) .r“4:5, j/=o. (3) r= ± io,_y=> ±2. 

( 4 ) 1 ^ = 3) Jf4 ; y= 2 , 3T- (5) ^=’3, -2-5;/ = 4-9) -3‘5- 

(6) .v=3, - I ;;'= 9 . >• ( 7 ) <=*1, --09 ; v-3, 2-4. 

(8) .r = o, 57 ;j'=6, 2. (9) ,r= i-8, j/=3T. (fo) .r=^«2. 

Ex. CLXXXIX. (p. 556 ) 

: 3 . (i) & (2) No points of intersection. (3) :fc 5, *4. 

U) Jf=-t 4 ,;'“± 5 ' • ( 5 ) - 5 ' 3 ; 7 =*' 6 ,- 7 - 6 . 

(6) ^ = 0, 4 ;jv- - I, 7 - 

Ex. CLXL. (pp 557-558 ) 

2. :i) -.a;=o, -r5;'«i, -* 5 . ( 2 ) ^'=23'S, 7 ; 7 “ 46 ' 6 , 1 * 4 . 

( 3 ) ;ir-4, I'3 - 7 . (4) 67 ;^ = 4, -17. 

(5) ^ = 3, i’6, -S * -2-6, -^-2. (6) Ar=-^- + i. 

Bx. CLXLI. (pp. 564-565.^ 

1 , 6 7 hours. 2 . r 2 mirf. , 3 . 4 . 7 days. 5 . 4 a.m. 

6. 22 days ; 8 days. 7. if, 24, 36 min.^ 8. 57 miles. 

9. w, 24, 36, 48 min. lOi 8 days. 11 . 7 days. 

12.* 25 years ; /?j.2oo and /?s.300. 

■ 13 . 40 yds.; A 16 yds. ahead ; C 16 yds. behind. 

14. ]fan 2 milts ; distance 3 miles. ISt 5*25 hours. 
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Ez. CLXLIi. (pp. 568 - 569 .) 


1. (ni;-77. (2)9 ;i 6. (3)-n;-i5oi 

(4) 214 ; 739 - (.S) 5 ? ; 33 f (6) 106*4 ; 246-4. 

2 . (I) 1. (2) - 49 ^ (3) 575 - (4) 25 «- 

(5) -42a + 2i^. 16 ) 

3. (ij K29-2W). (2) + ^ (3) 6{n-2) + a. (4) 


n 

j/x.. * /\ n—i 

(S) • 4 . '0 i76;7«-34. (2) o ; - 


n 


5. 12 th. 6 . nth. 
11 . 4J. 12- 7l. 


7. Yes, i 6 th. 8 . No. 9. 41 . 10. 99 

13. - 6 ^. 14. 5 I; -f. 15. 5 ; I 3 J 


Ex. CLXLIII. (pp. 670 - 571 .) 

1 . (1^9; 155 - (2) 75 ; 507. / (3) -39; -384- 

(4) -129; -1250. (5) 6^; 45 - ' (6*) 53; 493 - ( 7 ) ; 3 v 
(8) ^(3«”0; tsM3«+0- ^9) -30; 180. (10) 25I ; 1287^ 

2. (1) 272. (2) 400. (3) 363. (4) 34750. (5) -28. (6) -84.1 

(7) 16. (8) o. ('9) -27S. (10) i6i. (11) 336^ (12) -8 j. 

(13) -1067^ (14) 88. (15) A"(^? + 0- 

(16/ «*«. (17) ^V"(>3'^ + 43)- 1*8) 247^-76«. 

(19) 820«-t68o^; Jw(«+i)« —«(« + 2)^. 

(20) ; {{2n + ^)x-‘2{n-2)y}[2n + i). 

(21) -500. (22) 2iofa. '^(23) Mx*+y^) — n{fi-$)xjf. 

(24) 520. (-25) l{2n^^n-i). 3 . (i) J;<io3-«). (2) ’i\fi[n + S7)- 

Ex. CLXLIV. (pp.‘ 572 - 673 .) 


1 . ;/*. 2 . 12. 3. 5. 4. 20. 5 . -A- 6. 40. 7 . 21. 

8. 31. 9 . (1) 50. (2) 13. ^3) *2. (4) *2.^ 10 . 16. 11 . 

12 . 20. 13 . -80; -1095. 14 . 46; 830. 15 . 2,4,6,. 

16 . 5,4^, 4,...; -324. 17 . 297. 18 . 

. ♦ 

Ex. OLXLV. (pp. 576 - 577 .) 

f 

■3. I ; 2. 5 . 2 ; 4. 28 : - I ; 6^—2 : 19-4?'. 

■\ No. of terms* w + « or 7n-\rn-‘ i 1 lastterm^o or 1 . 

' The 4 >th term = \{n + m) and th^ ^th term *?/ —. c 
' 9 i. 

t: I. 13.7:10. 14 . -V" 15 . -(wz+//) ,•(;//-«)(! + 2 «/^ 4 . 

'5«*-H3w). 18 . 1331. 19 . 5 l; 3. 20 . (i) i«;5«f-ri). 

’:) 3«(7«*-5). (3!) 4«*. 21. 8. 22. 20. 23 90. 
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24. 5- 
28. 


29 . 19 - 


30 . No. of terms = > st term = 2 V («J) - a- 

ILXLVI. (p. 579.) 

1 . (0 lo. (2)0. 2 . 5.8,11, 14 . , 

a 3 S. 4 t. 4 {, S 5 , 6, 7 ^. 8 !: -">" 9 . .- 7 . 5 . “8. * _ 

4. -2, -6, -lo, |2l, -Jl. -*1. -7. -•*> -'*• -•«’ 

81, 92. *03 


5 . 4 . 15 . 26, 37 , 48 

“O* “2, *;l4, *~4, ^ 

I. i. I?. 2. 

8 . 4«-5^. 3«“4^. 


1. 7600. 2. 750 


1. 300. 

5. 5.7.9- 
9. 5. 7, 9- 
12. 468. 


2 . 78 
6. - 
10 . £\ 


-I. 


‘9. 


3^,4; ”2^, —2\j Is. *. ■“ f. 

7. 6», 132. 196. 260. 

9. l«(«+3). 10* 13 . 


I. &c. 

iIiXL'^II. (P- 580.) 

3 . 246950 . * 5. 39900 - 6 . 70336 * 

eJsIiVIII. (pp. 583-584.) 

,| 3 . 5. 7 . 9 - 1 

4. 7.2,5,8,11,14- 8.2,5,8,11,14. 

/135. 4s. 11. *. 3 . 5 . 7 . 9 - 

13.?;j3ooyds. 14- 16. 15. 5 hours. ^ 

16 . 7 years. 17 . 2 A W- 1 hr. 24 mm. 

XILXIjIX. IPP- 586-587.) 

Va“ ; -3**/^*' ^3) "sseT‘« *- 2 / 3 " • 

. (5) 

\xyf2. 4.-3** 5. 6. 5i- 

... 9 3. 6, 12, 24.. 

_—V. i....... 

14 . I St term = ViV *. com. ratio - ± i 

Bx.*CC. (PP- 588-589.) 

(I) 64; 85. (2180; 1705- (3; 96; 189. ( 4 ) "*56* " 

( 5 ) 4096; 32776) -512; -34*. ( 7 ) 32^63. (8) -i^r; 60I7. 
2-Ci)'«*. (2) r(3)4.V,. (4)2^; ( 5 ) 5111 . (6/72*- 

^ • c«*-» /(;*-2"\ 

sr (I) 2-' i 2*-, ( 2 ) ^ i i ■ 

ifi 6561,9841 V(3*-0- (4) -512. -341: +2*^^ 

J(i T 2 *), as n i^en or odd, C.) U* ** ^ \~3^'* / 


1- (0 1; ITT T»T. 

(4) •6(.05)2; 

3 - n/ 3 / 3 -‘. 3.3 

7 . (-!)•-*.5.2*-2.8 1,4,16,64 
10 . 4,-8,+16,...ci “ 

12. 2 13. % 


M.A.—43 
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/‘I’* —2*'\ 

( 6 ) 


as .1 is even or odd. (8) - (to)")* 

( 9 ) Ktr*: ( 10 ) :[+*’• 

4 . (1) IH‘ ( 2 ) f('/ 6 - 2 )<i-(-i)-(t)“j( 3 ) ‘'-V-’( 3 + x' 3 ) 
(4) 2^®“('^2+0(2’^-0. i( 5 ) 8 U'^ 3 - 


* <■> im- 

( 4 ) i(V^ 6 --/ 2 ){i-(-i)» 3 "}. 


( 5 ) 


a‘ 


ax — 


(^) 




X+Jf 

(8j T(3»+.22^2){i-(6-4v'2n. 


(7) ^(5 + 3 V 


L( 2 ->^ 3 n 





Ex. CCI. (pp. 591 - 593 .) 

9. 3, 12, 48 ; or ^54, 81. 

a^-b^ 


b\ 


Com. ratio- 


8. a>/b. 

13. ist term = a*"*’X 

14 . ^th term—nk/iw/f) ; ylh 

16. 1,3,9,. I J(3"-0- 

Ex. CCII. (pp, 595 - 596 .) 

1 . (I) 8 . (2) i^. (3) (4) tV (S • (6) 

(8) Tff. ( 9 ) *728. (10) I. (ii) 2^. (12 tTfc (* 3 ) 

(14) ih (15) 27 - (16) 3. ( 17 ) lo^ (18-Vi- (‘ 9 ^ 
(20) 4i. (21) 4;4 {i-(-'4)''}- (22) 

(23) It- (24) ■ (25) 1/(1+^). 

2 (I) i^/ 3 . (2) J(4 + 3>/2). (3) i( 5 + 3 ^). 

(5>4{2+^/2). ^ (6) Tlir(332+24S'^2) 

(a*+;f) 
a+ar-l 


( 8 ) a^/lax-x^. 


at^ ■brjtp;^cr 
v^-\ ' 


4. (0 


( 9 ) 

n6 

495 


P) 


(4) 3^4- 

(7) i/(^ + 0 
a 


( 2 ) 


7207 

16650’ 


( 3 ) is 
\o} Jloo 


"-i:, 

ri 
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5 . 6 ^ or 


a 




9 . i+Hi + i + 


K 

n 

9. 5-5+i^a-' 
i 2 . [ 2-4 + 3 “ 


« 

:. CCllI. (pp. 597 - 598 .) 

1 . 6 . 2 . *. .8+6f + ... 4. 3“i + l“ — 

6 . 2 . 7 . 6 . 8 . «*9 ; J =“ 436905 - 

10 . 4 + 22 +iU-KI- *iV; \V’- 

GCIV. (pp. 599 - 600 .) 

1 . (i) 2 , 4 , 8 ; 2 . 

( 2 ) h-li, - I, - 2 i, 3 ^ ( 3 ) 12 , 36 , 108 . 

(4) ^4,S,!5.2 (5) 4, 8,^16 333. 999- 

2 . 4 V 6 , 12 , 6 ^/ 6 . 3 . 2''3 ‘ ‘'’ 3 '. 

6 . 5 i 2 ,^y 6 . ! 2 ori, - 4 - 7 . 25 : ». 9 . 6 A'* + 7 jr- 2 o. 

X. COV”. (pp. 600 - 601 .) 

1 - . 3 . 15 . 75 . 375 ' 2 » 4 . 20 . 3 . 2 , 6 , 18 . 

5 . 6 . 6 . 400 miles. 7 . 4 . 6 , 9 

X. COVI. (pp. 602 603 .) 
t- (t) 2 ^, 1 ^ 1 , I.. ( 2 ) 3 . *>•••• 


4 . 8 , 12 , ] 8 . 


8 . i*tf. 


2 . 60 /( 16 -«). 


3 . - 4 - (0 “ 4 , 00 , 4 ..-- s, ’ 


5 . -if. 


27 . 

( 2 ) Tff. i...* 5 . ~ 7 \j “ 3 - 

ac( « - 1) 


1 ia — {m — ft)c 


m + n 

ax. CCVII. (^p. 605-606). 


St 7 . 

( 3 ) TO. h It .»f. 2 i, 3 h 

8 . 


(0 2 |, 3 . ) Ij, f, A. ?• A. tV ^ 3 ) Sf. A. Ih h h\>- 

2 . (I) 3 i ; 3 ;- 2 ] U) 2 A, i 2 l; 2 ^. 3 . 24 . 

4 - 3 h 2 g, 2 f. I| 8 . 2 A. 4 A- 1 ®- *“• 3 - 

11 . 8 , 2 . 12 n- 16 . 13 . 8 , 2 . 14 . * 9 , *. I®- 45 . 5 - 16 - y" 

j 

X. COVIII. (pp. 609 - 610 .) 

1 . 0 ) i«(2«* + : 7 ). (2) l«( 2 «*+ 9 '* + 0 - (3) 29*5- 

(4> ir^(«+i)(^7). ( 5 ) l«'«+i)(«+2)(»+3)- 

*(«) i«(6«*+j(i). (7) ^«(4 ^*+i87< + 23). 

(8) «(«+i)(i6»+i)-3^/* (^) A'^(« + 0(« + 2H3"+*3)' 

<io) «»(2«*-i| (”) ^n[n+i){n+2){3n+i). 
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2. l)(« + 2). 

I 


5. 


(I -ar) 
2« + 3 


8. (I) 6 


I —a 

2»-i • “ 3" 

(4) 

7/+2 


4. «a* + «(«—i)a +1)(2« — i). 

^ rt(i-a")-«a'*^ ^ii-a") 

6 . _ __ _ + . 


^i-a) 

4>* + 5_ 

16 16.5"** • 


9. (I) h 


(2) 2 ; 2 - 


2* 


(3)7^4 


ir_ 

r (I -r)* * 


c*(i - r**) — («- 

F ^ T / “ 

(I-; 


I - r 

11 . !V(io«-i)--?. 

j y 


r) 


io_ ^ _ 

] * (1 ■ 


10. «.3"^*- 

a fW?"—i) 1 

13. -< - i-H } . where a = ist term andirsacom. ratio 

r-i\ r-i j’ 

afa"-i) . «(«+!> 


14. (I) 


a-i 


~b. 


(2) 7/*<» + (2**f-1)^ ; 1001+ 1023^. 


( 3 ) S»(« + 3)a - 1^1 “ ( - } f"}.(4 ) 4( 2" -1) -| in\ 5 )V(io'‘ “ I) 


n. 


(6) 2(w-i) + 


2" 


>a 


( 7 ) 2(2"-l)|»-^«(72+l). 


( 8 ) 


81 lo"*" io»+‘) * 


15. 


300 yds. 









